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experimental measurements, with discrepancies spanning several orders of magnitude. This
gap is mainly due to the Glashow-Iliopoulos-Maiani (GIM) mechanism, which suppresses
leading-order contributions by high powers of ms/m.. However, higher-order corrections
and nonperturbative effects could reduce this suppression, especially through flavor SU(3)p
symmetry breaking. In this work, we investigate the long-distance contributions from QCD
condensates, including, for the first time, the effects of mixed quark-gluon and four-quark
condensates. Assuming factorization, our results show an increase in the predicted values
of DYDY mixing parameters by two orders of magnitude compared to perturbative NLO
result, providing valuable insights into nonperturbative QCD dynamics. Although the
theoretical estimates still fall below experimental values, this study represents an important
step toward narrowing the gap between theory and observation, highlighting the significance
of higher-order 1/m. QCD effects in understanding DYDO mixing.
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1 Introduction

The phenomenon of meson-antimeson mixing offers a crucial insight into the structure
of fundamental interactions in particle physics and rightfully warrants careful theoretical
investigation. Such studies aim to thoroughly understand and distinguish the Standard
Model (SM) contributions from potential effects of New Physics (NP) interactions. Despite
extensive theoretical and experimental efforts, D-meson mixing remains an intriguing puzzle.
Unlike well-studied mixing in the K, B, and Bs meson systems, the Standard Model describes
the D meson mixing through the combined effects of down-type quark dynamics [1-3]. Tt
relies on intricate cancellations between the contributions of the d, s, and b quarks, making it
an excellent area for testing our understanding of the interplay of weak and strong interactions.
Experimental measurements of the DYDO mixing parameters place strong constraints on
theoretical models and potential new physics effects. While recent progress at LHCb, Belle
II, and other experiments has led to precise measurements of the mixing parameters, the
theoretical understanding of the SM contribution to D°DO mixing remains a challenge.

Many aspects of this challenge can be understood by analyzing the scales involved in
the problem. The effective Hamiltonian formalism requires the separation of these scales.
Yet, physically,

mg < A ~me < my, (1.1)



where m, represents light quark masses, and A ~ 1 GeV parametrizes the typical scale of soft
hadronic interactions, which is the scale at which all relevant matrix elements (D] ... |ﬁ0)
are calculated. The Glashow-Iliopoulos-Maiani (GIM) mechanism ensures that the effective
Hamiltonian describing D°DO mixing receives contributions proportional to powers of the d,
s, and b quark masses. Among these, the b quark contribution is local at the scale A, but it is
always multiplied by the tiny combination of CKM matrix elements, V,,,V;, which makes this
contribution very small (see [4] for discussion). This contrasts with the situation in studies of
mixing of down-type mesons, where the GIM mechanism ensures that the Standard Model
contribution is dominated by local effects associated with the top quark. The remaining
contributions from strange and down quarks are nonlocal at the scale A and mostly cancel
each other out because of the GIM mechanism. In fact, their combined contribution is exactly
zero in the flavor SU(3)p limit, where ms = my, so the entire effect is an SU(3)r breaking
correction, making it important to study despite its small magnitude.'

The light-quark contribution to D°D0 mixing has been studied using a variety of methods,
which can roughly be classified as exclusive and inclusive. In exclusive methods, one uses
the fact that the mass of the D meson is not very large, so the correlation functions can be
saturated by a set of exclusive intermediate states [5-7] to obtain the lifetime difference. The
mass difference is then obtained using a dispersion relation under various assumptions [8—
11]. The exclusive methods correctly predict the results for the width and mass difference
parameters in the D°DO system within an order magnitude, but require observations of decay
rates with per-mil precision, which is currently not available [12]. The inclusive methods
attempt to compute the mixing parameters in QCD using quark degrees of freedom [4, 13—
17], computing the nonlocal contribution due to the light quarks using the methods of
Operator Product Expansion (OPE). The problem can also be approached via model-
dependent methods [18]. Recently, lattice QCD approaches are being developed to address
the problem [19] as well. Tt was demonstrated in [20] that DD mixing could be resolved
perturbatively, where SU(3)p breaking is introduced at the leading order (LO) in «y by
selecting the renormalization scale for each internal quark contribution separately.

The nonlocality of the light-quark contribution can be studied in the heavy-quark limit,
where one assumes that A < m.. Although it may seem contrary to eq. (1.1), it enables
us to use the powerful method of effective Hamiltonians for this problem and expand the
nonlocal contributions from light quarks in powers of my/m. and A/m., resulting in a series
of matrix elements of local operators. The hope is that computing enough terms in this
expansion will help us understand what happens in the realistic case A ~ m.. Our optimism
is guided by the studies of charmed hadrons lifetimes, where application of 1/m, expansion
leads to results that successfully reproduce the experimental data [21-25].

This paper offers a comprehensive analysis of higher-order 1/m, contributions to DOYDO
mixing by analyzing the contributions stemming from the nonlocal QCD condensates. It is
organized as follows. We set up the calculation in section 2 and define and review the leading-
order results for the mixing parameter zp in section 3. We explicitly compute the higher-order
1/me effects of QCD condensates in section 4, focusing on terms that contribute with fewer
powers of mg. The numerical results are presented in section 5, and we conclude in section 6.

!The contributions from the b — s and b — d intermediate quarks are also nonlocal at the scale of 1 GeV,
but are not expected to give the dominant contribution [4] at higher orders in 1/m..



2 General comments

The complexity of theoretical studies of the mixing phenomenon in charmed mesons arises
from the fact that the mass of the charmed quark — and consequently the charmed meson
states — while clearly larger than Aqcp ~ 400 MeV, falls within the region populated by
light-meson resonances. This complicates the analysis of QCD dynamics and provides a
theoretical laboratory for evaluating the applicability of heavy-quark methods.

The mixing of D° and D° mesons occurs due to the presence of AC = 2 interactions,
which introduce off-diagonal pieces in the 2 x 2 effective Hamiltonian (M — iI'/2) that
describes the combined propagation of those states,

z'gt\m - (M— ;r) DY, (2.1)

where | D) is the vector of the DY and D’ states. The off-diagonal terms can be symbolically
written as an expansion,

70 AC=1|p\ (| HAC=1| DO
L5~ (DU (HO=DY)
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where H2C=2 and H4C=! are the effective AC' = 2 and AC = 1 Hamiltonians, respectively.
Both effective Hamiltonians can be generated in the SM from

HAC= = Cj’; SV Vg [C1(1)Q1 + Ca(1) Qe (2.3)
a,q'

with

Q1= (Eiv“(l — 75)qi) (6"’7”(1 - vs)uj) :
Q2 = (@1 =")¢) (@1 =+")') ,  a,d =d,sb.

The Cj 2(p) in eq. (2.3) are the perturbative Wilson coefficients evaluated at the scale p [26].
The Hﬁcz? is obtained by integrating out modes with momenta p > m. from the T-product
of two Hﬁczl effective Hamiltonians. The b-quark contribution is always multiplied by a
small CKM factor [V, Vi |2/|VusVE|? = O(107%), meaning it can in principle be neglected.
The contributions from the bs and bd intermediate states, studied in [4, 14], while important
at the leading order, are not expected to give the dominant contributions at the higher orders
in 1/m, expansion, therefore we employ the limit V,; — 0 here.

However, the effective Hamiltonian 7_(1%0:2 could receive potentially large contributions
from some heavy NP states. Since it is generated by the heavy states, being SM or not, it
cannot significantly contribute to the I'j2 part of the mixing matrix and thus, to the lifetime
difference (see, however, [27]) and therefore this part can be completely neglected.

It is convenient to diagonalize the mass matrix (M — iI'/2) to determine the propagating
mass eigenstates Dy, and Dg, which are superpositions of the flavor eigenstates,

IDr,s) =p|D° = q[D°%, (2.4)
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Figure 1. Diagram of the dimension-six, leading order perturbative contribution. The gray squares
denote weak effective vertices in which local @1 and Q) operators are inserted.

where |p|? + |q|? = 1. Neglecting CP-violation in the SM, known to be small, we have p = ¢,
so |Dr,s) become the CP eigenstates |Dy) with CP|D+) = £[D4). We can then define
the mass and the width differences,

AMDEMD+—MD7 and APDEFD+—FD7. (25)

Normalizing them to the average width of the two neutral D meson mass eigenstates I'p,

the two relevant D°D0 mixing parameters, zp and yp, are defined as:
AMp ATl'p

Tp = , = )

D I'p YD My

In this paper, we will calculate the mass difference xp using heavy quark expansion meth-

ods [28], with the introduction of the nonperturbative QCD effects from the QCD condensates.
We will treat the charm quark as heavy, assuming that m. > A, but not m. > A, where

(2.6)

A ~ 1 GeV is the hadronic scale. This is a standard assumption in quark-level calculations
of mass and lifetime differences of D-mesons.

Our calculation employs an operator product expansion (OPE) [4, 15, 16]. In the limit
where m, > A, the momentum flowing through the light degrees of freedom in the intermediate
state is large. Therefore, an OPE is performed by expanding the second term in eq. (2.2)
into a series of matrix elements of local operators.

3 The leading order computation

The leading-order result for the mass and lifetime differences of D-mesons in 1/m. expansion
is well known [13-15]. We will reproduce it here to demonstrate the heavy-mass expansion
technique and set up further computation.

The possibility of using the OPE in this calculation stems from the fact that the charm
quark injects large, O(m.), momentum into the intermediate quark system [15]. Expanding
the correlation function representing a time-ordered product of effective operators Q1 2, we
can contract the light-quark fields as? (see figure 1)

I

iG> , . - ‘ ]
78 = "OF [ e (¢ (@) (¢ ()Tl () (€ (074" (0) @ O)T(0), (3.)

2In intermediate steps of the calculation color indices of quark fields are left general and contractions of
color singlet and non-singlet operators Q1,2 are introduced later.



where the quark field contractions are given by the propagators,

_ d*k w8
Slaty = o [ S8 e e

(3.2)

with the Greek indices a and [ representing the spinor indices, and the Latin indices a and b
representing the color indices. Changing the order of integration,

Tq(;;l) _ ZGF 5jp6nk/ d*l / d’k ? ? . /d4$ ei(pc7k+l+Pu)x
2 ( my

(2m)t ) (2m)* k2 —m2 1% —
X (éif“(}é + mq)I‘”uq) (Emfy(l + mq/)Fuul> , (3.3)
where the momenta of the internal quarks are k£ and [, and we rephased the ¢ and u quark

fields, e.g., c(x) = e®P<*¢c(0). We also simplify notation and write ¢ instead of q(0) since all
fields are now evaluated at the same point. Integrating over x and [ we get

(Y2 4 a(1.B _ .08
T(6/) - —ZGF(SJP(Snk/ : k4 2 k2 (k P 2) 2
4 2 (2m)* (k2 — m3)((k — p)* —my)

(EiF“’yaF”uq) (EmFV'ygFﬂul). (3.4)

Plugging in the color structure of effective operators @1 and @2, and decomposing the
tensor integral we get

(6) iG%‘ 2y 2 2
T = L8 (2X(mq,mq,,p )C? + (2X (mg, my, p°) (3.5)

+ Y (my, mq/,p2)mz)(2C1C'2 + NCCS))OV,A
—2Y (mg, my, p*)m2(CF — 20105 — NCCS)OSP],

where the functions X (mq,mqupQ) and Y (myg, mq/,p2) are listed in appendix A, and the
operators are defined as

Ov_a = (e"(1 = ")) (Fvu(1 = 7)),

Os-p = (e(1=~")u) (e(1 = +)u). (3.6)
The matrix elements of those four-quark operators can be computed on the lattice or with
other nonperturbative QCD methods. The decay width and mass difference can be obtained

as absorptive (imaginary) and dispersive (real) parts of the sum of diagrams with the relevant
internal quarks. Taking the appropriate matrix elements, we obtain

v = Gj’mjﬁR DTS — 21 +T})D) (3.7)
+26,6/(D°|(Ty) — TSy — T + TI)D")
+&(DON(Ty) — 21 + TIHIDY]

©_ Gy 1

—ZE__© | — 2D (1® — 21 4 70y D°
vp = 3 gp | — DT — 21 + 1) DY) (3.8)

=0 =0
+26,6(D|(TY) — T4 D°) — (D°|T3) D),



where the CKM factors are §; = V,V,;,. Neglecting small terms proportional to &, [4, 14],
(6)

and defining x5 = ms/m., we find that the leading order result for z},’ scales as O(z?),

©_ Gp mZ 541 2 2 2
QZ'D = —7mgsﬂfsﬁ |:Cl <OV_A> + 2 (Cl — 201C2 — 302) <OS_P>} . (39)

Factorizing the product of currents in the operators and parameterizing the deviation from
the factorization using the so-called bag model parameters, the matrix elements of the

operators can be written as

— 8 — 5 —(S
(DUOv-alD%) = fpMpBy  and  (DV|Os_p|D") = —2fAMEBY’,  (3.10)

where Pl(js) = B]()S)M% /m?2. Writing out the matrix elements using eq. (3.10), we finally get

2 2 2M _
© _ _GEmEfbMp o 4 [CEBD_2(03—20102—303)3535’ :

= A1
J;D 37_(_211D S (3 )

Similarly, for the lifetime difference, we find that the leading order result for y([?) scales

as O(x9),
©  GEmZfHMp

F 2 6 2 2
Yp = _W &5 @ (Cl —2C1Cy — 302)

9—(S)

The most important lesson from calculating the leading-order results is the fact that the
matrix elements of the dimension-six operators are suppressed by high powers of mg. As it
was shown that the leading order corrections to the symmetry limit scale as O(m?2) [6], one
might wonder if those corrections could appear among higher-order terms in 1/m, expansion.

Curiously, it was noticed that higher order corrections in a; can soften the dependence
on the light quark mass: the one-loop QCD corrections make the yp ~ O(x?) [14]. Similarly,
some higher order terms in 1/m,. expansion can lead to a parametrically lower ms-dependence
of xp [15, 29]. In our heavy quark limit, with m. > A, but not m, > A, higher order
suppression of A/m, is numerically not as important as mgs/m. suppression [16]. We will
identify and consider those (technically) subleading terms in the next section.

4 Higher-dimensional operator contributions from QCD condensates

To understand the importance of higher-order 1/m, contributions to zp, it is helpful to clarify
the structure of the result obtained earlier. As shown in section 3, the main contribution to
the mixing parameter xp scales with the fourth power of the light quark mass. This can be
simply explained: the GIM mechanism ensures the cancellations of the diagrams that do not
depend on the internal quark masses. Inserting the quark-mass operator causes a chirality
flip on each internal quark line, turning the left-handed strange quarks into right-handed
ones. Since W-bosons only couple to the left-handed quarks, another mass insertion is
required to flip the quark’s chirality again, leading to a suppression of zp ~ m? for the
leading-order term in the 1/m, expansion.

It was pointed out [15, 16, 29] that the higher-order effects caused by local quark
condensates can also induce chirality flips without factors associated with the small quark
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Figure 2. Diagrammatic representation of the local expansions of nonlocal QCD condensates. Ovals
denote local condensates. The separate rows correspond to (4.7), (4.18), and (4.22), respectively.
Note, for the case of quark-quark and mixed quark-gluon condensates, at both, the upper and the
lower line, the condensates can be formed.
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Figure 3. Diagram of the dimension-nine contribution proportional to the quark-quark condensates,
(g(x)q(0)). The same contribution will appear also at the bottom internal line.

masses. Such effects appear at higher orders in A/m,, but since A ~ m,, those terms might
give a dominant contribution to the mixing parameters, leading to a combined expansion
in myA™/ m2T™. The previous studies argued that if ms < A, the chirality flip would be
associated with the larger scale A, reducing the dependence on mgs. As m. > A, but not
me > A, the suppression by powers of m, is less effective than the reduction of powers
of ms. This artificially enhances the parametrically 1/m.-suppressed terms, making them
numerically leading. In the following sections, we will explain how these terms emerge in
the 1/m. expansion of the correlation function T, . Our approach will focus only on the
higher-order terms in 1/m, that result in fewer powers of ms.

We will describe the higher-order effects by computing nonperturbative contributions from
nonlocal QCD condensates, up to dimension-six, i.e. up to dimension-twelve operators. By
using the background field method, the nonlocal condensates will be expressed in terms of local
condensates in coordinate space [30-36]. Schematically, the expansion is sketched in figure 2.



4.1 Dimension-nine operator contributions

As we saw in the previous section, the GIM mechanism cancels out the high-momentum
parts of the relevant diagrams, enhancing the dependence of the correlation function T,
on the low-energy QCD dynamics. The 1/m,. expansion of T, contains a multitude of
terms. We will identify those that provide the dominant effect at each order in 1/m., up to
dimension-twelve operator contributions. Such terms will have the fewest factors of m.

It is clear that simple derivative insertions do not alter the power of the strange quark
mass in the expressions for the calculated contribution. As was pointed out [15, 16], it is
the diagrams involving unconnected quark pairs that can potentially lead to the enhanced
contributions.

The parametrically dominant non-perturbative contribution arises from a quark pair
that we leave uncontracted as depicted in figure 3. This corresponds to the following term

iG2 . — il
1) = "I [ (e ()0 (0) @ )00 () @ O O) @O0 0), (41)

where we denote the uncontracted (which will form the condensate) and propagated quark
fields as ¢ and ¢/, respectively. Thus, the mass difference of six-quark, dimension-nine
operators will be proportional to the following matrix elements,

2% ~ 3 Cy(D°| (eTu) (gq) (') [D°), (4.2)
q=s,d

where C; are the coefficients that depend on Gr, masses, and CKM factors. The I'" and
IV are the Dirac structures. Each matrix element of a dimension-nine operator can be
calculated using the factorization approximation, which is implemented by inserting vacuum
states, so that symbolically

(D°| (eT'u) (aq) (eI"u) [D°) ~ >~ (qa)(D°| (@' su) (eT'su) D). (4.3)

(2

The sum in eq. (4.3) runs over V' — A and S — P operators. We emphasize that eq. (4.3) is a
symbolic representation of the factorization procedure, which we employ as described below.

This results in a contribution proportional to a nonlocal vacuum quark condensate
(@(x)q). Since we will be employing the factorization ansatz, we write out the spinor indices
(a, B) explicitly to isolate the quark pair which forms the quark condensate,

9 ZG2 — ipTV —m n —
1) = SF [ da(@ @), 00T (0) (@ 00T 5 (67(0)) @ (), (M 2) . (4.4
The propagator can further be expanded in a background gluon field as in [37, 38],
S(z,0) = So(z,0) + S1(z,0) + ... . (4.5)

The free propagator So(z,0) forms the terms with a quark-quark condensate, while the
background field correction to the propagator Si(z,0) forms the quark-gluon-quark (mixed)
condensate which we calculate in section 4.2.



The calculation can, in fact, be performed directly in coordinate space. The light quark
propagator is

. . 3 m2, 1 m2,
So(z,0)P = o7 [ ! TgKQ (mq’ V *$2> 7+ o) LK, (mq/ vV $2>‘| , (4.6)

472 Vv—z2
where the K2 are the modified Bessel functions. Additionally, we can write the nonlocal

condensates as an expansion in terms of local condensates (for a comprehensive overview,

see [30, 39]). For the nonlocal two-quark condensate, the expansion, up to the dimension-six

ZL’Q 2
bop | 1+ A+

m a2 [(mM\2 qq)2
+ifg, <4 + 7 (12‘1 — ;msNPé‘qu@ +>] (4.7)

contributions, reads [30]

(@4 ) (0)) = o L0

The expansion introduces higher-dimensional condensates, of dimension-five — the mixed
quark-gluon condensate (GoGgq), and dimension-six — the four-quark condensate (Gqqq).
Their local contributions are denoted above in the factorization approximation as )\g (G@q)o
and (gq)3, respectively. The parameter )\g will be introduced in eq. (4.12) and we take the
nonperturbative strong coupling aX¥ = 1. To get the contribution from the dimension-nine
operators proportional to the nonlocal quark-quark condensates, we insert eq. (4.7) and
eq. (4.6) into the correlation function in eq. (4.4). Looking at the Dirac structure, we find
only the term proportional to # survives. Note that the nonvanishing piece comes exclusively
from the nonlocality of (g(z)q(0)).

Evaluating the integral, we arrive at the contribution to xp that is proportional to the
quark condensate insertion. Before presenting the answer, it might be useful to discuss the
structure of the result. Putting all contributions together leads to

acg) x (xg — xfl) (:c5<§s>o — xd(3d>g) + O(z?, 2%). (4.8)

As x4 < x4 it is convenient to set x4 = 0, and keep the leading order terms in x,

xg) xx3(3s)g . (4.9)
The dimension-nine operator contribution to the mixing parameter xp is indeed proportional
to x3, i.e., contains one less power of m, than the perturbative dimension-six operator
contribution in eq. (3.9). At this order in z;, there are no higher-dimensional condensate
contributions to x(Dg), and therefore it is proportional to (Ss)o only, i.e. the mixed quark-gluon
condensate and the four-quark condensate contributions from (4.7) are not present. The
full result, up to the leading power on mg/m, is then

2 2.2 o
(o) _ Gr_&me (58)o af (o a2
T’ = 3 2Ty md xs{(C& 2010y 302) (<OV7A>+4<OS,p>)}, (4.10)

which gives explicitly the leading contribution to xzp from the dimension-nine operators
proportional to the quark-quark condensates, obtained in the factorization approximation.
We will discuss the numerical value of this contribution in section 5.
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Figure 4. Diagram of the dimension-eleven contribution proportional to the mixed quark-gluon
condensates, (g(x)oGq(0)). The same contribution will appear also at the bottom internal line.

4.2 Dimension-eleven operator contributions

It is interesting to extend the computation to even higher orders in the operator product
expansion. At the order of dimension-eleven operators one encounters a contribution from
the nonlocal mixed quark-gluon condensate,

a

54 (4.11)

(qigoGq) = (qige"™ G},
where \* are the Gell-Mann matrices. For the local mixed quark-gluon condensate it is
often convenient to define

(aiga™ Guva)o

2 9)\2 2
Taho = mg = 2\, + 2my, (4.12)

where the parameter m% is computed using non-perturbative methods, such as QCD sum
rules or lattice QCD. The eq. (4.12) can be used as a definition for the parameter )\2, for
which we use the often quoted value A2 = (0.4 4 0.1) GeV? [40].*> The mixed quark-gluon
condensate is also a chiral order parameter of QCD, as it flips the chirality of the light quark,

(@oGq) = (GroGav) + (TLoGar), (4.13)

which produces the same effect as the quark condensate, removing a power of the light-quark
mass in xp, discussed in the previous section.

The mass difference will be now proportional to the matrix elements of dimension-eleven
operators

25V~ ST Cyaqe(D°] () (goGa) (e'u) [D°) (4.14)
q=s,d

where the I and I are Dirac structures, which are not necessary the same as in eq. (4.3).
We again employ the factorization approximation

(D) (eT'w) (g0Ga) (T"u) [D°) ~ Y(@oGa) (D°] (eTiw) () D) (4.15)

(2

where the sum runs over V' — A and S — P operators.

3Note that in principle this value could differ for light quarks and the strange quark. However, due to lack
of precise analyses we assume A2 = \3. For more details see discussion in [41].

,10,



We obtain the mixed condensate amplitude analogously to the quark condensate one as

Ty - 9 E [ dta(@ @081 @, 07T u(0) (€ 0)F,) 4 (07(0)) 5 (7 (2)),, (0 (@) .
(4.16)
where instead of the free propagator Sy(x,y) we now pick up the contribution of the soft gluon
field correction to the propagator Si(x,y), as seen in figure 4. The propagator expansion
for the light quark in the background gauge of eq. (4.5) has a term that involves the gluon
field [37, 38], which in the coordinate representation can be written as

Jp__i~ Jpoz,35qu N 2
S1(z,0) Sﬂ(Gaﬁ)x’Y’Yﬁ 1(mqv 3:)
1 ,
+ @(Gaﬁ)JpUaﬂmq/Ko (mq/ V —:132) : (4.17)

The soft gluon field is then factorized, together with the quark fields, into the mixed quark-
gluon condensate. Expanding the nonlocal condensate of quark and gluon fields in (4.14), in
terms of the local condensates, up to dimension-six contribution, [30, 42], we obtain

(@G O0)a5(0) = gy (8157 — a5 (118

. 16 _
X l(guv +m (ZU,W¢ + Yy — YoTp) )50)‘q<qCI>O + - (¢‘7;w)5a 9 P<QQ>% +...

Again, note that it is precisely the terms proportional to z, in (4.7) and o,,x, in (4.18) that
provide the necessary helicity flips to contribute to the mass difference mixing parameter
while at the same time reducing powers of the ms/m. GIM suppression. Also be aware that
there is a higher dimensional, dimension-six contribution present in the expansion, coming
from the factorized four-quark condensate piece, <Qq>3. Furthermore, it is worth pointing out
the non-trivial color structure of the mixed condensate. Evaluating the integral in eq. (4.16)
and taking matrix elements, we find the final result for the dimension-eleven operator

L0 _ GF_&me <A3 (Bsho 3 8 e (5508 — (dd)g 2)
b 2 2Mpl'p

m2 m3 9" mS
1
x 2 (C3{Oy_4) +8(0g_p)(C? + 4010 + 6C3)). (4.19)

C

The first term has the same parametric m? dependence on my, as the quark-quark condensate

contribution in :cgj), see eq. (4.10). However, here the parametrically leading m? dependence

comes from the higher-dimensional four-quark condensates, ~ (gq)2 terms, but these terms are

additionally suppressed by 1/m2 and by the SU(3) p-breaking stemming froin )the difference
11

of (5s)o and (dd)o condensates. We will discuss the numerical value of the z, contribution
in section 5.

4.3 Dimension-twelve operator contributions

As it was emphasized in section 4.1, factorization of dimension-nine matrix elements allowed
us to replace one of the mass insertions with the quark condensate, which also plays a role of
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Figure 5. An example of a diagram of the dimension-twelve contribution proportional to the four
quark condensates (4.22), where the gluon connects opposite internal quark lines. Note that there are
sixteen diagrams in total, since each of the four lines on the left can connect to any of the four lines
on the right. This makes the color structure of the separate contributions nontrivial.

the QCD order parameter and flips the chirality of the light s-quark, which reduces the GIM
suppression to O(m3/m?). In order to get this contribution, we “cut” the fermion propagator
— or, look at the infrared part of the propagator contribution.

In principle, the same can be done with the other propagator. Naively, this should remove
another mass insertion, making the overall contribution scale as O(m?2/m?), which will make it
consistent with the order of the SU(3)r symmetry breaking obtained by general group-theory
methods [6]. However, one needs to transfer momentum through the diagram, which implies
that a perturbative QCD correction is required: the gluon propagator can serve such purpose,
as shown in figure 5. The resulting contribution is that of dimension-twelve operators, further
suppressed by powers of 1/m., but having less powers of ms. Extending the same logical
approach as in previous sections, we can again factorize the resulting operator into a four-
quark vacuum condensate and a matrix element of dimension-six operators. In this section for
the first time we obtain explicitly the contribution of the four-quark condensate and confirm
it is parametrically leading, i.e. has mass dependence O(ms/m.)? as predicted in [6, 15].

We obtain the four-quark contribution by factorizing all four internal quarks using
vacuum insertion approximation. The four legs on either side can be connected in sixteen
different ways, an example of which is shown in figure 5 and its amplitude reads

T =i / dha dby d*z (—ig)? (@ () (T*)™ 82 (y, )T (2)) (@ (2)Tugh(z))  (4.20)
x Sc(y, 2) (@ (0)T, a3 (0)) (G4 (2)p(T*)P S (2, 0)"c(0)),

a
p

quarks, and S;j (z,y) = 0" S,(x,y) are their respective propagators. Factorizing, we obtain

where Sg(y, 2)% = 5“bgpgS(;(y, z) is the gluon propagator, the g; 2 3 4 indicate the four internal
12 a\mn a\op SN $PS; . —m —0 T

Tiq ) _ (T)™n(T*)°P 5™ 5P z/d4md4yd4z(—zg)2<ql (y)aq4(z)6qé(x)7q2(0)f3) (4.21)

X (99 Sy (y 2)T) 1)), (B (2)T). Sy, 2) (@(O)T,) 5 (1S (2, T (0)),,

where «a, 8, 7, d are Dirac indices. The value of the four-quark condensate has not yet been
determined model-independently. In order to get the numerical estimate of this contribution,
we follow the approach in ref. [30] and further factorize this contribution into a product
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of two two-quark vacuum condensates,?

(@ (9)o5(2) 55 (2) 45 (w) 5)
= (@ (1) at5 (W) 5) (@5(2) 505 (2),,) — (@' (1) o d3(2), )@ (2)s3(w)g),  (4.22)

where the two terms represent the four-quark condensate forming from different pairs of
quarks. The first term corresponds to the upper and lower pairs of quarks forming the
condensates, while the second corresponds to the left and right pairs forming condensates.
The second term, naturally, only contributes if both lines are of the same flavor.

The richness of structure of these amplitudes is apparent in color space as well. The Gell-
Mann matrices at each QCD vertex, coupled with distinct color flows through condensates and
the different contractions from the weak )1 and ()5 operators, collectively yield a result whose
numerical value is challenging to predict without explicit computations due to substantial
variations in magnitude (and even sign) of each contribution. Some simplifications are possible
by using symmetry relations between some of the diagrams (resulting from CP symmetry
relations). For example the diagram in which the gluon connects the incoming ¢ quark with
the upper internal quark is equivalent to the diagram in which the gluon connects the lower
internal quark line to the outgoing ¢ quark.

We present the results diagram-by-diagram, in appendix B, in order to better understand
the interplay of enhancement from strong SU(3)p breaking, and suppression from this
contribution being higher order in the OPE. In the results presented, only terms leading
in powers of mg/m. are shown; the Wilson coefficients and operators are evaluated at a
renormalization scale p = 1.3 GeV, with other parameters listed in section 5. The final, total,
contribution of the dimension-twelve operator reads

a2 _ GE &m? (3s)5

T — 2
D 2 QMDFD mg

s (:U“)xs

X 103 3(=9C? + 1720105 + 411C3)(Oy_4) (4.23)

8(13CF + 452C1Cy + 495C3)(Os_p)|.

The expected mass dependence mz in the final results arises from various terms involving
the interplay of helicity flips caused by propagator mass insertions and the condensate. For
example, in the diagram shown in figure 5, each line can feature SU(3)r breaking terms
resulting from two helicity flips — one from a single mass insertion in the propagator, and
the other from the condensate. Alternatively, both helicity flips could come from the mass-
dependent part of the condensate, eliminating the need for any mass insertions from the
propagator. Each sequence of helicity flips forms a separate term that contributes to the final
outcome. Note that the gluon connects the diagram in sixteen different ways, allowing for
other combinations of helicity flips in different diagrams. A noteworthy observation is that the
presented dimension-twelve contribution is proportional to the perturbative coupling (),
whereas the dimension-six condensates in the local expansion of the nonlocal quark-quark

1A previous attempt at computing the four-quark contribution claimed there were problems with factoriza-
tion [43]. In our calculation we do not encounter any issues in the factorization process.
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Contribution Result for zp [1075]
2\ 0.99 +0.13

2 0.051 = 0.009
212 0.24 +0.06
Total = z$nd 1.27 £0.18

0 0.37 4 0.02

Table 1. The contributions to zp from different orders in 1/m.. An NLO result also exists [14],
comparable in magnitude, but opposite in sign to the LO term, implying a partial cancellation of the
perturbative contributions to zp.

condensate (4.7) and the nonlocal mixed quark-gluon condensate (4.18) are proportional
NP

to the nonperturbative coupling «a " .

Numerically, contrary to earlier estimates in the literature, we do not find the contribution
from dimension-twelve operators numerically leading. In fact, the combined result falls well
below the experimental value. We attribute this discrepancy to taking the SU(3)r breaking
parameter A as the ‘hadronic scale’” A = 1 GeV in back-of-the-envelope estimates [16]. In
reality, the relevant scale, is that of the quark condensate, which has a known value of (gq)o ~
A3 = (0.3GeV)3. The lower actual value compared to previous estimates has a substantial
impact, especially on the four-quark condensate contribution, since it is proportional to @q)%.
In simple terms, although the charm quark’s mass is not heavy enough to strongly suppress
higher-order terms in the OPE, the value of the condensate is small enough that it provides
the suppression itself. The contribution is further suppressed due to mutual cancellations

between different terms (see results in appendix B).

5 Summary

It would be helpful to analyze both the numerical value of the total answer and its uncertainty.
We summarize our results in table 1. While the contributions from dimension-twelve operators
are parametrically leading with only two powers of x,, they are not necessarily the largest
in magnitude. We find that the contributions from the dimension-six, dimension-nine, and
dimension-twelve operators are approximately the same in size. Additionally, we observe that
the contribution of dimension-eleven operators, being proportional to the mixed quark-gluon
condensate, also contains higher-dimensional four-quark terms from the local expansion of

(11)

the condensate which are proportional to x2. However, numerically, the z p  is about an
order of magnitude smaller than xg) and even ng), due to accidental numerical suppression
in the second line of (4.19).

We present our results with errors estimated from uncertainties in input parameters.
Results are calculated at the renormalization scale u = 1.3 GeV, with other input parameters
listed in appendix C. We evaluated possible uncertainties by varying parameters of the
computation and then adding them in quadrature, as it often done for theoretical calculations.

We explicitly show the most important sources of uncertainties: in figure 6 the dependence on

— 14 —
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(ss)/(dd)

Figure 6. We observe a strong dependence of our result on the relatively unknown SU(3)p breaking
parameter (3s)o/(dd)o, with the cental value (3s)q/(dd)o = 0.8 £ 0.1.

24.

18.
E o / _ cond
= 9. XDLO

: |

10 12 14 16 18 2.0
w1 [GeV]

Figure 7. A strong dependence on renormalization scale, taken at the central value y = 1.3+0.1 GeV,
is expected since the condensate is strongly scale dependent. The leading order perturbative result is
shown for comparison.

SU(3)r breaking in the ratio of (3s)o/(dd)o condensates for which we take the central value
(3s)0/(dd)o = 0.8 £ 0.1 [44]; in figure 7 the dependence on renormalization scale y, and in
figure 8 the dependence on the numerical value of the condensate. There are other sources of
uncertainty not discussed in the paper, which relate to the terms in the OPE that we have not
considered here, specifically those that do not cause a chirality flip for the light quarks. Such
terms have the same powers of mg, but are additionally suppressed by more powers of 1/m..
Therefore, they are unlikely to produce numerically larger effects in the prediction of xp.

6 Conclusions

We calculated the DO DO mixing parameter zp using the operator product expansion formalism
in QCD, expanding the relevant correlation functions in powers of 1/m.. Following earlier
studies [14-16, 45], we focused only on the terms that produce the fewest powers of mg, even
though such terms might be suppressed by higher powers of 1/m., calculating consistently
terms up to dimension-twelve operators. In addition to the leading-order contribution from
dimension-six operators, we explicitly calculated the matrix elements of operators with
dimensions nine, eleven, and twelve. To estimate their contributions to the mixing parameters
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Figure 8. Dependence on the value of the quark condensate illustrates how our result can reach the
experimental order of magnitude if (gq)o is taken to be around the hadronic scale ~ 1 GeV?, as was
previously estimated [16]. Unfortunately, the actual value of the condensate (indicated by the green
line) is significantly smaller than ~ 1 GeV?, see table 2.

numerically, and inspired by the success of the factorization hypothesis in other applications
of nonleptonic transitions, we employed a version of the factorization approximation. As
a result, the leading-order contributions to those matrix elements, within the factorization
approximation, are proportional to the two-quark, mixed quark-gluon, and four-quark QCD
condensates, respectively. Contrary to the previous estimates, our explicit calculations do
not find a large enhancement from such higher-order terms. Our final numerical result,

259" = (1.27 £ 0.18) x 107° (6.1)
is still about two orders of magnitude lower than the experimental value [12],
5P = (0.407 £ 0.044)%. (6.2)

This could be traced back to the fact that previous similar studies overestimated the value
of the quark condensate, and therefore were closer to the experimental result.

It might be possible that partial resummations of various condensate contributions
provide some boost to the predicted value [46]. Yet, a complete computation of relevant
matrix elements, without the assumption of factorization, is desired. Alternatively, a direct
computation of the mixing matrix elements on the lattice could provide a new estimate of
the D°DO mixing parameters [19].
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A Leading order expressions

Here we explicitly give functions X (m?,m3,p?) and Y (m?, m3, p?) used in presenting the
leading order result (3.5):

— 2
X () = Ty ( (i =2md (3 +7) + (3 =1%) ) Bo(p2mt.md)
(A.1)
+Ao<m%><—<m%—m%+p2>>+Ao<m3><m%—m%—p2>)7
Y222_i oA —m2 (4m2+02) +2md —m2p2 — ) Ba(n2.m2.m2
(ml,mz,p)—96ﬂzp4 mi—mi (4ms+p° ) +2m5—msp”—p* ) Bo(p®,m7,m3)
(A.2)

+Ag(md) (~2md -+ 23 +57) + Ao ) (2 -2m 7)) ).

The functions Ay and By are standard one-point and two-point scalar functions in perturbative
calculations, respectively.

B Four-quark condensate contributions from section 4.3

In this appendix we provide analytical (and numerical) results for all the independent diagrams
which together form the dimension-twelve operator contribution. There are sixteen diagrams
in total, of which nine are independent, while the rest can be deduced through symmetry
arguments. Specifically, the first seven diagrams pictured below are equal to their respective
CP counterparts. For example, the first diagram below, in which the gluon connects upper
left and lower right internal quark lines, is equal to the diagram in which the gluon connects
the bottom left and upper right internal quark lines.

Note how the different combinations of Wilson coeflicients give rise to factors varying
in magnitude, and even sign, making the contributions sometimes cancel among themselves
in the final result.

' ‘ 2 2 )2
(12) %77 10—8:74GF 2 mc 471'0[3 <$8>0 2
D (>@<) 8 2 S orpMp 108 mb

d s

%[ (C3+4C102+6C3 ) (Oy—a) +4 (20102 +3C3) (Os_p)]

' : 2 2 )2
(12) ~49 10—6:_& 2 Mg 471'0(5 <88>0 2
o (><Mf><> e 2 ° A pMp 108 mf

x| (27CE-112C1C2-168C3 ) (Ov — a)

+8 (220 -42C1C+63C3 ) (Os-p)],

‘ ‘ 2 2 —\2
(12) 7 TG o mi Amas (3s)§ o
~ — 1 =
Tp (ﬂ) 7x10 1 § ST p My, 108 mb z;

X [—70102<OV—A>+8 (2012_0102> (OS*P” )
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m?  dras (35)2 5

oTpMp 108 mb *

~+2x107 = GF§2

%[ (3C2+C1Cy ) (Ov—a)+28(C3+3C1C2) (0s-p).

2 Admag (58)(2) 9

G2
_6x10-7 = F 2
) 60 = S M 108 m

m2

Cl 16C4 —02) <OV—A>+2401 (201 —02) <OS_p>} ,

m?  4mag (3s)3
~—-3x1079= F Me 517270 52
% ¢ oTpMp 108 mb *

Cl 7C1+5902) <OV—A>+2401 (Cl +CQ) <Og_p>} ,

mz 4o <§S>(2) 9

G?
~—2x107"= F§2 T
QFDMD 108 mg 5

[(16C2+14C1C5+21C3) (Ov—a)
+24(203+2C1C+3C3) (O p)]

m?  dras (35)3

oTpMp 108 mb " *

) ~+2x107 "= ——52

x [(19012—180102—27022) (O a)+56(C1~3C5)(C1+C2){O0s-p)]

2 2

_ mz  4mas (Ss)
_2 10 C S 0,2
) 8 5 oT pMp 108 mf *

x [ (TC2=10C1Co—15C3) (Ov ) +24(C1—3C5) (C1+C5)(Osp)|.

C Numerical input

Standard parameters are taken from [47]. The rest of the parameters are cited in table 2

Parameter Numerical value

Ip [48] 0.212 GeV
(Ov_4)(3GeV) [49] | (0.322 4+ 0.022) GeV*
(Os_p)(3GeV) [49] | (—0.624 +0.007) GeV*

(@q)0(1.3 GeV) (—0.269 £ 0.001)3 GeV?

Table 2. Numerical values of the decay constant and matrix elements used in our calculations. The
condensate value is obtained via the Gell-Mann-Oakes-Renner relation.
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