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A R T I C L E I N F O A B S T R A C T 

Editor: Stephan Stieberger We present a self-contained and consistent formulation of noncommutative (NC) gauge theory of 
gravity, focusing on spherically symmetric black hole geometries. Our construction starts from 
the gauge-theoretic viewpoint of Poincaré (or de Sitter) gravity and introduces noncommutativity 
through the Moyal star product and the Seiberg-Witten map, retaining NC gauge invariance at 
each order in the deformation parameter Θ. Working systematically to second order in Θ, we 
obtain explicit NC corrections to the spin connection, the vierbein, and various geometric objects 
such as the metric and curvature scalars. Using these results, we compute NC modifications 
of four-dimensional Schwarzschild and Reissner-Nordström solutions, including scenarios with 
a cosmological constant, as well as three-dimensional BTZ-type black holes (both uncharged 
and charged). For each black hole solution, we explore various possible Moyal twists, each of 
which generally breaks some symmetries and modifies the horizon structure, surface gravity, 
and curvature invariants. In particular, we show that while the radial location of horizons in 
Schwarzschild-like solutions remains unchanged for some twists, other twists introduce important 
but finite deformations in curvature scalars and can decouple the Killing horizon from the causal 
horizon. Similar patterns arise in the charged and lower-dimensional cases. Beyond constructing 
explicit examples, our approach provides a blueprint for systematically incorporating short
distance quantum corrections through noncommutativity in gravitational settings. The methods 
and expansions we present can be extended to more general geometries including rotating black 
holes and additional matter fields, offering a broad framework for future studies of NC effects in 
classical solutions of general relativity.

1. Introduction

The quest for a unified theoretical framework that encompasses all fundamental interactions remains a central theme in mod
ern physics. In the Standard Model, three of nature’s four known forces, electromagnetism, the weak interaction, and the strong 
interaction, are described by a common gauge-theoretic framework. In contrast, the gravitational interaction, elegantly captured by 
Einstein’s General Relativity (GR), appears in a distinctly geometric form that does not straightforwardly merge with quantum field 
theory. Although GR’s geometrical framework has been remarkably successful in explaining macroscopic gravitational phenomena, 
including the recent detection of gravitational waves [1--3] and the imaging of a black hole shadow by the Event Horizon Telescope 
(EHT) [4--9], its disjunction with the principles of quantum mechanics leaves a significant conceptual gap at very short distances or 
very high energies.
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One line of investigation reformulates gravity itself as a gauge theory, aiming to embed Einstein’s theory within the broader 
gauge principle that underpins the Standard Model [10--18] (see [19,20] for a brief overview). In the case of gravity, one faces the 
challenge of describing the two polarizations of the massless graviton using a symmetric four-dimensional tensor that, at first glance, 
possesses ten independent components. An elegant way to handle this redundancy was pioneered by Weyl [21] and Cartan [22], and 
later given a concrete gauge-theoretic interpretation by Utiyama [10] and Kibble [11]. Rather than working solely with the metric, 
these works introduced the vierbein 𝑒𝑎

𝜇
and the spin connection 𝜔𝑎𝑏

𝜇
, imposing both local Lorentz invariance and diffeomorphism 

invariance. The spin connection acts as the gauge field for local Lorentz transformations, while the vierbein serves as a soldering 
form between internal indices and spacetime. Imposing that the generalized field strength for translations vanish identifies the usual 
Christoffel symbols with derivatives of the vierbein, thus recovering the standard metric formulation. This gauge-based viewpoint not 
only simplifies coupling fermions to gravity but also underpins more advanced frameworks such as loop quantum gravity [23,24] and 
supergravity [25]. Despite important distinctions from Yang-Mills theories-particularly in how translations are gauged, this approach 
places gravitational interactions on a footing similar to other gauge forces, offering powerful insights into the geometric and dynamical 
structure of spacetime.

A separate but related direction explores the possibility that spacetime coordinates fail to commute at very short distances, 
suggesting a noncommutative (NC) geometry. Traces of this idea date back to the original Snyder model [26], motivated by the hope 
that quantum uncertainties in spacetime could cure ultraviolet divergences. Modern interest has been reignited by string theory, 
where open strings moving in a background antisymmetric 𝐵field can produce an effective NC structure [27--33]. Concretely, the 
canonical commutator

[𝑥𝜇 ⋆, 𝑥𝜈] = 𝑖 Θ𝜇𝜈

introduces a constant antisymmetric matrix Θ𝜇𝜈 that controls noncommutativity. In turn, ordinary products of fields 𝑓 (𝑥)𝑔(𝑥) are 
replaced by the Moyal (or ⋆) product,

(𝑓 ⋆ 𝑔)(𝑥) = lim 
𝑦→𝑥

exp
(
− 𝑖 

2 Θ
𝜇𝜈 𝜕

𝜕𝑥𝜇
𝜕

𝜕𝑦𝜈

)
𝑓 (𝑥) 𝑔(𝑦) . (1)

To preserve gauge invariance, the Seiberg–Witten map systematically expands the NC fields in terms of commutative ones, ensuring that 
symmetries remain well-defined at each order in Θ𝜇𝜈 [33]. A similar approach to NC gauge theory of gravity with the Seiberg-Witten 
map was performed in [34] but with a different star product compared to (1).

Constructing a gauge theory of gravity on a NC manifold entails combining the gauge perspective of the de Sitter or Poincaré group 
with the ⋆-product formalism. However, formulating gravity on a NC spacetime has proven more challenging than extending flat-space 
gauge theories to the NC domain. The interplay among local Lorentz invariance, the notion of a metric-compatible connection, and 
general coordinate transformations becomes more complicated with the ⋆-product. Even so, in [35] it was proposed that one could 
gauge the de Sitter group SO(4,1) and then contract to the Poincaré group, introducing a NC extension via the Seiberg–Witten map. 
The field strengths, torsion, and curvature tensors acquire corrections in powers of Θ𝜇𝜈 , and the resulting action can be interpreted 
as a NC extension of Einstein-Hilbert gravity-provided one accounts for additional source terms (e.g., gauge-covariant potentials, 
possible cosmological constants, and matter couplings) needed to recover standard gravitational phenomena.

Although the underlying mechanism appears elegant, explicit computations of the NC fields at second or higher orders have 
revealed missing terms or incorrect coefficients. Such omissions affect physical predictions, including the form of the deformed metric, 
curvature invariants, and horizon structures. In this paper, we revisit this construction to provide a fully self-consistent and corrected 
formulation of NC gauge theory of gravity in four dimensions, clarifying and resolving various conceptual and computational errors 
found in the literature. We systematically apply the Seiberg–Witten map to the gauge fields 𝜔𝐴𝐵

𝜇
(the spin connection 𝜔𝑎𝑏

𝜇
and the 

tetrad 𝑒𝑎
𝜇
) up to second order in Θ𝜇𝜈 . Concretely, we write [35]

𝜔̂𝐴𝐵
𝜇

(Θ) = 𝜔𝐴𝐵
𝜇

+𝜔𝐴𝐵 (1)
𝜇

(Θ) +𝜔𝐴𝐵 (2)
𝜇

(Θ2) +… ,

ensuring that local gauge invariance is preserved at each step:

𝛿
𝜆̂
𝜔̂𝐴𝐵
𝜇

= 𝜕𝜇𝜆̂
𝐴𝐵 + [𝜔̂𝜇 ⋆, 𝜆̂]𝐴𝐵.

Along the way, we highlight a missing term in the second-order NC tetrad and correct a range of faulty factors often cited in the 
present-day literature [35--49].

To demonstrate the physical relevance of these corrections, we apply the formalism to black hole spacetimes. Following [50,51], 
we revisit the Schwarzschild solution (commutative) and treat the vierbein 𝑒𝑎

𝜇
in spherical coordinates. In these works, the authors 

adopt an approach in which the de Sitter group acts as an internal transformation, leaving the underlying coordinates untouched 
(see also [52]). By choosing a four-dimensional Minkowski spacetime (in spherical coordinates) as the base manifold, they interpret 
the gravitational field in terms of the gauge potentials associated with the de Sitter group. This viewpoint highlights how gauge 
transformations are realized without actively transforming spacetime coordinates, thereby maintaining a clear separation between 
the manifold’s geometry and the internal gauge structure. Their results show that Schwarzschild-type solutions can emerge naturally 
from this internal formulation. We first briefly introduce the SO(4,1) theory in the spirit of [50], reproduce some results of [50], and 
discuss the consequences of contracting SO(4,1) to ISO(3,1) via the Wigner–İnönü contraction. We discuss that the de Sitter theory 
action that [51] introduces is not invariant to the group of de Sitter gauge transformations. After contraction, the action becomes 
invariant to ISO(3,1) gauge transformations and becomes the usual Poincare gauge theory of gravity with Poincare gauge fields. We 
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argue that for constructing the NC gauge theory of gravity using the Seiberg-Witten map, starting with NC de Sitter gauge fields and 
contracting them to NC Poincaré is not strictly necessary,1 but it is computationally clearer because in the de Sitter group all the 
generators are rotations labeled by a single set of indices, whereas in the Poincaré group there are two distinct sets of generators with 
their own indices. One conceptual issue in much of the current literature is the incorrect introduction of the cosmological constant 
Λ into gauge theory. References [50,51] (and also [36,37]) correctly observe that solutions of de Sitter field theory produce tetrads 
𝑒𝑎
𝜇

which yield metrics

𝑔𝜇𝜈 = 𝜂𝑎𝑏𝑒
𝑎
𝜇
𝑒𝑏
𝜈

(2)

that may or may not correspond to spacetimes with a cosmological constant, and also correctly relate

Λ = −3𝑘2 (3)

to the contraction parameter 𝑘. Hence, once one contracts the de Sitter group to Poincaré by setting 𝑘→ 0, one can no longer retain 
a cosmological constant in the solutions of the pure gauge theory. In this paper, we emphasize that the proper way to introduce a 
cosmological constant into the (contracted) Poincaré gauge theory is by adding suitable source terms (i.e., Λ𝑔𝜇𝜈 ), just as is done with 
𝜅𝑇𝜇𝜈 in electromagnetism [36,50,51] (see [38] as well).

After setting up the commutative Poincare gauge theory of gravity, we move on to its NC extension. A natural approach is to 
build NC de Sitter gauge fields via the Moyal product and the Seiberg–Witten map, then contract the NC de Sitter gauge fields to 
obtain deformed gauge fields of an NC Poincaré gauge theory. The deformed NC Poincare gauge fields are then calculated from the 
commutative solutions that we presented. Indeed, [36,37] followed precisely this approach for NC Schwarzschild (and Schwarzschild--
de Sitter) black holes, by introducing a deformed metric

𝑔̂𝜇𝜈(𝑥,Θ) =
1
2
𝜂𝑎𝑏

(
𝑒𝑎
𝜇
⋆ 𝑒𝑏†

𝜈
+ 𝑒𝑏

𝜈
⋆ 𝑒𝑎†

𝜇

)
. (4)

However, the missing NC terms in [35], along with conceptual gaps in [50,51], were inadvertently propagated into [36,37]. Additional 
errors, such as incorrect overall factors and an inconsistent expansion of the Seiberg–Witten map in (4), as well as misinterpretations 
of horizon structure, also appear in [36,37], eventually filtering into subsequent analyses [38--49].

This article’s scope is summarized as follows (in the order presented in subsequent sections):

• We revisit the gauge theory of gravity introduced in [50,51] and discuss how to properly recover the cosmological constant after 
the Wigner–İnönü contraction (Section 2).

• We examine the NC extension of Einstein gravity in [35] using the Seiberg–Witten map, fixing previously missing NC corrections 
in the NC vierbein, field tensors, inverse vierbein, etc. (Section 3).

• We revisit the NC black hole solutions derived in [36,37], rectifying conceptual and computational errors (NC metrics, horizon 
structure, etc.; Section 4).

In the sections that follow, we provide the algebraic setup for de Sitter theory and Poincare gauge theory in four dimensions, 
outline the key aspects of the Seiberg–Witten map for 𝜔𝑎𝑏

𝜇
and 𝑒𝑎

𝜇
, and show how one contracts from SO(4,1) to ISO(3,1). We then 

compute the NC corrections to the tetrad, spin connection, and curvature components up to second order in Θ. Once our corrected 
formalism is established, we apply it to black hole solutions, initially focusing on the Schwarzschild metric. We carry out explicit 
NC corrections to the metric components, the deformed curvature (NC gauge field strength), and the deformed curvature scalar 
under various Moyal twists (e.g., Abelian twists generated by commuting vector fields like 𝜕𝑡 ⊗ 𝜕𝜑 or 𝜕𝑟 ⊗ 𝜕𝜃). In each instance, 
we explore how noncommutativity modifies the horizon structure, surface gravity, curvature singularities, and spherical symmetry 
(often broken). Our findings show that while the event horizon radius sometimes remains unchanged, other geometric features such as 
Killing horizons and curvature scalars may exhibit significant NC deformations. Moreover, we observe that only twists not involving 
the radial coordinate vector field 𝜕𝑟 yield metrics that remain nonsingular at the event horizon. In Appendices A, B, and C, we extend 
the formalism to more general solutions, such as Reissner–Nordström, BTZ, and spacetimes with a cosmological constant.

Overall, this work aims to present a robust, internally consistent framework for NC gauge gravity and to showcase its implica
tions for classical black hole spacetimes. By rectifying longstanding computational and conceptual oversights, we hope to establish 
a resource for future investigations of quantum-gravity-inspired corrections to black hole solutions, potentially shedding light on 
new high-energy phenomena near singularities or horizons. Our corrected expansions, along with explicit examples, pave the way 
for further studies into whether noncommutativity can soften singularities, alter black hole thermodynamics, or otherwise reveal 
new short-distance features of gravitational physics. The methods presented here can be readily adapted to more general geome
tries, including rotating black holes and additional matter sources, thus providing a broad platform for exploring noncommutative 
gravitational physics.

1 One could also directly apply the Seiberg–Witten map to the Poincaré gauge fields.
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2. (Commutative) de Sitter theory to Poincaré gauge theory

In this section, we recap the well-known formulation of gravity as a gauge theory, aiming to correct typographical errors that 
appeared in papers extending this theory to a NC gauge theory [36,37,50,51]. As explained in the Introduction, the de Sitter generators 
are easier to work with in the Seiberg-Witten map than the Poincare group generators so in the NC section we will calculate the 
Seiberg-Witten map for any de Sitter invariant theory and contract it to the Seiberg-Witten map for Poincare invariant theories. In 
this section, we will define an attempt at generalizing gauge theory of gravity to this Lie group,2 which we will later contract to 
the Poincaré gauge theory. We will show that the de Sitter action (10) is SO(4,1) gauge variant (but is invariant under its 𝑆𝑂(3,1)
subgroup) and as such is not a theory with SO(4,1) gauge symmetry, contrary to the established incorrect understanding. Never the 
less, we will solve its equation of motion and contract it to the solution of the Poincare gauge theory.

The de Sitter group 𝑆𝑂(4,1), a 10-dimensional Lie group, has infinitesimal generators denoted by 𝑀𝐴𝐵 = −𝑀𝐵𝐴, where 𝐴,𝐵 =
0,1,2,3,5. After contraction, the generators 𝑀𝐴𝐵 correspond to translations 𝑃𝑎 =𝑀𝑎5 and Lorentz rotations 𝑀𝑎𝑏 = −𝑀𝑏𝑎, where 
𝑎, 𝑏,… = 0,1,2,3. The corresponding commutative gauge potentials, 𝜔𝐴𝐵

𝜇
(𝑥) = −𝜔𝐵𝐴

𝜇
(𝑥), are associated with the spin connection 

𝜔𝑎𝑏
𝜇
(𝑥) = −𝜔𝑏𝑎

𝜇
(𝑥) and the tetrad fields 𝜔𝑎5

𝜇
(𝑥) = 𝑘 𝑒𝑎

𝜇
(𝑥), where 𝑘 is the contraction parameter. As 𝑘→ 0, the gauge group reduces to 

ISO(3,1), yielding the commutative Poincaré gauge theory of gravitation.

Like any field theory, we define the de Sitter theory over Minkowski spacetime with coordinates 𝑥𝜇 = (𝑡, 𝑟, 𝜃,𝜑),

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2
(
𝑑𝜃2 + sin2(𝜃) 𝑑𝜑2), (5)

as a theory with fields given by an so(4,1)-valued 1-form 𝜔𝜇 with components

𝜔𝐴𝐵
𝜇

(𝑥) = − 𝜔𝐵𝐴
𝜇

(𝑥) (6)

that transform in the adjoint representation of the de Sitter group. The antisymmetric indices 𝐴𝐵 label all 10 generators, with each 
𝐴,𝐵 ranging3 over {0,1,2,3} ∪ {5}. The curvature is an so(4,1)-valued 2-form with components of the usual form

𝑅𝐴𝐵
𝜇𝜈

= 𝜕𝜇𝜔
𝐴𝐵
𝜈

− 𝜕𝜈𝜔𝐴𝐵𝜇 + 𝜂𝐶𝐷
(
𝜔𝐴𝐶
𝜇

𝜔𝐷𝐵
𝜈

−𝜔𝐴𝐶
𝜈

𝜔𝐷𝐵
𝜇

)
, (7)

where 𝜂𝐶𝐷 = diag(−1,1,1,1,1) = 𝜂𝑐𝑑 ⊕ diag(1). Preparing for the contraction, we define

𝜔𝑎5
𝜇

= 𝑘 𝑒𝑎
𝜇

(8)

for 𝑎 ∈ {0,1,2,3}. This rewriting separates the gauge curvature into objects closely related to geometric curvature and torsion:

𝑅𝑎𝑏
𝜇𝜈

= 𝜕𝜇𝜔
𝑎𝑏
𝜈
− 𝜕𝜈𝜔

𝑎𝑏
𝜇
+ 𝜂𝑐𝑑

(
𝜔𝑎𝑐
𝜇
𝜔𝑑𝑏
𝜈

− 𝜔𝑎𝑐
𝜈
𝜔𝑑𝑏
𝜇

)
+ 𝑘2

(
𝑒𝑎
𝜇
𝑒𝑏
𝜈
− 𝑒𝑎

𝜈
𝑒𝑏
𝜇

)
,

𝑅𝑎5
𝜇𝜈

= 𝑘 𝑇 𝑎
𝜇𝜈

= 𝑘
(
𝜕𝜇𝑒

𝑎
𝜈
− 𝜕𝜈𝑒

𝑎
𝜇
+
(
𝜔𝑎𝑐
𝜇
𝑒𝑑
𝜈
−𝜔𝑎𝑐

𝜈
𝑒𝑑
𝜇

)
𝜂𝑐𝑑

)
.

(9)

From (9), one sees that taking 𝑘→ 0 is necessary because, without this contraction, the torsionless curvature 𝑅𝑎𝑏
𝜇𝜈

would not correspond 
to the usual physical Riemann tensor.

The dynamics of the de Sitter theory are governed by the action

𝑆 = 1 
16𝜋𝐺 ∫ 𝑒 𝑅 = 1 

16𝜋𝐺 ∫ det
(
𝑒𝑎
𝜇

)
𝑅𝑎𝑏
𝜇𝜈
𝑒𝜇
𝑎
𝑒𝜈
𝑏
, (10)

where 𝑒𝜇𝑎 is the inverse of 𝑒𝑎
𝜇
= 1 

𝑘
𝜔𝑎5
𝜇

, satisfying

𝑒𝑏
𝜇
𝑒𝜇
𝑎
= 𝛿𝑏

𝑎
, 𝑒𝑎

𝜈
𝑒𝜇
𝑎
= 𝛿𝜇

𝜈
. (11)

As we see, the action (10) is built from a fully contracted iso(3,1) index structure, and is, therefore, ISO(3,1) gauge-invariant after the 
contraction 𝑘→ 0. We can also see that the action (10) is constructed from specifically selected 𝐴,𝐵 components of the de Sitter gauge 
fields 𝜔𝐴𝐵

𝜇
, so a general de Sitter gauge transformation, which mixes the components and can change the notion of the 𝐴 = 5 internal 

index, will not leave the action invariant in general. As such, (10) is not invariant under the group of de Sitter gauge transformations.4

Contracted solutions of the action (10) will correspond to Poincare gauge theory solutions. Finally, the considerations of a NC de Sitter 
field theory (even though (10) is not gauge invariant and as such is not a gauge theory) are important because the Seiberg-Witten 
expansion does not depend on the action, so its contraction will be applicable to the NC Poincare gauge theory whose investigation 
is our primary goal. It is really the case that we only use NC de Sitter theory for bookkeeping purposes.

2 This is an attempt in the context of usual, commutative gauge theory.
3 We will split the range 0,1,2,3,5 into 𝑎,5, with 𝑎 ∈ {0,1,2,3}.
4 Before the contraction, the action is not invariant to Poincare gauge transformations because the gauge curvature tensor is not the one for Poincare gauge group.
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Next, we outline how to solve the equations of motion of the de Sitter theory and incorporate source terms that allow solutions 
(in the contracted Poincaré gauge theory) carrying electric charge or cosmological constant. Varying (10) leads to the equations of 
motion (EOM)

𝐺𝑎
𝜇
= 𝑅𝑎𝑏

𝜇𝜈
𝑒𝜈
𝑏
− 12 𝑅

𝑐𝑑
𝜇𝜈
𝑒𝜇
𝑐
𝑒𝜈
𝑑
𝑒𝑎
𝜇
= 0 

(
EOM for 𝑒𝑎

𝜇

)
,

𝑇 𝑎
𝜇𝜈

= 𝜕𝜇𝑒𝑎𝜈 − 𝜕𝜈𝑒
𝑎
𝜇
+ 𝜂𝑏𝑐

(
𝜔𝑎𝑏
𝜇
𝑒𝑐
𝜈
−𝜔𝑎𝑏

𝜈
𝑒𝑐
𝜇

)
= 0 (EOM for 𝜔𝑎𝑏

𝜇
).

(12)

The roles of the de Sitter tetrads and spin connections appear asymmetric in (12) because they enter the action (10) in different ways. 
Moreover, (10) imposes the Einstein equation as the tetrad EOM5 when 𝑘→ 0. It also forces torsion to vanish as the spin-connection 
EOM, indicating that in the limit 𝑘→ 0 the theory reduces to Einstein’s gravity, while for nonzero 𝑘 it is the de Sitter theory.

Following [36], one obtains spherically symmetric solutions of the de Sitter theory by choosing the ansatz6

𝑒0
𝜇
=
(
𝐴,0,0,0

)
, 𝑒1

𝜇
=
(
0, 1 

𝐴
,0,0

)
, 𝑒2

𝜇
=
(
0,0, 𝑟,0

)
, 𝑒3

𝜇
=
(
0,0,0, 𝑟 sin𝜃

)
, (13)

and

𝜔01
𝜇

=
(
𝑈,0,0,0

)
, 𝜔12

𝜇
=
(
0,0,𝑊 ,0

)
, 𝜔13

𝜇
=
(
0,0,0,𝑍 sin𝜃

)
,

𝜔23
𝜇

=
(
𝑉 ,0,0,−cos𝜃

)
, 𝜔02

𝜇
= 𝜔03

𝜇
=
(
0,0,0,0

)
, (14)

where 𝐴, 𝑈, 𝑉 , 𝑊 and 𝑍 are functions of the radial coordinate 𝑟 only. Substituting (13) and (14) into (9) yields the components of 
𝑇 𝑎
𝜇𝜈

and 𝑅𝑎𝑏
𝜇𝜈

. The nonvanishing components of the torsion are

𝑇 0
10 =𝐴′ − 𝑈

𝐴 , 𝑇 2
21 = −𝑊

𝐴 − 1,

𝑇 2
21 = −𝑟 sin𝜃 𝑉 , 𝑇 3

20 = 𝑟 𝑉 ,

𝑇 3
13 = − sin𝜃 𝑍

𝐴 − sin𝜃, (15)

and those of the curvature are

𝑅10
10 = 𝑘2 −𝑈 ′, 𝑅20

20 = 𝑘2 𝑟 𝐴+𝑈 𝑊 ,

𝑅21
21 =

𝑘2 𝑟
𝐴 +𝑊 ′, 𝑅21

30 = 𝑉 𝑍 sin𝜃,

𝑅30
30 =

(
𝑘2 𝑟 𝐴+𝑈 𝑍

)
sin𝜃, 𝑅31

20 = −𝑉 𝑊 ,

𝑅31
31 =

(
𝑘2 𝑟
𝐴 +𝑍′

)
sin𝜃, 𝑅31

32 = (𝑍 −𝑊 ) cos𝜃,

𝑅32
10 = −𝑉 ′, 𝑅32

32 =
(
𝑘2 𝑟2 −𝑊 𝑍 + 1

)
sin𝜃. (16)

Here, the prime denotes the derivative with respect to 𝑟. Solving the null-torsion equations in (12) yields the spin connection 𝜔𝑎𝑏
𝜇

in 
terms of the tetrad fields 𝑒𝑎

𝜇
:

𝜔 𝑎𝑏
𝜇

= 1
2 𝑒

𝜈𝑎
(
𝜕𝜇𝑒

𝑏
𝜈
− 𝜕𝜈𝑒

𝑏
𝜇

)
− 12 𝑒

𝜈𝑏
(
𝜕𝜇𝑒

𝑎
𝜈
− 𝜕𝜈𝑒

𝑎
𝜇

)
− 12 𝑒

𝜌𝑎 𝑒𝜎𝑏
(
𝜕𝜌𝑒𝜎𝑐 − 𝜕𝜎𝑒𝜌𝑐

)
𝑒 𝑐
𝜇
, (17)

which constrains the radial functions in (14):

𝑈 =𝐴 𝐴′, 𝑉 = 0, 𝑊 =𝑍 = − 𝐴. (18)

Finally, the remaining unknown function 𝐴(𝑟) follows from the Einstein part of the EOM. The nonzero components of the Einstein 
tensor are:

𝐺0
0 = −3 𝑘2𝐴 + 2 𝐴

2𝐴′

𝑟 
+ 𝐴

3

𝑟2
− 𝐴 

𝑟2
,

𝐺1
1 = −3 𝑘2

𝐴 
+ 2 𝐴

′

𝑟 
+ 𝐴 

𝑟2
− 1 

𝑟2𝐴
,

𝐺2
2 = −3 𝑘2 𝑟 + 𝑟 𝐴 𝐴′′ + 𝑟

(
𝐴′)2 + 2 𝐴 𝐴′,

𝐺3
3 = −3 𝑘2 𝑟 sin𝜃 + 𝑟 𝐴 sin𝜃 𝐴′′ + 𝑟 sin𝜃 

(
𝐴′)2 + 2 𝐴 sin𝜃 𝐴′,

(19)

and one finds the simultaneous solution of all these components:

𝐴(𝑟) = 
√

1 − 𝛼
𝑟 

+ 𝑘2 𝑟2 , (20)

5 With the Riemann tensor modified by the 𝑘2 term in (9).
6 The most general ansatz considered in literature [36] uses 𝑒2

𝜃
= 𝑟𝐶(𝑟) and 𝑒3

𝜑
= 𝑟𝐶(𝑟) sin(𝜃), but the Einstein equation quickly sets 𝐶(𝑟) = 1 so for simplicity of the 

calculations, we are using the slightly less general ansatz.
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where 𝛼 ∈ℝ is an arbitrary constant. Summarizing, we have derived a spherically symmetric tetrad solution for the de Sitter theory’s 
EOMs. The constant 𝛼 relates to the black hole mass via 𝛼 = 2𝑀 . Likewise, the 𝑟2-term in (20) can be associated with a cosmological 
constant when one contracts the tetrads into the metric tensor,

𝑔𝜇𝜈 = 𝜂𝑎𝑏 𝑒𝑎𝜇 𝑒
𝑏
𝜈
. (21)

However, as argued above, we must let 𝑘→ 0 to reconnect the theory with standard Einstein theory and obtain gauge invariance. Thus, 
after performing the Seiberg-Witten map of the solution (13) and taking 𝑘→ 0, any cosmological constant dependence disappears, 
contrary to the claim in [36]. To restore cosmological constant or electric charge, one can add the appropriate extra terms to the 
action (10). Specifically, including

𝑆𝑀 = ∫ 𝑒 
(
−2 Λ + 𝐹𝜇𝜈 𝐹𝜌𝜎 𝑒𝜇𝑎 𝑒

𝜌

𝑏
𝑒𝜈
𝑐
𝑒𝜎
𝑑
𝜂𝑎𝑏 𝜂𝑐𝑑

)
(22)

incorporates the cosmological constant Λ and the electromagnetic field. In this way, the usual Λ 𝑒𝑎
𝜇

and 𝜇𝜈 𝑒𝑎𝜈 terms7 appear in the 
Einstein equation from (12), without altering the torsion-free condition.

3. Noncommutative Poincare gauge theory of gravity

In order to study the effect of spacetime noncommutativity, we will introduce the de Sitter group gauge fields obeying the NC 
gauge transformations, which we will contract to Poincare gauge fields obeying Poincare gauge transformations. This means that 
instead of the regular gauge transformation rule

𝜔𝐴𝐵
𝜇
𝑀𝐴𝐵 ⟶𝑈𝜔𝐴𝐵

𝜇
𝑀𝐴𝐵𝑈

† − 𝑖
(
𝜕𝜇𝑈

)
𝑈† , (23)

we impose the transformation rule

𝜔̂𝐴𝐵
𝜇
𝑀𝐴𝐵 ⟶𝑈⋆𝜔̂

𝐴𝐵
𝜇
𝑀𝐴𝐵𝑈⋆ − 𝑖

(
𝜕𝜇𝑈⋆

)
𝑈

†
⋆
, (24)

with

𝑈 = exp
(
𝛼𝐴𝐵(𝑥)𝑀𝐴𝐵

)
=

∞ ∑
𝑛=0 

1 
𝑛!

(
𝛼(𝑥)𝐴𝐵𝑀𝐴𝐵

)𝑛
(25)

and

𝑈⋆ = exp⋆
(
𝛼̂𝐴𝐵(𝑥)𝑀𝐴𝐵

)
=

∞ ∑
𝑛=0 

1 
𝑛!

(
𝛼̂(𝑥)𝐴𝐵𝑀𝐴𝐵

)⋆𝑛
. (26)

In other words, we impose the symmetry (after contraction) to the modified transformations that depend on the NC ⋆-product given 
as the Moyal product (1).

As discovered by Seiberg and Witten in their paper [33], there exists an equivalence between NC gauge theories and commutative 
gauge theories with infinitely many interaction vertices whose coupling constants appear as ever-increasing powers of the noncom
mutativity parameter Θ. The commutative theory in the equivalence is an effective theory, and it is worthwhile to study it truncated 
to some order.

In this section, we will find the expansion of the NC de Sitter gauge field up to (and including) the second order of noncommuta
tivity, and identify it as the correction to the corresponding commutative gauge field stemming from quantum effects of spacetime. 
This expansion will be valid for any theory which is invariant to NC de Sitter gauge transformations. In the following subsections, 
we will contract the de Sitter group to the Poincaré group and thus obtain the NC corrections to the gravitational (Poincaré group) 
gauge fields appearing in the contracted action (10).

To formulate a de Sitter gauge invariance within a NC framework, we adopt the explained NC variant (24) of the non-abelian 
gauge theory, as initially proposed by Chamseddine [35], building upon the Seiberg-Witten map. Utilizing the Seiberg-Witten map, 
we derive the second-order correction in the NC parameter relative to the corresponding commutative field. Let 𝜔̂𝐴𝐵

𝜇
≡ 𝜔̂𝐴𝐵

𝜇
(𝑥,Θ)

denote the connection field for the non-abelian gauge group in the NC setting, with 𝑅̂𝐴𝐵
𝜇𝜈

representing its NC field strength tensor. 
Throughout our analysis, we distinguish between quantities with the hat symbol (𝑋̂), indicative of the NC regime, and those without, 
signaling the commutative regime. The field strength tensor is defined as

𝑅̂𝐴𝐵
𝜇𝜈

= 𝜕𝜇𝜔̂
𝐴𝐵
𝜈

− 𝜕𝜈𝜔̂
𝐴𝐵
𝜇

+
[
𝜔̂𝜇

⋆, 𝜔̂𝜈
]𝐴𝐵

= 𝜕𝜇𝜔̂
𝐴𝐵
𝜈

− 𝜕𝜈𝜔̂
𝐴𝐵
𝜇

+ 𝜂𝐶𝐷

(
𝜔̂𝐴𝐶
𝜇

⋆ 𝜔̂𝐷𝐵
𝜈

− 𝜔̂𝐴𝐶
𝜈

⋆ 𝜔̂𝐷𝐵
𝜇

)
. (27)

Note the index convention in the expansion of anticommutator and commutator brackets which we will be using throughout the 
article,

7 Where 𝜇𝜈 is the usual Maxwell energy-momentum tensor stemming from electromagnetism.
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𝑋𝜇,𝑌𝜈

}𝐴𝐵 = 𝜂𝐶𝐷

(
𝑋𝐴𝐶
𝜇

𝑌 𝐷𝐵
𝜈

+ 𝑌 𝐴𝐶
𝜈

𝑋𝐷𝐵
𝜇

)
,{

𝑋𝜇
⋆, 𝑌𝜈

}𝐴𝐵

= 𝜂𝐶𝐷

(
𝑋𝐴𝐶
𝜇

⋆ 𝑌 𝐷𝐵
𝜈

+ 𝑌 𝐴𝐶
𝜈

⋆𝑋𝐷𝐵
𝜇

)
,[

𝑋𝜇,𝑌𝜈
]𝐴𝐵 = 𝜂𝐶𝐷

(
𝑋𝐴𝐶
𝜇

𝑌 𝐷𝐵
𝜈

− 𝑌 𝐴𝐶
𝜈

𝑋𝐷𝐵
𝜇

)
,[

𝑋𝜇
⋆, 𝑌𝜈

]𝐴𝐵
= 𝜂𝐶𝐷

(
𝑋𝐴𝐶
𝜇

⋆ 𝑌 𝐷𝐵
𝜈

− 𝑌 𝐴𝐶
𝜈

⋆𝑋𝐷𝐵
𝜇

)
.

(28)

The essence of the Seiberg-Witten map lies in expressing NC gauge fields, governed by the NC gauge algebra, in terms of their 
commutative counterparts, which adhere to the corresponding commutative gauge algebra, in a manner that preserves compatibility 
between noncommutative and commutative gauge transformations, i.e.,

𝜔̂𝐴𝐵
𝜇

(𝜔) + 𝛿
𝜆̂
𝜔̂𝐴𝐵
𝜇

(𝜔) = 𝜔̂𝐴𝐵
𝜇

(𝜔+ 𝛿𝜆𝜔) , (29)

where 𝛿
𝜆̂

and 𝛿𝜆 denote infinitesimal variations under noncommutative and commutative gauge transformations, respectively. The 
NC non-abelian infinitesimal gauge transformation is given by [35]

𝛿
𝜆̂
𝜔̂𝐴𝐵
𝜇

= 𝜕𝜇𝜆̂
𝐴𝐵 +

[
𝜔̂𝜇

⋆, 𝜆̂
]𝐴𝐵

= 𝜕𝜇𝜆̂
𝐴𝐵 + 𝜂𝐶𝐷

(
𝜔̂𝐴𝐶
𝜇

⋆ 𝜆̂𝐷𝐵 − 𝜆̂𝐴𝐶 ⋆ 𝜔̂𝐷𝐵
𝜇

)
, (30)

which is simply the analogue of the commutative infinitesimal transformation8 and can be obtained as the infinitesimal limit of (24). 
As demonstrated in [35], it is feasible to establish a recursive relation governing the dependence of the deformed fields on Θ to all 
orders,9 expressed as

𝛿𝜔̂𝐴𝐵
𝜇

= − 𝑖 
4
Θ𝜈𝜌

{
𝜔̂𝜈

⋆, 𝜕𝜌𝜔̂𝜇 + 𝑅̂𝜌𝜇

}𝐴𝐵

(32)

which is solved recursively by plugging in the following expansion

𝜔̂𝐴𝐵
𝜇

= 𝜔𝐴𝐵
𝜇

− 𝑖Θ𝜈𝜌𝜔𝐴𝐵
𝜇𝜈𝜌

+Θ𝜈𝜌Θ𝜆𝜏𝜔𝐴𝐵
𝜇𝜈𝜌𝜆𝜏

+(Θ3) ≡ 𝜔𝐴𝐵
𝜇

+𝜔𝐴𝐵(1)
𝜇

+𝜔𝐴𝐵(2)
𝜇

+(Θ3) . (33)

The solution of (32) up to (Θ2) is obviously

𝜔̂𝐴𝐵
𝜇

= 𝜔𝐴𝐵
𝜇

− 𝑖 
4
Θ𝜈𝜌

{
𝜔𝜈, 𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

}𝐴𝐵
, (34)

from which we read off

𝜔𝐴𝐵
𝜇𝜈𝜌

= 1
4
{
𝜔𝜈, 𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

}𝐴𝐵
(35)

whereas the second order contribution equals the following expression10:

𝜔(2)𝐴𝐵
𝜇

=− 𝑖 
4
Θ𝜈𝜌𝜂𝐶𝐷

[
𝜔(1)𝐴𝐶
𝜈

(
𝜕𝜌𝜔

𝐷𝐵
𝜇

+𝑅𝐷𝐵
𝜌𝜇

)
+
(
𝜕𝜌𝜔

𝐴𝐶
𝜇

+𝑅𝐴𝐶
𝜌𝜇

)
𝜔(1)𝐷𝐵
𝜈

]
− 𝑖 

4
Θ𝜈𝜌𝜂𝐶𝐷

[
𝜔𝐴𝐶
𝜈

(
𝜕𝜌𝜔

(1)𝐷𝐵
𝜇

+𝑅(1)𝐷𝐵
𝜌𝜇

)
+
(
𝜕𝜌𝜔

(1)𝐴𝐶
𝜇

+𝑅(1)𝐴𝐶
𝜌𝜇

)
𝜔𝐷𝐵
𝜈

]
− 𝑖 

4
Θ𝜈𝜌𝜂𝐶𝐷

[
𝜔𝐴𝐶
𝜈

⋆(1)
(
𝜕𝜌𝜔

𝐷𝐵
𝜇

+𝑅𝐷𝐵
𝜌𝜇

)
+
(
𝜕𝜌𝜔

𝐴𝐶
𝜇

+𝑅𝐴𝐶
𝜌𝜇

)
⋆(1) 𝜔𝐷𝐵

𝜈

]
,

(36)

where ⋆(1) denotes the Θ1 component of the ⋆-product. It is easy to see that the first line in (36) simplifies to

− 𝑖 
4
Θ𝜈𝜌

{
𝜔(1)
𝜈
,
(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)}𝐴𝐵
, (37)

and the second line simplifies to

− 𝑖 
4
Θ𝜈𝜌

{
𝜔𝜈,

(
𝜕𝜌𝜔

(1)
𝜇

+𝑅(1)
𝜌𝜇

)}𝐴𝐵

, (38)

while the last line simplifies to the following commutator

8 The proofs of validity of this analogy (defining natural transformation rules and invariant Lagrangians) are collected in the review paper [53].
9 Note the difference in conventions used in [33] and [35]. The following change of notation in [33]

𝐴𝑖 ↦ 𝑖𝜔𝜇

𝐹𝑖𝑗 ↦ 𝑖𝑅𝜇𝜈

{⋅, ⋅}↦ {⋅, ⋅}𝐴𝐵 (explicitly writing SO(4,1) indices)

(31)

leads to the formulas in Chamseddine’s [35].
10 Obtained by expanding the recursion (32) twice.
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− 𝑖 
4
Θ𝜈𝜌𝜂𝐶𝐷

(
𝑖 
2

)
Θ𝜆𝜏

[
𝜕𝜆𝜔

𝐴𝐶
𝜈
𝜕𝜏

(
𝜕𝜌𝜔

𝐷𝐵
𝜇

+𝑅𝐷𝐵
𝜌𝜇

)
+ 𝜕𝜆

(
𝜕𝜌𝜔

𝐴𝐶
𝜇

+𝑅𝐴𝐶
𝜌𝜇

)
𝜕𝜏𝜔

𝐷𝐵
𝜈

]
= 1

8
Θ𝜈𝜌𝜂𝐶𝐷Θ𝜆𝜏

[
𝜕𝜆𝜔

𝐴𝐶
𝜈
𝜕𝜏

(
𝜕𝜌𝜔

𝐷𝐵
𝜇

+𝑅𝐷𝐵
𝜌𝜇

)
− 𝜕𝜏

(
𝜕𝜌𝜔

𝐴𝐶
𝜇

+𝑅𝐴𝐶
𝜌𝜇

)
𝜕𝜆𝜔

𝐷𝐵
𝜈

]
= 1

8
Θ𝜈𝜌Θ𝜆𝜏

[
𝜕𝜆𝜔𝜈, 𝜕𝜏

(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)]𝐴𝐵
.

(39)

Altogether, a more compact form of the second order correction to the gauge field is as follows:

Θ𝜈𝜌Θ𝜆𝜏𝜔𝐴𝐵
𝜇𝜈𝜌𝜆𝜏

=− 𝑖 
4
Θ𝜈𝜌

{
𝜔(1)
𝜈
,
(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)}𝐴𝐵 − 𝑖 
4
Θ𝜈𝜌

{
𝜔𝜈,

(
𝜕𝜌𝜔

(1)
𝜇

+𝑅(1)
𝜌𝜇

)}𝐴𝐵

+ 1
8
Θ𝜈𝜌Θ𝜆𝜏

[
𝜕𝜆𝜔𝜈, 𝜕𝜏

(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)]𝐴𝐵
.

(40)

Further trivial simplification leads to the following form of the correction

Θ𝜈𝜌Θ𝜆𝜏𝜔𝐴𝐵
𝜇𝜈𝜌𝜆𝜏

= 1 
16

Θ𝜈𝜌Θ𝜆𝜏
(
−
{{

𝜔𝜆,
(
𝜕𝜏𝜔𝜈 +𝑅𝜏𝜈

)}
,
(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)}𝐴𝐵

−
{
𝜔𝜈, 𝜕𝜌

{
𝜔𝜆,

(
𝜕𝜏𝜔𝜇 +𝑅𝜏𝜇

)}}𝐴𝐵

+ 2
[
𝜕𝜆𝜔𝜈, 𝜕𝜏

(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)]𝐴𝐵)
− 𝑖 

4
Θ𝜈𝜌

{
𝜔𝜈,𝑅

(1)
𝜌𝜇

}𝐴𝐵

.

(41)

In order to simplify further, we make use of the formula for the first order correction to the curvature tensor 𝑅̂(1)𝐴𝐵
𝜇𝜈 expressed in 

terms of the commutative fields (equation (3.6) in [33])

𝑅̂(1)𝐴𝐵
𝜇𝜈

= 𝑖 
4
Θ𝛼𝛽

(
2
{
𝑅𝜇𝛼,𝑅𝜈𝛽

}𝐴𝐵 −
{
𝜔𝛼,𝐷𝛽𝑅𝜇𝜈 + 𝜕𝛽𝑅𝜇𝜈

}𝐴𝐵)
(42)

where, very importantly, the covariant derivative is given as11

𝐷𝛽𝑅
𝐴𝐵
𝜇𝜈

= 𝜕𝛽𝑅
𝐴𝐵
𝜇𝜈

+
[
𝜔𝛽,𝑅𝜇𝜈

]𝐴𝐵
. (43)

By plugging in the relation (42) into (41), the second order contribution expression for the SO(4,1) spin connection is,

𝜔𝐴𝐵
𝜇𝜈𝜌𝜆𝜏

= 1 
16

(
−
{{

𝜔𝜆,
(
𝜕𝜏𝜔𝜈 +𝑅𝜏𝜈

)}
,
(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)}𝐴𝐵

−
{
𝜔𝜈, 𝜕𝜌

{
𝜔𝜆,

(
𝜕𝜏𝜔𝜇 +𝑅𝜏𝜇

)}}𝐴𝐵

+ 2
[
𝜕𝜆𝜔𝜈, 𝜕𝜏

(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)]𝐴𝐵
+
{
𝜔𝜈,2

{
𝑅𝜌𝜆,𝑅𝜇𝜏

}}𝐴𝐵

−
{
𝜔𝜈,

{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}}𝐴𝐵)
.

(44)

3.1. Correction to tetrads

In order to obtain the correction for the tetrad fields, we need to make the contraction 𝑘→ 0 to revert back to the Poincaré group. 
This amounts to setting 𝐵 = 5 and 𝐴 = 𝑎 ∈ {0,1,2,3} in (44) (equation in (2.24) in [36]) dividing by 𝑘 and taking the limit lim𝑘→0. 
The formula (2.29) in [36] has all correct factors and all the terms that are included are correct, but it is missing a term. To see this, 
let us study the term

𝛿𝜔𝐴𝐵(2)
𝜇

⊃
1 
16

Θ𝜈𝜌Θ𝜆𝜏 (−1)
{
𝜔𝜈,

{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}}𝐴𝐵
(45)

that appears in the spin connection’s NC correction. Setting 𝐵 = 5 and 𝐴 = 𝑎, we obtain after expanding the anticommutators the 
following

− 1 
16

Θ𝜈𝜌Θ𝜆𝜏
{
𝜔𝜈,

{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}}𝑎5
= − 1 

16
Θ𝜈𝜌Θ𝜆𝜏𝜂𝑐𝑐𝜂𝑑𝑑

[
𝜔𝑎𝑐
𝜈

(
𝜔𝑐𝑑
𝜆

(
𝐷𝜏𝑅

𝑑5
𝜌𝜇

+ 𝜕𝜏𝑅
𝑑5
𝜌𝜇

)
+
(
𝐷𝜏𝑅

𝑐𝑑
𝜌𝜇

+ 𝜕𝜏𝑅
𝑐𝑑
𝜌𝜇

)
𝜔𝑑5
𝜆

)
+
{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}𝑎𝑐

𝜔𝑐5
𝜈

]
(46)

=− 1 
16

Θ𝜈𝜌Θ𝜆𝜏𝜂𝑐𝑐𝜂𝑑𝑑

[
𝜔𝑎𝑐
𝜈
𝜔𝑐𝑑
𝜆

(
𝐷𝜏𝑅

𝑑5
𝜌𝜇

+ 𝜕𝜏𝑅
𝑑5
𝜌𝜇

)
+𝜔𝑎𝑐

𝜈

(
𝐷𝜏𝑅

𝑐𝑑
𝜌𝜇

+ 𝜕𝜏𝑅
𝑐𝑑
𝜌𝜇

)
𝜔𝑑5
𝜆

11 This covariant derivative convention leads from applying the change of convention, described above in (31), to the covariant derivative formula (3.26) in Seiberg
Witten paper [33]. Looking at (2.26) in [36], we can see that the covariant derivative is given as an anticommutator instead of a commutator, which can not be 
correct. It will turn out that the second order correction formula (2.24) [36] is actually completely correct, but they give an incorrect expression for the covariant 
derivative in (2.26) and they incorrectly derive (2.29) form (2.24). The wrong derivation from [36]’s (2.24) to (2.29) is partially responsible for the incorrectness of 
the tetrad field components, while the rest of the ``incorrectness'' is due to the incorrect covariant derivative convention (2.26) in [36].
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+
{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}𝑎𝑐

𝜔𝑐5
𝜈

]
.

Comparing this to (2.29) in [36], we see that the second and third terms can indeed be found12 as the second and third terms in 
(2.29), while the first term is absent. The authors in [36] did not include the first term

1 
16

Θ𝜈𝜌Θ𝜆𝜏 (−1)
[
𝜔𝑎𝑐
𝜈
𝜔𝑐𝑑
𝜆

(
𝐷𝜏𝑅

𝑑5
𝜌𝜇

+ 𝜕𝜏𝑅
𝑑5
𝜌𝜇

)]
(47)

because they argued that the torsion 𝑅𝑎5 vanishes, so they probably assumed that the (𝑑5) components of its derivatives should also 
vanish. This is true for the partial derivative, but looking at the covariant derivative more closely,

𝐷𝜏𝑅
𝑑5
𝜌𝜇

= 𝜕𝜏𝑅
𝑑5
𝜌𝜇

+
[
𝜔𝜏,𝑅𝜌𝜇

]𝑑5 = 𝜕𝜏𝑅
𝑑5
𝜌𝜇

+ 𝜂𝑐𝑑𝜔
𝑎𝑐
𝜏
𝑅𝑑5
𝜌𝜇

− 𝜂𝑐𝑑𝑅
𝑎𝑐
𝜌𝜇
𝜔𝑑5
𝜏

= −𝜂𝑐𝑑𝑅𝑎𝑐
𝜌𝜇
𝜔𝑑5
𝜏

= 𝑘𝜂𝑐𝑑𝑒
𝑑
𝜏
𝑅𝑐𝑎
𝜌𝜇
, (48)

we can see that the covariant derivative’s (𝑑5) component does not vanish identically, so when factoring out one power of 𝑘 in the 
derivation of tetrad corrections 𝑘 ⋅ 𝑒𝑎

𝜇
= 𝜔𝑎5

𝜇
, the term (48) will actually contribute to the overall tetrad field correction. All in all, the 

following term should be added to the equation (2.29) in [36],

− 1 
16
𝜂𝑐𝑑𝜂𝑏𝑚𝜂𝑓𝑔𝜔

𝑎𝑐
𝜆
𝜔𝑑𝑏
𝜈
𝑒𝑓
𝜌
𝑅𝑓𝑔
𝜏𝜇
. (49)

To summarize, the NC correction to the tetrad fields reads,

𝑒𝑎
𝜇
(𝑥,Θ) = 𝑒𝑎

𝜇
(𝑥) − 𝑖Θ𝜈𝜌𝑒𝑎

𝜇𝜈𝜌
(𝑥) + Θ𝜈𝜌Θ𝜆𝜏𝑒𝑎

𝜇𝜈𝜌𝜆𝜏
(𝑥) +(Θ3) (50)

where

𝑒𝑎
𝜇𝜈𝜌

= 1
4

[
𝜔𝑎 𝑐
𝜈
𝜕𝜌 𝑒

𝑑
𝜇
+ 

(
𝜕𝜌 𝜔

𝑎 𝑐
𝜇

+𝑅𝑎 𝑐
𝜌𝜇

)
𝑒𝑑
𝜈

]
𝜂𝑐 𝑑 , (51)

𝑒𝑎
𝜇𝜈𝜌𝜆𝜏

= 1 
16

[
2 
{
𝑅𝜏𝜈, 𝑅𝜇𝜌

}𝑎𝑏

𝑒𝑐
𝜆
− 𝜔𝑎 𝑏

𝜆

(
𝐷𝜌 𝑅

𝑐 𝑑
𝜏𝜇

+ 𝜕𝜌 𝑅𝑐 𝑑
𝜏𝜇

)
𝑒𝑚
𝜈
𝜂𝑑 𝑚 − 

{
𝜔𝜈, 

(
𝐷𝜌𝑅𝜏𝜇 + 𝜕𝜌 𝑅𝜏𝜇

)}𝑎𝑏

𝑒𝑐
𝜆

− 𝜕𝜏
{
𝜔𝜈, 

(
𝜕𝜌 𝜔𝜇 +𝑅𝜌𝜇

)}𝑎 𝑏
𝑒𝑐
𝜆
− 𝜔𝑎 𝑏

𝜆
𝜕𝜏

(
𝜔𝑐 𝑑
𝜈
𝜕𝜌 𝑒

𝑚
𝜇
+
(
𝜕𝜌 𝜔

𝑐 𝑑
𝜇

+𝑅𝑐 𝑑
𝜌𝜇

)
𝑒𝑚
𝜈

)
𝜂𝑑 𝑚

+ 2 𝜕𝜈 𝜔𝑎 𝑏𝜆 𝜕𝜌𝜕𝜏 𝑒
𝑐
𝜇
− 2 𝜕𝜌

(
𝜕𝜏 𝜔

𝑎 𝑏
𝜇

+𝑅𝑎 𝑏
𝜏𝜇

)
𝜕𝜈 𝑒

𝑐
𝜆
− 

{
𝜔𝜈, 

(
𝜕𝜌 𝜔𝜆 +𝑅𝜌𝜆

)}𝑎 𝑏
𝜕𝜏 𝑒

𝑐
𝜇

− 
(
𝜕𝜏 𝜔

𝑎 𝑏
𝜇

+𝑅𝑎 𝑏
𝜏𝜇

)(
𝜔𝑐 𝑑
𝜈
𝜕𝜌 𝑒

𝑚
𝜆
+
(
𝜕𝜌 𝜔

𝑐 𝑑
𝜆

+𝑅𝑐 𝑑
𝜌𝜆

)
𝑒𝑚
𝜈
𝜂𝑑 𝑚

)]
𝜂𝑏 𝑐

− 1 
16

𝜔𝑎 𝑐
𝜆
𝜔𝑑 𝑏
𝜈
𝑒𝑓
𝜌
𝑅𝑔 𝑚
𝜏𝜇

𝜂𝑐 𝑑 𝜂𝑓 𝑔 𝜂𝑏 𝑚 . (52)

The flawed expression for the second order correction of the tetrad field, which misses the last term in (52), and the resulting NC 
metric have been referenced in subsequent literature [35--49].

3.2. Inverse NC tetrads

Analogous to the commutative relation 𝑒𝜇𝑎 𝑒𝑏𝜇 = 𝛿𝑏
𝑎
, the inverse of the NC corrected tetrads under normal product multiplication 

can be defined as 𝑒𝜇𝑎 𝑒𝑏𝜇 = 𝛿𝑏
𝑎
. However, we are interested in the inverse 𝑒𝜇

⋆𝑎
under ⋆-product multiplication, which is defined as [35]

𝑒
𝜇

⋆𝑎
⋆ 𝑒𝑏

𝜇
= 𝛿𝑏

𝑎
. (53)

The ⋆-inverse, 𝑒𝜇
⋆𝑎

can be expanded to second order in Θ as,

𝑒
𝜇

⋆𝑎
(𝑥,Θ) = 𝑒𝜇

𝑎
(𝑥) − 𝑖Θ𝜌𝜎𝑒𝜇

𝑎𝜌𝜎
(𝑥) + Θ𝜌𝜎Θ𝜆𝜏𝑒

𝜇

𝑎𝜌𝜎𝜆𝜏
(𝑥) +(Θ3). (54)

Substituting (50) and (54) in (53), it can be shown that

𝑒𝜇
𝑎𝜌𝜎

=− 𝑒
𝜇

𝑏

(
𝑒𝜅
𝑎
𝑒𝑏
𝜅𝜌𝜎

+ 1
2
𝜕𝜌𝑒

𝜅
𝑎
𝜕𝜎𝑒

𝑏
𝜅

)
,

𝑒
𝜇

𝑎𝜌𝜎𝜆𝜏
=𝑒𝜇

𝑏

(
𝑒𝜈
𝑎𝜌𝜎

𝑒𝑏
𝜈𝜆𝜏

− 𝑒𝜈
𝑎
𝑒𝑏
𝜈𝜌𝜎𝜆𝜏

− 1
8
𝜕𝜌𝜕𝜆𝑒

𝜈
𝑎
𝜕𝜎𝜕𝜏𝑒

𝑏
𝜈
+ 1

2
𝜕𝜌𝑒

𝜈
𝑎
𝜕𝜎𝑒

𝑏
𝜈𝜆𝜏

+ 1
2
𝜕𝜎𝑒

𝑏
𝜈
𝜕𝜌𝑒

𝜈
𝑎𝜆𝜏

)
.

(55)

For given commutative tetrads, the ⋆-inverse can be calculated by using (55) (along with (51) and (52)) in (54). Note that in our 
expression for the ⋆-inverse the coefficients and signs of some terms differ from those in [35].

12 Up to an obvious typo 1 
32

which should be 1 
16

.
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3.3. Correction to spin connection

For completeness, we provide the NC correction to the spin connection. Starting from (33), and setting 𝐴 = 𝑎 and 𝐵 = 𝑏, and using 
(35) and (44), we obtain

𝜔̂𝑎𝑏
𝜇
(𝑥,Θ) = 𝜔𝑎𝑏

𝜇
(𝑥) − 𝑖Θ𝜈𝜌𝜔𝑎𝑏

𝜇𝜈𝜌
(𝑥) + Θ𝜈𝜌Θ𝜆𝜏𝜔𝑎𝑏

𝜇𝜈𝜌𝜆𝜏
(𝑥) +(Θ3) (56)

where

𝜔𝑎𝑏
𝜇𝜈𝜌

(𝑥) = 1
4
{
𝜔𝜈, 𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

}𝑎𝑏
, (57)

and

𝜔𝑎𝑏
𝜇𝜈𝜌𝜆𝜏

= 1 
16

[
−
{{
𝜔𝜆,

(
𝜕𝜏𝜔𝜈 +𝑅𝜏𝜈

)}
,
(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)}𝑎𝑏
−
{
𝜔𝜈, 𝜕𝜌

{
𝜔𝜆,

(
𝜕𝜏𝜔𝜇 +𝑅𝜏𝜇

)}}𝑎𝑏 + 2
[
𝜕𝜆𝜔𝜈, 𝜕𝜏

(
𝜕𝜌𝜔𝜇 +𝑅𝜌𝜇

)]𝑎𝑏
+
{
𝜔𝜈,2

{
𝑅𝜌𝜆,𝑅𝜇𝜏

}}𝑎𝑏 − {
𝜔𝜈,

{
𝜔𝜆,𝐷𝜏𝑅𝜌𝜇 + 𝜕𝜏𝑅𝜌𝜇

}}𝑎𝑏]
.

(58)

Contrast to the tetrad case, there is no additional term arising as in (47). For a given set of commutative tetrads, one can first calculate 
the commutative spin connections and field tensors and then use (56) to calculate the NC spin connections. For some combinations 
of twists and commutative tetrad fields, the NC spin connection is not necessarily antisymmetric.

3.4. Correction to field tensor

The correction to the field tensor/curvature tensor can be obtained using the following expression, which follows from (27) by 
simply setting 𝐴 = 𝑎 and 𝐵 = 𝑏,

𝑅̂𝑎𝑏
𝜇𝜈

= 𝜕𝜇𝜔̂
𝑎𝑏
𝜈
− 𝜕𝜈𝜔̂

𝑎𝑏
𝜇
+ 𝜂𝑐𝑑

(
𝜔̂𝑎𝑐
𝜇
⋆ 𝜔̂𝑑𝑏

𝜈
− 𝜔̂𝑎𝑐

𝜈
⋆ 𝜔̂𝑑𝑏

𝜇

)
. (59)

Using the NC corrected spin connection (56) and the ⋆-product (67), the correction to the field tensor up to second order in the 
expansion parameter Θ is given by

𝑅̂𝑎𝑏
𝜇𝜈

=𝑅𝑎𝑏
𝜇𝜈

− 𝑖Θ𝜌𝜎𝑅𝑎𝑏
𝜇𝜈𝜌𝜎

+Θ𝜌𝜎Θ𝜆𝜏𝑅𝑎𝑏
𝜇𝜈𝜌𝜎𝜆𝜏

+𝑂(Θ3), (60)

where13

𝑅𝑎𝑏
𝜇𝜈𝜌𝜎

= 𝜕𝜇𝜔
𝑎𝑏
𝜈𝜌𝜎

+ 𝜂𝑐𝑑

(
𝜔𝑎𝑐
𝜇
𝜔𝑑𝑏
𝜈𝜌𝜎

+𝜔𝑎𝑐
𝜇𝜌𝜎

𝜔𝑑𝑏
𝜈

+ 1
2
𝜕𝜌𝜔

𝑎𝑐
𝜇
𝜕𝜎𝜔

𝑑𝑏
𝜈

)
− 𝜇↔ 𝜈,

𝑅𝑎𝑏
𝜇𝜈𝜌𝜎𝜆𝜏

= 𝜕𝜇𝜔
𝑎𝑏
𝜈𝜌𝜎𝜆𝜏

+ 𝜂𝑐𝑑

(
𝜔𝑎𝑐
𝜇
𝜔𝑑𝑏
𝜈𝜌𝜎𝜆𝜏

+𝜔𝑎𝑐
𝜇𝜌𝜎𝜆𝜏

𝜔𝑑𝑏
𝜈

−𝜔𝑎𝑐
𝜇𝜌𝜎

𝜔𝑑𝑏
𝜈𝜆𝜏

+ 1
8
𝜕𝜌𝜕𝜆𝜔

𝑎𝑐
𝜇
𝜕𝜎𝜕𝜏𝜔

𝑑𝑏
𝜈

−1
2
𝜕𝜌𝜔

𝑎𝑐
𝜇
𝜕𝜎𝜔

𝑑𝑏
𝜈𝜆𝜏

− 1
2
𝜕𝜌𝜔

𝑎𝑐
𝜇𝜆𝜏

𝜕𝜎𝜔
𝑑𝑏
𝜈

)
− 𝜇↔ 𝜈.

It is not clear whether one can associate a geometric structure with this correction, and therefore, one should not expect that the 
curvature scalar constructed from the gauge picture matches the Ricci scalar obtained from the NC metric (defined in the following 
section) (65).

3.5. NC scalar curvature

In the commutative case for the gauge theory of gravity, one can consider the Ricci scalar expressed in terms of gauge quantities

𝑅 = 𝑒𝜇
𝑎
𝑅𝑎𝑏
𝜇𝜈
𝑒𝜈
𝑏
. (61)

This expression can be generalized to the following NC Ricci scalar [35],

𝑅̂ = 𝑒
𝜇

⋆𝑎
⋆ 𝑅̂𝑎𝑏

𝜇𝜈
⋆ 𝑒

𝜈†
⋆𝑏
. (62)

It is worth commenting that different orderings of fields in (62) amount to different results for a generic twist. In case the twist is 
Killing (constructed from Killing vectors of the tetrad field), the ordering is irrelevant. Finally, by inspecting (62) we can see that 𝑅̂
is not manifestly real, because the NC curvature tensor is not manifestly real, so we can see that

𝑅̂∗ = 𝑒
𝜇

⋆𝑎
⋆ 𝑅̂∗𝑎𝑏

𝜇𝜈
⋆ 𝑒

𝜈†
⋆𝑏

(63)

13 The last two terms of 𝑅𝑎𝑏
𝜇𝜈𝜌𝜎𝜆𝜏

were missing in [35] (the upper Latin indices ruin the symmetry in the lower indices) and the factor 1
8

in the fifth term is corrected.
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need not equal 𝑅̂. In all of the cases that are studied in this paper, 𝑅̂ does indeed turn out to be real, but we nevertheless propose a 
new definition of the NC Ricci scalar which is manifestly real

𝑅̂ = 1
2

[
𝑒
𝜇

⋆𝑎
⋆ 𝑅̂𝑎𝑏

𝜇𝜈
⋆ 𝑒

𝜈†
⋆𝑏

+ 𝑒
𝜇

⋆𝑎
⋆ 𝑅̂∗𝑎𝑏

𝜇𝜈
⋆ 𝑒

𝜈†
⋆𝑏

]
, (64)

but it equals (62) in all of the studied diagonal metric deformations.

4. Noncommutative corrections to Schwarzschild metric

Having derived the NC corrections to the tetrad fields, it is straightforward to compute the corresponding corrections to the metric. 
The deformed metric is defined14 as [37]

𝑔̂𝜇𝜈(𝑥,Θ) =
1
2
𝜂𝑎𝑏

(
𝑒𝑎
𝜇
⋆ 𝑒𝑏†

𝜈
+ 𝑒𝑏

𝜈
⋆ 𝑒𝑎†

𝜇

)
, (65)

where the complex conjugate of the tetrad fields is defined as

𝑒𝑎†
𝜇
(𝑥,Θ) = 𝑒𝑎

𝜇
(𝑥) + 𝑖Θ𝜈𝜌𝑒𝑎

𝜇𝜈𝜌
(𝑥) + Θ𝜈𝜌Θ𝜆𝜏𝑒𝑎

𝜇𝜈𝜌𝜆𝜏
(𝑥) +(Θ3) . (66)

It is worth noting that the metric is real by definition. Finally, note that the NC metric depends on the choice of the starting commu
tative tetrad, i.e., deforming commutatively equivalent tetrads can result in different metrics (see, e.g. [41], the result of deforming 
a non-diagonal tetrad with the 𝑟− 𝜃 twist and compare with our (114)). In the expression (65), we utilize the star product up to the 
second order in Θ

𝑓 ⋆ 𝑔 = 𝑓𝑔 − 𝑖 
2
Θ𝜇𝜈𝜕𝜇𝑓 𝜕𝜈𝑔 +

1
8
Θ𝜈𝜌Θ𝜆𝜏 𝜕𝜈𝜕𝜆𝑓 𝜕𝜌𝜕𝜏𝑔 (67)

to incorporate all the second-order contributions alongside the Seiberg-Witten contributions.15

In this paper, we use Drinfeld twists that are Abelian,

 = exp
(
𝑖 Θ𝛼𝛽 𝑉 1

𝛼
⊗ 𝑉 2

𝛼

)
with

[
𝑉 1, 𝑉 2] = 0, (68)

and of the Moyal type. The Drinfeld twist element is used to construct the ⋆-product in the following way, starting from a general 
commutative algebra (,1,𝑚)16:

𝑓 ⋆ 𝑔 =𝑚
(−1𝑓 ⊗ 𝑔

)
. (69)

Because it is a Drinfeld twist, the deformed symmetries form a Hopf algebra, and the Abelian condition is a technical simplification 
that uses commuting vector fields to build the twist. Finally, we say that the twist is of the Moyal type if it reproduces the ⋆-product 
(1). We call  a Killing twist if both 𝑉 1

𝛼
and 𝑉 2

𝛼
are Killing vectors of the commutative metric we want to deform, and a semi-Killing 

twist if only one of them is such. Since we want to deform static and spherically symmetric metrics, it is natural to use the spherical 
basis and vector fields 𝑉 1,2

𝛼 ∈ {𝜕𝑡, 𝜕𝑟, 𝜕𝜃, 𝜕𝜑}. Therefore, we have 6 possible combinations: (𝜕𝑟, 𝜕𝜃), (𝜕𝑡, 𝜕𝑟), (𝜕𝑡, 𝜕𝜃), (𝜕𝑡, 𝜕𝜑), (𝜕𝑟, 𝜕𝜑), 
and (𝜕𝜃, 𝜕𝜑).

In the following subsections, we will deform the spherically symmetric tetrad solutions of the commutative theory for each of 
these twists and calculate the respective NC metrics. In general, all our results are first expressed in terms of 𝐴(𝑟), defined in the 
ansatz (13), and are therefore applicable to any spherically symmetric black hole spacetime in 4 dimensions. We will examine in detail 
the properties of the metric for different twists, as inconsistencies in the interpretation of horizon structure and related aspects have 
been noted in the literature. Broadly, the different twists we use can be divided into two categories based on the horizon structure 
and curvature singularities they yield. The first category includes twists that do not involve the radial coordinate vector field 𝜕𝑟 , 
where the physical interpretations remain consistent. The second category comprises twists involving the radial vector field 𝜕𝑟 , where 
conventional interpretations become less straightforward. Apart from this, when there is a twist generated by the axial angle vector 
field 𝜕𝜑, the metric becomes off-diagonal, gaining a nonvanishing component 𝑔𝑟𝜃 .

In this section, we present the NC deformation induced by various twists to the Schwarzschild metric,

𝑑𝑠2 = 𝑔𝜇𝜈 𝑑𝑥
𝜇 𝑑𝑥𝜈 = −

(
1 − 2𝑀

𝑟 

)
𝑑𝑡2 +

(
1 − 2𝑀

𝑟 

)−1
𝑑𝑟2 + 𝑟2

(
𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) , (70)

where 𝑀 is the mass of the black hole. In Appendices A, B, and C, we present the NC corrections to the Reissner-Nordström, Reissner
Nordström-de Sitter, and BTZ black hole solutions, respectively.

14 Note that just like with the scalar curvature, there are infinitely many a priori equally motivated metric deformations which all reproduce the commutative metric 
in the commutative limit Θ→ 0.
15 We note that only the first-order ⋆-product is considered in [36] while evaluating the correction to the metric components.
16 Here,  is the algebra’s vector space, 1 is the identity element for the multiplication, and 𝑚 is the commutative multiplication map 𝑚(𝑎⊗ 𝑏) = 𝑎 ⋅ 𝑏. For example, 

this can be applied to the pointwise algebra of Minkowski spacetime (𝐶∞(ℝ1,3),1,𝑚).
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4.1. (𝑡,𝜑) twist

The commutative Schwarzschild solution possesses two Killing vectors, 𝜕𝑡 and 𝜕𝜑. Consequently, it is natural to investigate the 
twist (𝑡,𝜑) to see whether it induces any NC deformations. In contrast to other methods (see [54--58] and references therein), we find 
that in our approach, this Killing twist does indeed generate NC deformations. Notably, it also introduces a non-diagonal component 
into the deformed metric. The Killing (𝑡,𝜑) twist is defined by

Θ𝜇𝜈 =
⎛⎜⎜⎜⎝

0 0 0 Θ
0 0 0 0
0 0 0 0
−Θ 0 0 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3, (71)

which leads to the single non-vanishing commutation relation between the coordinates

[𝑡 ⋆, 𝜑] = 𝑖 Θ. (72)

(This twist is often called the angular twist and has been studied in [54--57,59,60].) The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴− 1 
16

(
𝐴5𝐴′2 − 2 𝑟 𝐴4𝐴′′′) sin2 𝜃 Θ2 +𝑂(Θ3) , (73)

𝑒30 = − 𝑖 
4
𝐴3𝐴′ sin𝜃 Θ+𝑂(Θ3),

𝑒11 =
1 
𝐴

+ 1
8
𝐴2(−𝐴 𝐴′2 − 𝑟 𝐴′3 +𝐴2𝐴′′ − 2 𝑟 𝐴 𝐴′𝐴′′) sin2 𝜃 Θ2 +𝑂(Θ3),

𝑒21 =
1
8
𝐴3𝐴′′ cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑒12 =
1
8
𝐴3𝐴′ (𝐴− 𝑟 𝐴′) cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑒22 = 𝑟− 1
8
𝐴3𝐴′

[
−1 +𝐴 sin2 𝜃 

(
𝐴+ 𝑟 𝐴′)]Θ2 +𝑂(Θ3),

𝑒03 = − 𝑖 
4
𝑟 𝐴2𝐴′ sin2 𝜃 Θ+𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 + 1 
16

𝐴3𝐴′
[
2 cos2 𝜃 + sin2 𝜃 

(
2𝐴2 − 𝑟 𝐴 𝐴′)] sin𝜃 Θ2 +𝑂(Θ3),

where 𝐴′, 𝐴′′, 𝐴′′′ are the first, second, and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained by 
using the definition (65). Up to second order in Θ, the metric is off-diagonal, and its non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 + 1 
16

(
3 𝐴6𝐴′2 − 4 𝑟 𝐴5𝐴′3) sin2 𝜃 Θ2 +𝑂(Θ3),

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 − 1

4

(
𝐴2𝐴′2 + 𝑟 𝐴 𝐴′3 −𝐴3𝐴′′ − 2 𝑟 𝐴2𝐴′𝐴′′

)
sin2 𝜃 Θ2 +𝑂(Θ3), (74)

𝑔̂12 (𝑥,Θ) = 𝑔̂21 (𝑥,Θ) =
1 
16

𝐴2
(
𝑟 𝐴′2 +𝐴 𝐴′ + 𝑟 𝐴 𝐴′′

)
sin(2𝜃) Θ2 +𝑂(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1
4

(
𝑟 𝐴3𝐴′ −

(
𝑟 𝐴5𝐴′ + 𝑟2𝐴4𝐴′2) sin2 𝜃)Θ2 +𝑂(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃 + 1 
16

(
4 𝑟 𝐴3𝐴′ cos2 𝜃

sin2 𝜃 
+ 4 𝑟 𝐴5𝐴′ − 3 𝑟 𝐴4𝐴′2

)
sin4 𝜃 Θ2 +𝑂(Θ3).

Having calculated the metric 𝑔̂ in the 𝑡 − 𝜑 twist, we can use it to calculate the Ricci and Kretschmann scalars using the standard 
differential geometry identities

𝑅(𝑔̂) = 𝑔̂𝜇𝜌 𝑔̂𝜌𝜎 𝑅𝜇𝜈𝜌𝜎,

𝐾(𝑔̂) =𝑅𝜇𝜈𝜌𝜎 𝑅
𝜇𝜈𝜌𝜎,

(75)

where 𝑅𝜇𝜈𝜌𝜎 is the Riemann tensor calculated from 𝑔̂𝜇𝜈 . On the other hand, one can also calculate the Ricci scalar stemming from 
the NC gauge theory, as defined in (62),

𝑅̂ = 𝑒𝜇
𝑎
⋆ 𝑅̂𝑎𝑏

𝜇𝜈
⋆ 𝑒

𝜈†
𝑏
, (76)

and for the 𝑡−𝜑 twist, it is expressed in terms of 𝐴(𝑟) as
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𝑅̂ = − 2𝐴𝐴′′ − 2(𝐴′)2 − 8𝐴𝐴′

𝑟 
− 2𝐴2

𝑟2
+ 2 
𝑟2

+

[
cos2 𝜃

(
−2𝐴3(𝐴′)3

𝑟 
+ 7𝐴4(𝐴′)2

8𝑟2
+ 𝐴5𝐴′

2𝑟3
− 𝐴3𝐴′

2𝑟3
)

+ sin2 𝜃
(
− 𝑟𝐴

5𝐴′(𝐴′′)2

2 
− 𝑟𝐴4(𝐴′)3𝐴′′

2 
+ 𝐴6(𝐴′′)2

4 
− 15𝐴5(𝐴′)2𝐴′′

8 
− 5𝐴4(𝐴′)4

4 

+ 11𝐴6𝐴′𝐴′′

8𝑟 
+ 𝐴5(𝐴′)3

4𝑟 
− 𝐴4𝐴′𝐴′′

𝑟 
− 𝐴3(𝐴′)3

𝑟 
+ 𝐴4(𝐴′)2

2𝑟2
+ 𝐴5𝐴′

4𝑟3
− 𝐴3𝐴′

4𝑟3
)]

Θ2 +(Θ3).

(77)

The NC corrections to the Schwarzschild metric are obtained by substituting

𝐴2 =
(
1 − 2𝑀

𝑟 

)
(78)

into (74). The NC-corrected Schwarzschild metric components under the (𝑡,𝜑) twist are

𝑔̂𝑡𝑡 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 

)
+
𝑀2(−2𝑀 + 𝑟

)(
−30𝑀 + 9𝑟

)
sin2 𝜃

48𝑟6
Θ2 +(Θ3),

𝑔̂𝑟𝑟 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 

)−1
−
𝑀

(
11𝑀2 − 10𝑀𝑟+ 2𝑟2

)
sin2 𝜃

4 𝑟4
(
−2𝑀 + 𝑟

) Θ2 +(Θ3),

𝑔̂𝑟𝜃 (𝑥,Θ) = 𝑔̂𝜃𝑟 (𝑥,Θ) = −𝑀 cos𝜃 sin𝜃
8 𝑟2

Θ2 +(Θ3),

𝑔̂𝜃𝜃 (𝑥,Θ) = 𝑟2 −
𝑀

(
2𝑀 − 𝑟

)(
𝑟+ (𝑀 − 𝑟) sin2 𝜃

)
4 𝑟3

Θ2 +(Θ3),

𝑔̂𝜑𝜑 (𝑥,Θ) = 𝑟2 sin2 𝜃 −
𝑀

(
2𝑀 − 𝑟

)(
−11𝑀 + 8𝑟+ 11𝑀 cos(2𝜃)

)
sin2 𝜃

32 𝑟3
Θ2 +(Θ3).

(79)

Next, let us examine the geometric properties of the spacetime described by this deformed metric.

Spherical Symmetry: At first glance, it is apparent that the original spherical symmetry is broken due to the NC correction. A space
time manifold is spherically symmetric if it is invariant under the action of the rotation group 𝑆𝑂(3), whose surfaces of transitivity 
are two-dimensional. The metric on any of these two-dimensional surfaces must have the form

𝑑𝑠2 = 𝑟2
(
𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) , (80)

where 𝜃 and 𝜑 are the usual angular coordinates, and 𝑟 is the radius of curvature of the 2-sphere [61]. In other words, a spherically 
symmetric manifold has three Killing vectors that are the same as those on 𝑆2 [62]. These three Killing fields satisfy

[𝑅,𝑆] = 𝑇 , [𝑆,𝑇 ] =𝑅, [𝑇 ,𝑅] = 𝑆. (81)

This is not the case for the NC-deformed metric (79).

Horizon Structure: The metric has singularities at 𝑟 = 0 and 𝑟 = 2𝑀 , mirroring the commutative Schwarzschild case (these points 
correspond to 1∕𝑔𝑟𝑟 = 0). This indicates that the locations of the physical singularity at 𝑟 = 0 and the coordinate singularity at 𝑟 = 2𝑀
— the event horizon of the black hole �- remain unaffected by the NC corrections. The definition of the event horizon using the radial 
velocity of light also yields the same result. In reference [37], this point was incorrectly interpreted, leading to the conclusion that 
the event horizon is deformed due to the NC correction.17

Light rays follow curves satisfying 𝑑𝑠2 = 0. In the radial direction (with 𝜃 and 𝜑 fixed), we have

𝑑𝑟

𝑑𝑡 
= ±

√
−
𝑔𝑡𝑡

𝑔𝑟𝑟
,

where the positive sign corresponds to ingoing null geodesics (as 𝑡 increases, 𝑟 decreases), and the negative sign to outgoing null 
geodesics. The velocity is zero when 𝑔𝑡𝑡 = 0 or 1∕𝑔𝑟𝑟 = 0. As in the commutative Schwarzschild case, the surfaces where 1∕𝑔𝑟𝑟 = 0 and 
𝑔𝑡𝑡 = 0 occur at the same radii. This is further supported by our calculation of NC curvature scalars below (84), (85), (86).

Killing Fields and Surface Gravity: Before examining the Killing fields of the NC metric, it is instructive to revisit the general un
derstanding of Killing fields in static and stationary spacetimes. A Killing horizon is formally defined as a null hypersurface generated 
by a Killing vector, namely, a null surface whose generators coincide with the orbits of a one-parameter group of isometries. A Killing 
field 𝜉𝑎 is normal to a Killing horizon. Consequently, a Killing horizon can be viewed as a null hypersurface on which the norm of a 
Killing vector field vanishes. We also recall general results (the so-called ``rigidity theorems'') that will be useful for understanding the 

17 Although the authors in [37] consider a (𝑟, 𝜃) twist, we find that our argument still holds, as we will see in the following subsections. We note that the misinter
pretation of the event horizon location even persists in later works. A recently published article also contains a misleading result on horizon structure [45], using a 
(𝑡, 𝜃) twist.
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NC results. The first theorem, due to Carter [61,63], states that for a static black hole spacetime, the Killing field (𝜕𝑡)𝑎 must be normal 
to the horizon, while for a stationary axisymmetric black hole spacetime, there exists a Killing field of the form 𝜉𝑎 = (𝜕𝑡)𝑎 +Ω(𝜕𝜑)𝑎, 
which is normal to the event horizon. Here, Ω is the angular velocity of the event horizon. An important aspect of Carter’s theorem 
for our purposes is that it does not rely on any field equations, which allows us to investigate its applicability in a NC metric (not 
derived from field equations). The second result, due to Hawking, directly proves that the event horizon of any stationary black hole 
must be a Killing horizon, though this depends on field equations [63--65].

Returning to the NC metric, it possesses two Killing vector fields: (𝜕𝑡)𝑎 and (𝜕𝜑)𝑎, corresponding to time translation and axisym
metry, respectively. The surface where 𝑔𝑡𝑡 = 0 is the Killing horizon. The metric is static, so Ω = 0, and the event horizon is a Killing 
horizon, in line with Carter’s theorem. Although this is straightforward, we emphasize it because for twists involving the radial 
coordinate vector field 𝜕𝑟, these arguments do not hold, as we will discuss in subsequent sections.

Another essential feature of any Killing horizon is the surface gravity, defined by

𝜅2 = −1
2
(∇𝑎𝜉𝑏)(∇𝑎𝜉𝑏). (82)

For the metric components (79), we obtain

𝜅2 = 𝑀2

𝑟4
+ 154𝑀5 sin2 𝜃 − 117𝑀4𝑟 sin2 𝜃 + 20𝑀3𝑟2 sin2 𝜃

16𝑟9
Θ2 +𝑂

(
Θ3) , (83)

which has the correct commutative limit (Θ→ 0), giving 𝜅 = 1∕(4𝑀) for the commutative Schwarzschild case at 𝑟 = 2𝑀 . Remarkably, 
in the NC case at 𝑟 = 2𝑀 , the Θ2 term vanishes, and the surface gravity remains 𝜅 = 1∕(4𝑀). Hence, 𝑟 = 2𝑀 is a Killing horizon 
even in the NC scenario, and the surface gravity is well-defined for the (𝑡,𝜑) twisted NC spacetime.

Curvature Scalars: We observe that the metric exhibits a singularity at 𝑟 = 0, as in the commutative case. Conventionally, to check 
whether this divergence is due to a genuine singularity or merely a coordinate artifact, one can inspect scalar invariants. In the 
commutative case, both 𝑅 and 𝑅𝜇𝜈𝑅𝜇𝜈 vanish, prompting one to consider the Kretschmann scalar 𝐾 = 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 . For the NC 
metric (79), we compute the curvature invariants and obtain

𝑅 =
[
3𝑀2𝑟

(
−75𝑀 + 17𝑟+ cos(2𝜃)(−57𝑀 + 33𝑟)

)
+ 450𝑀4 sin2 𝜃

]
16𝑟8

Θ2 +(Θ3), (84)

which clearly exhibits a leading-order NC correction that diverges at 𝑟 = 0. This confirms that 𝑟 = 0 is indeed a true singularity. 
Unlike in the commutative case, the curvature scalar here is not zero, so the divergence at 𝑟 = 0 is evident without needing to 
compute 𝑅𝜇𝜈𝑅𝜇𝜈 or 𝑅𝜇𝜈𝜌𝜎𝑅

𝜇𝜈𝜌𝜎 .

The scalar 𝑅𝜇𝜈𝑅𝜇𝜈 vanishes at the leading (quadratic) order (Θ2) of NC corrections. The Kretschmann scalar is

𝐾 = 48𝑀2

𝑟6
+

3𝑀3 [1032𝑀2 sin2 𝜃 + 𝑟 cos(2𝜃)(434𝑀 − 81𝑟) + 𝑟(41𝑟− 322𝑀)
]

4𝑟11
Θ2 +(Θ3), (85)

which also confirms the true singularity at 𝑟 = 0 and reduces to the commutative result as Θ→ 0. Note that the NC term diverges 
more rapidly than the commutative term. The NC scalar curvature obtained from (62) is

𝑅̂ =
Θ2𝑀2 (cos(2𝜃)(83𝑀2 − (51𝑀)𝑟− 3𝑟2

)
− 83𝑀2 + (23𝑀)𝑟+ 𝑟2

)
16𝑟8

+𝑂
(
Θ3) , (86)

which differs from the Ricci scalar (84).

4.2. (𝑡, 𝜃) twist

For the semi-Killing (𝑡, 𝜃) twist, Θ𝜇𝜈 is given by:

Θ𝜇𝜈 =
⎛⎜⎜⎜⎝

0 0 Θ 0
0 0 0 0
−Θ 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3. (87)

This choice produces the following commutation relation between the coordinates:

[𝑡 ⋆, 𝜃] = 𝑖 Θ. (88)

The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴− 1 
16

(
𝐴5𝐴′ 2 − 2 𝑟 𝐴4𝐴′′′)Θ2 +𝑂(Θ3) , (89)

𝑒02 = − 𝑖 
4
𝑟 𝐴2𝐴′ Θ +𝑂(Θ3),

𝑒11 =
1 
𝐴

+ 1
8
𝐴2(−𝐴′ 2𝐴− 𝑟 𝐴′ 3 +𝐴2𝐴′′ − 2 𝑟 𝐴 𝐴′𝐴′′)Θ2 +𝑂(Θ3),
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𝑒20 = − 𝑖 
4
𝐴3𝐴′ Θ +𝑂(Θ3),

𝑒22 = 𝑟+ 1 
16

(
2 𝐴5𝐴′ − 𝑟 𝐴4𝐴′ 2)Θ2 +𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 − 1
8
𝐴3𝐴′(−2 +𝐴2 + 𝑟 𝐴 𝐴′) sin𝜃 Θ2 +𝑂(Θ3),

where 𝐴′,𝐴′′,𝐴′′′ are the first, second, and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained using 
the definition (65). Up to second order in Θ, the metric is diagonal, and its non-zero components are

𝑔̂00(𝑥,Θ) = −𝐴2 + 1 
16

(
3𝐴6𝐴′ 2 − 4 𝑟 𝐴5𝐴′′′)Θ2 +𝑂(Θ4),

𝑔̂11(𝑥,Θ) =
1 
𝐴2 − 1

4
(
𝐴2𝐴′ 2 + 𝑟 𝐴 𝐴′ 3 −𝐴3𝐴′′ + 2 𝑟 𝐴2𝐴′𝐴′′)Θ2 +𝑂(Θ4),

𝑔̂22(𝑥,Θ) = 𝑟2 + 1 
16

(
4 𝑟 𝐴5𝐴′ − 3 𝑟2𝐴4𝐴′ 2)Θ2 +𝑂(Θ4),

𝑔̂33(𝑥,Θ) = 𝑟2 sin2 𝜃 + 1
4
(
2 𝑟 𝐴3𝐴′ − 𝑟 𝐴5𝐴′ − 𝑟 𝐴4𝐴′ 2) sin2 𝜃 Θ2 +𝑂(Θ4).

(90)

The NC-corrected Schwarzschild metric components under the (𝑡, 𝜃) twist are obtained by substituting (78) in (90):

𝑔̂00(𝑥,Θ) = −
(
1 − 2𝑀

𝑟 

)
+ 𝑀2(−2𝑀 + 𝑟)(−30𝑀 + 9𝑟)

48 𝑟6
Θ2 +(Θ3),

𝑔̂11(𝑥,Θ) =
(
1 − 2𝑀

𝑟 

)−1
− 𝑀(11𝑀2 − 10𝑀𝑟+ 2𝑟2)

4 𝑟4(−2𝑀 + 𝑟) 
Θ2 +(Θ3),

𝑔̂22(𝑥,Θ) = 𝑟2 + 𝑀(11𝑀 − 4𝑟)(2𝑀 − 𝑟)
16 𝑟3

Θ2 +(Θ3),

𝑔̂33(𝑥,Θ) = 𝑟2 sin2 𝜃 + 𝑀(−2𝑀 + 𝑟)(𝑀 + 𝑟) sin2 𝜃
4 𝑟3

Θ2 +(Θ3).

(91)

Properties of the deformed spacetime: As before, we analyze the spacetime properties. Although the deformed metric is diagonal, 
the qualitative observations remain the same as in the (𝑡,𝜑) twist. Due to the (𝑡, 𝜃) twist, the spherical symmetry of the system is 
broken. The deformed metric exhibits two singularities: 𝑟 = 0, which is a true singularity, and 𝑟 = 2𝑀 , the event horizon (also a 
Killing horizon). The location of the horizon is not affected by the NC deformation.

The surface gravity is calculated using (82) and is given by:

𝜅2 = 𝑀2

𝑟4
+

(
154𝑀5 − 117𝑀4𝑟+ 20𝑀3𝑟2

)
16𝑟9

Θ2 +(
Θ3) . (92)

At 𝑟 = 2𝑀 , the Θ2 term vanishes, and the surface gravity is 𝜅 = 1∕(4𝑀), indicating that there is no NC correction to the surface 
gravity.

The curvature scalars are also calculated as follows:

𝑅 = 3𝑀2(75𝑀2 − 47𝑀𝑟+ 7𝑟2)
8𝑟8

Θ2 +(Θ3),

𝑅𝜇𝜈𝑅𝜇𝜈 = 0,

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 48𝑀2

𝑟6
+ 6𝑀3(129𝑀2 − 90𝑀𝑟+ 14𝑟2)

𝑟11
Θ2 +(Θ3).

(93)

By examining the divergence of these curvature scalars, we confirm that 𝑟 = 0 is a physical singularity and 𝑟 = 2𝑀 is a coordinate 
singularity. The Ricci scalar 𝑅 has a leading NC term, and in the Kretschmann scalar, the NC term diverges more rapidly than the 
commutative term. Finally, the NC scalar curvature, calculated from (62), is

𝑅̂ =
𝑀2 (−83𝑀2 + 29𝑀𝑟+ 2𝑟2

)
8𝑟8

Θ2 . (94)

4.3. (𝜃,𝜑) twist

For the (𝜃,𝜑) noncommutativity, the parameter Θ𝜇𝜈 is given by

Θ𝜇𝜈 = 
⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 Θ
0 0 −Θ 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3. (95)

This choice leads to the following commutation relation between the coordinates:
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[𝜃 ⋆, 𝜑] = 𝑖 Θ. (96)

This twist was also studied in [66] and [67]. The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴+ 1 
32

𝑟 𝐴2𝐴′ (−5 + 11 cos(2𝜃) + 8 𝐴2 sin2 𝜃
)
Θ2 +𝑂(Θ3) ,

𝑒11 =
1 
𝐴

+ 1 
32

𝑟 𝐴′ (−5 + 11 cos(2𝜃) + 8 𝐴2 sin2 𝜃
)
Θ2 +𝑂(Θ3) ,

𝑒21 =
1
4
𝑟 𝐴 𝐴′ cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑒22 = 𝑟− 1 
16

𝑟 
(
−1 +𝐴2)(−5 + 11 cos(2𝜃) +𝐴2 sin2 𝜃

)
Θ2 +𝑂(Θ3) , (97)

𝑒32 = − 𝑖 
4
𝑟 
(
−1 +𝐴2) sin𝜃 Θ+𝑂(Θ3),

𝑒13 = − 𝑖 
2
𝑟 𝐴 cos𝜃 sin𝜃 Θ+𝑂(Θ3),

𝑒23 = − 𝑖 
8
𝑟 
(
−1 + 3 cos(2𝜃) + 2 𝐴2 sin2 𝜃

)
Θ+𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 + 1 
32

𝑟 sin𝜃 
(
−9 + 33 cos(2𝜃) + 8 𝐴2(1 + 4 cos(2𝜃)

)
− 2 𝐴4 sin2 𝜃

)
Θ2 +𝑂(Θ3) .

Here, 𝐴′, 𝐴′′, 𝐴′′′ are the first, second, and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained from 
the definition (65). Up to second order in Θ, the metric is off-diagonal, and its non-zero components are

𝑔̂00
(
𝑥,Θ

)
= −𝐴2 − 1 

16
𝑟 𝐴3𝐴′

(
−5 + 11 cos(2𝜃) + 8 𝐴2 sin2 𝜃

)
Θ2 +𝑂(Θ3) ,

𝑔̂11
(
𝑥,Θ

)
= 1 
𝐴2 + 𝐴′

16 𝐴
𝑟 
(
−5 + 11 cos(2𝜃) + 8 𝐴2 sin2 𝜃

)
Θ2 +𝑂(Θ3) , (98)

𝑔̂12
(
𝑥,Θ

)
= 𝑔̂21

(
𝑥,Θ

)
= 1

4
𝑟2𝐴 𝐴′ cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑔̂22
(
𝑥,Θ

)
= 𝑟2 − 1 

32
𝑟2
(
−1 +𝐴2)(1 − 21 cos(2𝜃) + 2 𝐴2 sin2 𝜃

)
Θ2 +𝑂(Θ3) ,

𝑔̂33
(
𝑥,Θ

)
= 𝑟2 sin2 𝜃 + 1 

128
𝑟2
[
41 − 108 cos(2𝜃) + 75 cos(4𝜃)

+8 𝐴2
(
9 + 37 cos(2𝜃) sin2 𝜃 − 8 𝐴4 sin4 𝜃

)]
Θ2 +𝑂(Θ3).

The NC-corrected Schwarzschild metric components under the (𝜃,𝜑) twist are obtained by substituting (78) into (98),

𝑔̂00
(
𝑥,Θ

)
= −

(
1 − 2𝑀

𝑟 

)
+
𝑀(2𝑀 − 𝑟)

(
−8𝑀 − 𝑟+ (8𝑀 + 7𝑟) cos 2𝜃

)
16𝑟3

Θ2 +(Θ3),

𝑔̂11
(
𝑥,Θ

)
=
(
1 − 2𝑀

𝑟 

)−1
+
𝑀

(
8𝑀 + 𝑟− (8𝑀 + 7𝑟) cos 2𝜃

)
16(2𝑀 − 𝑟)𝑟 

Θ2 +(Θ3),

𝑔̂12
(
𝑥,Θ

)
= 𝑔̂21

(
𝑥,Θ

)
= 1

8
𝑀 sin 2𝜃Θ2 +(Θ3),

𝑔̂22
(
𝑥,Θ

)
= 𝑟2 + 1

8
𝑀

(
−𝑀 + 𝑟+ (𝑀 − 11𝑟) cos 2𝜃

)
Θ2 +(Θ3),

𝑔̂33
(
𝑥,Θ

)
= 𝑟2 sin2 𝜃 + 1 

32

[
2(2𝑀2 − 30𝑀𝑟+ 𝑟2) cos 2𝜃

+𝑀
(
−3𝑀 + 22𝑟− (𝑀 − 38𝑟) cos 4𝜃

)]
Θ2 +(Θ3).

(99)

Properties of the deformed spacetime: The (𝜃,𝜑)-twisted metric is off-diagonal, and its spacetime properties are qualitatively 
similar to those of the (𝑡,𝜑) and (𝑡, 𝜃) twists. The spherical symmetry of the system is broken by the NC deformation. The deformed 
metric exhibits two singularities: 𝑟 = 0, which is a true singularity, and 𝑟 = 2𝑀 , the event horizon (also a Killing horizon). The location 
of the horizon is not altered by the NC deformation. The surface gravity is calculated using (82) and is given by

𝜅2 = 𝑀2

𝑟4
+
𝑀2 [32𝑀2 cos(2𝜃) − 32𝑀2 − 2𝑀𝑟 cos(2𝜃) + 14𝑀𝑟− 7𝑟2 cos(2𝜃) + 𝑟2

]
16𝑟6

Θ2 +(Θ3). (100)

At 𝑟 = 2𝑀 , the Θ2 term vanishes, and the surface gravity remains 𝜅 = 1∕(4𝑀), indicating that there is no NC correction to the surface 
gravity. The curvature scalars are also calculated as follows:
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𝑅 = −

[
3𝑀

(
48𝑀2 sin2 𝜃 − 11𝑀𝑟+ 41𝑟2

)
+ 3𝑀𝑟 cos(2𝜃)(87𝑟− 19𝑀) + 𝑟3 csc4 𝜃

]
8𝑟5

Θ2 +(Θ3),
𝑅𝜇𝜈𝑅𝜇𝜈 = 0,

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 48𝑀2

𝑟6
+
𝑀

(
6𝑀 cos(2𝜃)(13𝑀 − 54𝑟) + 24𝑀(𝑀 − 6𝑟) − 𝑟2 csc4 𝜃

)
𝑟7

Θ2 +(Θ3).
(101)

As before, by observing the divergence of these curvature scalars, we confirm that 𝑟 = 0 is a physical singularity and 𝑟 = 2𝑀 is a 
coordinate singularity. The Ricci scalar 𝑅 has a leading NC term, and in the Kretschmann scalar, the NC term diverges more rapidly 
than the commutative term. Finally, the NC scalar curvature, calculated from (62), is

𝑅̂ = −
Θ2

(
𝑀

(
cos(2𝜃)

(
80𝑀2 − 17𝑀𝑟+ 114𝑟2

)
− 80𝑀2 + 55𝑀𝑟+ 16𝑟2 csc2(𝜃) + 70𝑟2

))
16𝑟5

+𝑂
(
Θ3). (102)

4.4. (𝑡, 𝑟) twist

The (𝑡, 𝑟)-twist is a semi-Killing twist defined by Θ𝜇𝜈 given by

Θ𝜇𝜈 =
⎛⎜⎜⎜⎝

0 Θ 0 0
−Θ 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3. (103)

This choice produces the following commutation relation between the coordinates:

[𝑡 ⋆, 𝑟] = 𝑖 Θ. (104)

This twist was also studied in [58], where NC perturbations of the metric were derived, but using a different formalism. The non-zero 
components of the tetrad 𝑒𝑎

𝜇
are

𝑒00 =𝐴− 1 
16

(
20 𝐴 𝐴′4 + 69 𝐴2𝐴′2𝐴′′ + 12 𝐴3𝐴′′2 + 12 𝐴3𝐴′𝐴′′′)Θ2 +𝑂(Θ3) , (105)

𝑒01 = − 𝑖 
4
𝐴′′ Θ +𝑂(Θ3),

𝑒11 =
1 
𝐴

− 1 
16

(
17 𝐴′2𝐴′′ + 5 𝐴 𝐴′′2 + 5 𝐴 𝐴′𝐴′′′)Θ2 +𝑂(Θ3),

𝑒10 = − 𝑖 
4
𝐴 
(
3 𝐴′2 + 2 𝐴 𝐴′′) Θ+𝑂(Θ3),

𝑒22 = 𝑟−
(
𝐴 𝐴′3 + 17

16
𝐴2𝐴′𝐴′′

)
Θ2 +𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 −
(
𝐴 𝐴′3 + 17

16
𝐴2𝐴′𝐴′′

)
sin𝜃 Θ2 +𝑂(Θ3),

where 𝐴′, 𝐴′′, and 𝐴′′′ are the first, second, and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained 
using the definition (65). Up to second order in Θ, the metric remains diagonal, and the non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 + 1 
16

𝐴2(49 𝐴′4 + 150 𝐴 𝐴′2𝐴′′ + 28 𝐴2𝐴′′2 + 24 𝐴2𝐴′𝐴′′′)Θ2 +𝑂
(
Θ4),

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 − 1 

16

(
34 𝐴′2𝐴′′

𝐴 
+ 11 𝐴′′2 + 10 𝐴′𝐴′′′

)
Θ2 +𝑂

(
Θ4), (106)

𝑔̂22 (𝑥,Θ) = 𝑟2 − 1
8
(
16 𝑟 𝐴 𝐴′3 + 17 𝑟 𝐴2𝐴′𝐴′′)Θ2 +𝑂

(
Θ4),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃 − 1
8
(
16 𝑟 𝐴 𝐴′3 + 17 𝑟 𝐴2𝐴′𝐴′′) sin2 𝜃 Θ2 +𝑂

(
Θ4).

The NC-corrected Schwarzschild metric components under the (𝑡, 𝑟) twist are obtained by substituting (78) in (106):

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 

)
+ 𝑀2(1111𝑀2 − 1068𝑀𝑟+ 256𝑟2)

16𝑟7(−2𝑀 + 𝑟) 
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 

)−1
+ 𝑀2(−351𝑀2 + 380𝑀𝑟− 104𝑟2)

16𝑟5(−2𝑀 + 𝑟)3
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 − 𝑀2(67𝑀 − 34𝑟)
8𝑟4(−2𝑀 + 𝑟) 

Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃 − 𝑀2(67𝑀 − 34𝑟) sin2 𝜃
8𝑟4(−2𝑀 + 𝑟) 

Θ2 +(Θ3).

(107)
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Properties of the Deformed Spacetime: The (𝑡, 𝑟) twisted metric is diagonal, and the spherical symmetry of the system is preserved 
in the NC deformation. The spacetime properties differ significantly from those of the previously discussed twists because this twist 
involves the radial coordinate vector field 𝜕𝑟. The deformed metric exhibits two singularities: 𝑟 = 0 and 𝑟 = 2𝑀 (these points cor
respond to 1∕𝑔𝑟𝑟 = 0). This indicates that the locations of the physical singularity at 𝑟 = 0 and the coordinate singularity, which 
corresponds to the event horizon of the black hole, are not changed by the NC corrections. However, unlike in the commutative 
Schwarzschild case and the previously discussed deformed metrics, the surfaces where 1∕𝑔𝑟𝑟 = 0 and 𝑔𝑡𝑡 = 0 occur at different radii 
(i.e., the event horizon and the Killing horizon are distinct). The former has no NC corrections, while the latter does. In other words, 
in the Schwarzschild metric, the event horizon is the surface where the purely temporal component 𝑔𝑡𝑡 changes sign from positive to 
negative, and this occurs at a different surface in this deformed metric (𝑔𝑡𝑡 = 0 surfaces, which are not singularities).

The surface gravity is calculated using (82) and is given by

𝜅2 = 𝑀2

𝑟4
+

(
−3523𝑀6 + 5064𝑀5𝑟− 2419𝑀4𝑟2 + 384𝑀3𝑟3

)
4𝑟10(2𝑀 − 𝑟)2

Θ2 +(Θ3). (108)

At 𝑟 = 2𝑀 , the Θ2 term diverges, making the definition of surface gravity unclear. This indicates that the twist in the radial direction 
renders the usual 𝑟 coordinate unsuitable for analyzing the properties of the deformed spacetime. This issue is also evident from the 
curvature scalars, which are calculated as follows:

𝑅 =
𝑀2 (60816𝑀4 − 112574𝑀3𝑟+ 77605𝑀2𝑟2 − 23580𝑀𝑟3 + 2660𝑟4

)
8𝑟9(𝑟− 2𝑀)3

Θ2 +(Θ3),
𝑅𝜇𝜈𝑅𝜇𝜈 = 0,

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 48𝑀2

𝑟6
+
𝑀3 (141852𝑀4 − 269720𝑀3𝑟+ 191683𝑀2𝑟2 − 60318𝑀𝑟3 + 7088𝑟4

)
𝑟12(𝑟− 2𝑀)3

Θ2 +(Θ3).
(109)

By observing the divergence of the curvature scalars, we confirm that 𝑟 = 0 is a physical singularity. However, the divergence at 
𝑟 = 2𝑀 again suggests that the radial coordinate is not suitable for analyzing the properties of the deformed spacetime. The Ricci 
scalar 𝑅 has a leading NC term, and in the Kretschmann scalar, the NC term diverges more rapidly than the commutative term. 
Finally, the NC scalar curvature, calculated from (62), is given by

𝑅̂ =
Θ2𝑀3 (−1667𝑀2 + 1672𝑀𝑟− 416𝑟2

)
4𝑟9(𝑟− 2𝑀)2

+𝑂
(
Θ3). (110)

4.5. (𝑟, 𝜃) twist

The (𝑟, 𝜃) twist is non-Killing and is defined by Θ𝜇𝜈 as

Θ𝜇𝜈 =
⎛⎜⎜⎜⎝
0 0 0 0
0 0 Θ 0
0 −Θ 0 0
0 0 0 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3. (111)

This choice leads to the following commutation relation between the coordinates:

[𝑟 ⋆, 𝜃] = 𝑖 Θ. (112)

In fact, this twist was previously explored in reference [37] to derive NC corrections to the Schwarzschild black hole. However, due 
to the identification of new correction terms in (52), we revisit this case to include the previously overlooked contributions. The new 
non-zero components of the tetrad 𝑒𝑎

𝜇
are

𝑒00 =𝐴+ 1
4
(
2 𝑟 𝐴′3 + 5 𝑟 𝐴 𝐴′𝐴′′ + 𝑟 𝐴2𝐴′′′ + 2 𝐴 𝐴′2 +𝐴2𝐴′′)Θ2 +𝑂(Θ3) , (113)

𝑒11 =
1 
𝐴

+ 𝐴′′

4 
Θ2 +𝑂(Θ3),

𝑒12 = − 𝑖 
4
(
𝐴+ 2 𝑟 𝐴′) Θ+𝑂(Θ3),

𝑒22 = 𝑟+ 1
4
(
2𝐴 𝐴′ + 3 𝑟 𝐴′2 + 3 𝑟 𝐴 𝐴′′)Θ2 +𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 − 𝑖 
4
(cos𝜃)Θ + 1

4

(
2𝑟 𝐴′2 + 𝑟𝐴𝐴′′ + 2𝐴𝐴′ − 𝐴′

𝐴 

)
sin𝜃 Θ2 +𝑂(Θ3),

where 𝐴′, 𝐴′′, 𝐴′′′ are the first, second, and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained by 
using the definition (65). Up to second order in Θ, the metric is diagonal, and its non-zero components are

𝑔̂𝑡𝑡 (𝑥,Θ) = −𝐴2 − 1
2
(
2 𝑟 𝐴 𝐴′3 + 𝑟 𝐴3𝐴′′′ +𝐴3𝐴′′ + 2 𝐴2𝐴′2 + 5 𝑟 𝐴2𝐴′𝐴′′)Θ2 +𝑂

(
Θ4) ,
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𝑔̂𝑟𝑟 (𝑥,Θ) =
1 
𝐴2 + 1

2
𝐴′′

𝐴 
Θ2 +𝑂

(
Θ4) , (114)

𝑔̂𝜃𝜃 (𝑥,Θ) = 𝑟2 + 1 
16

(
𝐴2 + 20 𝑟 𝐴 𝐴′ + 28 𝑟2𝐴′2 + 24 𝑟2𝐴 𝐴′′)Θ2 +𝑂

(
Θ4) ,

𝑔̂𝜑𝜑 (𝑥,Θ) = 𝑟2 sin2 𝜃

+ 1 
16

[
4 
(
4 𝑟 𝐴 𝐴′ − 2𝑟𝐴

′

𝐴 
+ 2 𝑟2𝐴 𝐴′′ + 4 𝑟2𝐴′2 + 1

)
sin2 𝜃 + 5cos2 𝜃

]
Θ2 +𝑂

(
Θ4) .

The NC-corrected Schwarzschild metric components under the (𝑟, 𝜃) twist are obtained by substituting (78) into (114),

𝑔̂𝑡𝑡 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 

)
+ 𝑀(11𝑀 − 4𝑟)

2𝑟4
Θ2 +(Θ3),

𝑔̂𝑟𝑟 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 

)−1
+ 𝑀(3𝑀 − 2𝑟) 

2𝑟2(𝑟− 2𝑀)2
Θ2 +(Θ3),

𝑔̂𝜃𝜃 (𝑥,Θ) = 𝑟2 +
(

1 
16

− 2𝑀
𝑟 

+ 𝑀

8(𝑟− 2𝑀)

)
Θ2 +(Θ3),

𝑔̂𝜑𝜑 (𝑥,Θ) = 𝑟2 sin2 𝜃 +

(
5cos2 𝜃

16 
+

sin2 𝜃
(
2𝑀2 − 4𝑀𝑟+ 𝑟2

)
4𝑟(𝑟− 2𝑀) 

)
Θ2 +(

Θ3) .
(115)

Properties of the Deformed Spacetime: The (𝑟, 𝜃) twisted metric is diagonal, and the spherical symmetry of the system is broken due 
to the NC deformation. As in the case of the (𝑡, 𝑟) twist, the radial coordinate is unsuitable for analyzing certain spacetime properties. 
The deformed metric exhibits two singularities: 𝑟 = 0 and 𝑟 = 2𝑀 (these points correspond to 1∕𝑔𝑟𝑟 = 0). Hence, the locations of 
the physical singularity at 𝑟 = 0 and the coordinate singularity at 𝑟 = 2𝑀 (the black hole event horizon) are not shifted by the NC 
corrections. Similar to the (𝑡, 𝑟) twisted metric, the surfaces where 1∕𝑔𝑟𝑟 = 0 and 𝑔𝑡𝑡 = 0 occur at different radii (i.e., the event horizon 
and the Killing horizon do not coincide). The former is unaffected by NC corrections, while the latter is not.

The surface gravity, calculated using (82), is

𝜅2 = 𝑀2

𝑟4
+

(
−6𝑀2𝑟2 + 31𝑀3𝑟− 37𝑀4)

𝑟7(2𝑀 − 𝑟) 
Θ2 +(

Θ3) . (116)

At 𝑟 = 2𝑀 , the Θ2 term diverges, making the definition of surface gravity unclear. The curvature scalars are computed as follows:

𝑅 = 1 
8𝑟6

[
4𝑀3(12𝑀 − 7𝑟)

(𝑟− 2𝑀)2
+ 10𝑀𝑟 csc2 𝜃 +𝑀(215𝑟− 744𝑀) − 5𝑟2 csc4 𝜃 − 𝑟2

]
Θ2 +(

Θ3) ,
𝑅𝜇𝜈𝑅𝜇𝜈 = 0,

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 48𝑀2

𝑟6
+ 1 

2𝑟9
𝑀

[
−
2
(
1848𝑀4 − 2392𝑀3𝑟+ 975𝑀2𝑟2 − 120𝑀𝑟3 + 𝑟4

)
(𝑟− 2𝑀)2

+ 5𝑟 csc2 𝜃(3𝑟− 8𝑀) − 10𝑟2 csc4 𝜃
]
Θ2 +(

Θ3) .
(117)

As before, examining the divergence of these curvature scalars shows that 𝑟 = 0 is a physical singularity. The Ricci scalar 𝑅 gains 
a leading NC contribution, and in the Kretschmann scalar, the NC term diverges faster than the commutative term. Finally, the NC 
scalar curvature is calculated from (62) as

𝑅̂ =
𝑀

(
224𝑀3 − 4𝑀2𝑟 csc2(𝜃) − 384𝑀2𝑟+ 209𝑀𝑟2 − 36𝑟3

)
4𝑟6(𝑟− 2𝑀)2

Θ2 +𝑂
(
Θ3) . (118)

4.6. (𝑟,𝜑) twist

The semi-Killing (𝑟,𝜑) twist is defined by Θ𝜇𝜈 given by

Θ𝜇𝜈 =
⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 Θ
0 0 0 0
0 −Θ 0 0

⎞⎟⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2,3. (119)

This choice produces the following commutation relation between the coordinates:

[𝑟 ⋆, 𝜑] = 𝑖 Θ. (120)

This twist was also used in [68]. The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴+ 1
4
(
2 𝑟 𝐴′3 + 2 𝐴 𝐴′2 + 5 𝑟 𝐴 𝐴′𝐴′′ + 𝐴2𝐴′′ + 𝑟 𝐴2𝐴′′′) sin2 𝜃 Θ2 +𝑂(Θ3) , (121)
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𝑒11 =
1 
𝐴

+ 1
4
𝐴′′ sin2 𝜃 Θ2 +𝑂(Θ3),

𝑒21 =
1 

8 𝐴2

(
−𝐴′2 + 𝐴 𝐴′′) cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑒12 =
1
8
𝐴3𝐴′′ cos𝜃 sin𝜃 Θ2 +𝑂(Θ3),

𝑒22 = 𝑟+ 1
8

[
−𝐴

′

𝐴 
+ 2 sin2 𝜃 

(
2 𝐴 𝐴′ + 2 𝑟 𝐴′2 + 𝑟 𝐴 𝐴′′)] Θ2 +𝑂(Θ3),

𝑒32 = − 𝑖 
4
cos𝜃 Θ+𝑂(Θ3),

𝑒13 = − 𝑖 
4
(
𝐴 + 2 𝑟 𝐴′ ) sin2 𝜃 Θ+𝑂(Θ3),

𝑒23 = − 𝑖 
4
cos𝜃 sin𝜃 Θ+𝑂(Θ3),

𝑒33 = 𝑟 sin𝜃 + 1 
8 𝐴

[
− cos2 𝜃 𝐴′ + 2 𝐴 sin2 𝜃 

(
3 𝑟 𝐴′2 + 2 𝐴 𝐴′ + 3 𝑟 𝐴 𝐴′′)] sin𝜃 Θ2 +𝑂(Θ3),

where 𝐴′, 𝐴′′, 𝐴′′′ are the first, second and third derivatives of 𝐴(𝑟), respectively. The deformed metric 𝑔̂𝜇𝜈 (𝑥,Θ) is obtained by using 
the definition (65). Up to second order in Θ, the metric is off-diagonal, and the non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 − 1
2
(
2 𝐴2𝐴′2 + 2 𝑟 𝐴 𝐴′3 + 𝐴3𝐴′′ + 5𝑟 𝐴2𝐴′𝐴′′ + 𝑟 𝐴3𝐴′′′) sin2 𝜃 Θ2 +𝑂(Θ3),

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 + 𝐴

′′

2 𝐴
sin2 𝜃 Θ2 +𝑂(Θ3), (122)

𝑔̂12 (𝑥,Θ) = 𝑔̂21 (𝑥,Θ) = −1
8

1 
𝐴2

(
𝑟 𝐴′2 + 𝐴 𝐴′ + 𝑟 𝐴 𝐴′′) cos𝜃 sin𝜃Θ2 +𝑂(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1 
16

[
cos2 𝜃 − 4 𝑟 𝐴

′

𝐴 
+ 16

(
𝑟 𝐴 𝐴′ + 𝑟2𝐴′2 + 1

2
𝑟2𝐴 𝐴′′

)
sin2 𝜃

]
Θ2 +𝑂(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃 (123)

+ 1 
16

[(
1 − 4 𝑟 𝐴

′

𝐴 

)
cos2 𝜃
sin2 𝜃 

+𝐴2 + 20 𝑟 𝐴 𝐴′ + 28 𝑟2 𝐴′2 + 24 𝑟2𝐴 𝐴′′
]
sin4 𝜃 Θ2 +𝑂(Θ3).

The NC-corrected Schwarzschild metric components under (𝑟,𝜑) twist are obtained by substituting (78) in (122),

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 

)
+ 𝑀(11𝑀 − 4𝑟) sin2 𝜃

2𝑟4
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 

)−1
+ 𝑀(3𝑀 − 2𝑟) sin2 𝜃

2𝑟2(−2𝑀 + 𝑟)2
Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) = 𝑔̂21 (𝑥,Θ) =
𝑀 cos𝜃 sin𝜃 
−16𝑀𝑟+ 8𝑟2

Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1 
16

[
cos2 𝜃 +

4𝑀
(
𝑟− 2𝑀 sin2 𝜃

)
(2𝑀 − 𝑟)𝑟 

]
Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃 +
(
32𝑀2 − 19𝑀𝑟+ 𝑟2 +𝑀(−32𝑀 + 13𝑟) cos 2𝜃

)
sin2 𝜃

16𝑟(−2𝑀 + 𝑟) 
Θ2 +(Θ3).

(124)

Properties of the Deformed Spacetime: The (𝑟,𝜑) twisted metric is off-diagonal, and the spherical symmetry of the system is 
broken due to the NC deformation. As in the cases of the (𝑡, 𝑟) and (𝑟, 𝜃) twists, the radial coordinate is not suitable for analyzing 
some spacetime properties. The deformed metric has two singularities at 𝑟 = 0 and 𝑟 = 2𝑀 (these points correspond to 1∕𝑔𝑟𝑟 = 0). 
This indicates that the locations of the physical singularity at 𝑟 = 0 and the coordinate singularity, corresponding to the event horizon 
of the black hole, are not changed by the NC corrections. Similar to the (𝑡, 𝑟) and (𝑟, 𝜃) twisted metrics, the surfaces where 1∕𝑔𝑟𝑟 = 0
and 𝑔𝑡𝑡 = 0 occur at different radii (i.e., the event horizon and the Killing horizons are distinct). The former has no NC corrections, 
while the latter does.

The surface gravity is calculated using (82) and is given by:

𝜅2 = 𝑀2

𝑟4
+

(
40𝑀4 sin2 𝜃 − 33𝑀3𝑟 sin2 𝜃 + 6𝑀2𝑟2 sin2 𝜃

)
𝑟7(2𝑀 − 𝑟) 

Θ2 +(
Θ3) . (125)

At 𝑟 = 2𝑀 , the Θ2 term diverges, making the definition of the surface gravity unclear. The curvature scalars are calculated as follows:
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𝑅 = 1 
16𝑟6(𝑟− 2𝑀)2

[
1536𝑀4 sin2 𝜃 + 𝑟

(
−672𝑀3 +𝑀 cos(2𝜃)

(
960𝑀2 − 448𝑀𝑟+ 85𝑟2

)
+𝑀𝑟(56𝑀 + 55𝑟) − 4𝑟3 cos2 𝜃

)]
Θ2 +(

Θ3) ,
𝑅𝜇𝜈𝑅𝜇𝜈 = 0,

𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 = 48𝑀2

𝑟6
+ 𝑀

4𝑟9(𝑟− 2𝑀)2
[
20064𝑀4 sin2 𝜃 + 48𝑀3𝑟(305 cos(2𝜃) − 269)

+14𝑀2𝑟2(383 − 487cos(2𝜃)) + 8𝑀𝑟3(124 cos(2𝜃) − 89) − 𝑟4(cos(2𝜃) − 5)
]
Θ2 +(

Θ3) .
(126)

By observing where these scalars diverge, we confirm that 𝑟 = 0 is a physical singularity. The Ricci scalar 𝑅 has a leading NC term, and 
in the Kretschmann scalar, the NC term diverges more rapidly than the commutative term. Finally, the NC scalar curvature calculated 
from (62) is

𝑅̂ =
Θ2𝑀

(
224𝑀3 − 340𝑀2𝑟+ cos(2𝜃)

(
−224𝑀3 + 196𝑀2𝑟− 48𝑀𝑟2 + 𝑟3

)
+ 172𝑀𝑟2 − 31𝑟3

)
8𝑟6(𝑟− 2𝑀)2

+𝑂
(
Θ3) . (127)

5. Final remarks

In this paper, we have revisited and refined the construction of de Sitter (SO(4,1)) theory (which is not a gauge theory of the 
DS group) and its contraction to the Poincaré (ISO(3,1)) gauge theory of gravity, presenting a consistent framework for both the 
commutative and noncommutative (NC) cases. In particular, we solved the equations of motion in the de Sitter theory for a spherically 
symmetric gauge field configuration, taking the contraction parameter 𝑘 explicitly into account. We showed that although contracting 
the de Sitter solution

𝜔𝑎5
𝜇

= 𝑘 𝑒𝑎
𝜇
,

yields a metric of the form

𝑔𝜇𝜈 = 𝜂𝑎𝑏 𝑒𝑎𝜇 𝑒
𝑏
𝜈
= diag

(
−𝐴2(𝑟), 1 

𝐴2(𝑟)
, 𝑟2, 𝑟2 sin2 𝜃

)
with 𝐴2(𝑟) = 1 − 𝛼

𝑟 
+ 𝑘2𝑟2, (128)

the so called cosmological term 𝑘2𝑟2 does not survive in a way that genuinely reproduces Einstein gravity with a cosmological constant. 
In effect, the 𝑘2-dependence remains embedded in the de Sitter curvature 𝑅𝐴𝐵

𝜇𝜈
and does not behave as an ordinary cosmological 

constant term in the Einstein equations. Contrary to [36], we argued that correctly introducing a nonzero Λ upon contraction requires 
explicit source terms of the form Λ 𝑔𝜇𝜈 , much like other matter-energy contributions. This observation clarifies that one cannot simply 
rely on the gauge-theoretic Wigner–İnönü contraction and retain a nonzero cosmological constant.

After laying out the commutative setup, we turned to the NC extension. In doing so, we systematically applied the Seiberg–Witten 
(SW) map to the de Sitter gauge fields 𝜔𝐴𝐵

𝜇
and then contracted them to obtain the NC Poincaré gauge theory. This de Sitter-based 

approach places all gauge fields 𝜔𝐴𝐵
𝜇

on an equal footing, making the SW manipulations more transparent. Focusing only on the 
components that survive the contraction to Poincaré gauge theory (and thus to Einstein gravity), we obtained the SW expansion of 
the spin connection and tetrads, thereby achieving our goal of constructing the NC gauge fields that obey NC Poincaré transformations. 
Along the way, we discovered that prior works on this topic-including [35--49]-systematically missed or miswrote certain second-order 
NC corrections. Specifically, we identified:

• An overlooked second-order SW contribution to the tetrad field 𝑒𝑎
𝜇
, encapsulated in Eq. (49).

• Overuse of the Moyal star product only to first order while examining second-order corrections to the gauge fields.
• Incorrect overall numerical factors, such as confusing 1 

16 with 1 
32 , leading to distorted coefficients in the second-order expansions.

These omissions and/or sign/factor errors, found in all prior investigations, have real physical impact, as they alter the NC-corrected 
tetrad, metric, curvature, thus also the horizon structure and many other properties in black hole solutions. Since one of the main 
motivations for studying NC Poincaré gauge theory is precisely to probe short-distance quantum-spacetime phenomena (at or near 
the Planck scale), there is no margin for significant theoretical error.

With these issues clarified, we provided explicit examples for the NC Schwarzschild geometry under various Moyal twists, con
structed from mutually commuting coordinate vector fields (e.g., 𝜕𝑡 ∧ 𝜕𝜑, 𝜕𝑟 ∧ 𝜕𝜃 , etc.). We found that when the radial vector field 
is involved in the twist, the event horizon determined by 𝑔−1

𝑟𝑟
= 0 generically no longer coincides with the Killing horizon given by 

𝑔𝑡𝑡 = 0. By contrast, purely angular or time-angular twists leave the Schwarzschild horizon’s radial location unchanged, preserving the 
usual identification of the event horizon. In all twists, except for (𝑡, 𝑟), the underlying spherical symmetry is broken by the noncom
mutativity and the curvature invariants acquire finite corrections at (Θ2). Additionally, to exemplify the generality of the approach, 
we computed NC metric corrections for Reissner-Nordström, Reissner-Nordström-de Sitter, and BTZ-type black holes.

We would like to point out that the procedure of deforming commutative gauge fields is not restricted to the specific tetrad form 
adopted in (13). Any tetrad field can be used, for example by applying the Gram-Schmidt procedure to construct a local orthonormal 
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frame for an arbitrary metric solution of the Einstein field equations. Our approach thus applies beyond diagonal metrics, offering a 
broad, systematic method for introducing noncommutative effects in a wide array of gravitational solutions.

Beyond the calculations presented here, these corrected SW expansions and NC metrics open the door to further applications, 
including a variety of black hole physics questions at the intersection of quantum gravity and high-energy regimes. One can, for 
instance, analyze near-horizon solutions to the Klein–Gordon equation, entropy (along the lines of [57,59,60,69--71]), greybody 
factors and quasinormal modes (QNMs), or study how short-distance effects of noncommutativity might alter geodesics, shadows, or 
the Lyapunov exponent and chaotic properties of the black hole. (See, for instance, [46] for recent developments in related contexts, 
and [72--74] for investigations along similar lines.) Moreover, as most astrophysical objects are rotating, it would be particularly 
interesting to apply this formalism to spinning black hole solutions and examine how the NC corrections manifest in the rotating case. 
These avenues may yield distinctive signatures of NC deformations that could be tested in future gravitational-wave or electromagnetic 
observations of compact objects.

Altogether, our results provide a more reliable foundation for using NC gauge theory as a model of quantum-gravity-inspired cor
rections in black hole spacetimes. By correcting long-standing oversights in the SW expansions and clarifying how the cosmological 
constant behaves under contraction, we hope to enable more robust and precise analyses of NC effects in classical gravitational solu
tions. As quantum tests of general relativity continue to draw interest, having a well-founded theoretical framework for introducing 
noncommutativity in spacetime can help illuminate new short-distance phenomena beyond the reach of standard approaches.
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Appendix A. Noncommutative corrections to Reissner-Nordström metric

In this appendix, we calculate the NC corrections to the Reissner-Nordström metric,

𝑑𝑠2 = 𝑔𝜇𝜈 𝑑𝑥
𝜇𝑑𝑥𝜈 = −

(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
𝑑𝑡2 +

(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1
𝑑𝑟2 + 𝑟2

(
𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) , (A.1)

where 𝑀 denotes the mass and 𝑄 represents the charge of the black hole.

A.1. The (𝑡,𝜑) twist

The NC-corrected Reissner-Nordström metric components under the (𝑡,𝜑) twist are obtained by substituting

𝐴2 =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
(A.2)

into (74). They are given by

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
+

(𝑄2 −𝑀𝑟)2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)(
7𝑄2 + 𝑟(−10𝑀 + 3𝑟)

)
Θ2 sin2 𝜃

16𝑟10
+(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1

+ sin2 𝜃 
4𝑟6

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) [6𝑄6 + 5𝑄4𝑟(−5𝑀 + 2𝑟)

+𝑀𝑟3(−11𝑀2 + 10𝑀𝑟− 2𝑟2) +𝑄2𝑟2(31𝑀2 − 22𝑀𝑟+ 3𝑟2)
]
Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) = −
(
−2𝑄2𝑟+𝑀(𝑄2 + 𝑟2)

)
cos𝜃 sin𝜃

8𝑟4
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 −
(𝑄2 −𝑀𝑟)

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)(
𝑟+ (𝑀 − 𝑟) sin2 𝜃

)
4𝑟5

Θ2 +(Θ3),



Nuclear Physics, Section B 1017 (2025) 116950

23

T. Jurić, A. Naveena Kumara and F. Požar 

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +
(−𝑄2 +𝑀𝑟)

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)((
7𝑄2 + 𝑟(−11𝑀 + 4𝑟)

)
sin4 𝜃 + 𝑟2 sin2(2𝜃)

)
16𝑟6

Θ2

+(Θ3).

A.2. (𝑡, 𝜃) twist

The NC-corrected Reissner-Nordström metric components under the (𝑡, 𝜃) twist are obtained by substituting (A.2) into (90):

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
+

(𝑄2 −𝑀𝑟)2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)(
7𝑄2 + 𝑟(−10𝑀 + 3𝑟)

)
16𝑟10

Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1

+ 1 
4𝑟6

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) [6𝑄6 + 5𝑄4𝑟(−5𝑀 + 2𝑟) +𝑀𝑟3(−11𝑀2 + 10𝑀𝑟− 2𝑟2)

+𝑄2𝑟2(31𝑀2 − 22𝑀𝑟+ 3𝑟2)
]
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
(−𝑄2 +𝑀𝑟)

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)(
7𝑄2 + 𝑟(−11𝑀 + 4𝑟)

)
16𝑟6

Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +
(𝑀 + 𝑟)(−𝑄2 +𝑀𝑟)

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
sin2 𝜃

4𝑟5
Θ2 +(Θ3).

A.3. (𝜃,𝜑) twist

The NC-corrected Reissner-Nordström metric components under the (𝜃,𝜑) twist are obtained by substituting (A.2) into (98). They 
are given below:

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
− 1 

16𝑟6
[
(𝑄2 −𝑀𝑟)

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
×
(
−4𝑄2 + 𝑟(8𝑀 + 𝑟) + (4𝑄2 − 𝑟(8𝑀 + 7𝑟)) cos(2𝜃)

)]
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1
+ 1 

16

[
(𝑄2 −𝑀𝑟)

( 5 − 11cos(2𝜃) 
𝑄2 + 𝑟(−2𝑀 + 𝑟)

− 8 sin2 𝜃
𝑟2

)]
Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) =
(−𝑄2 +𝑀𝑟) sin 2𝜃

8𝑟 
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 −
(𝑄2 − 2𝑀𝑟)

(
−10𝑟2 cos 2𝜃 + (𝑄2 + 2𝑟(−𝑀 + 𝑟)) sin2 𝜃

)
16𝑟2

Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +
Θ2

128𝑟2
[
4
(
𝑄4 + 2𝑄2𝑟(−2𝑀 + 15𝑟) + 2𝑟2(2𝑀2 − 30𝑀𝑟+ 𝑟2)

)
cos2𝜃

− (𝑄2 − 2𝑀𝑟)
(
3𝑄2 − 6𝑀𝑟+ 44𝑟2 + (𝑄2 − 2𝑀𝑟+ 76𝑟2) cos 4𝜃

)]
+(Θ3).

A.4. (𝑡, 𝑟) twist

The NC-corrected Reissner-Nordström metric components under the (𝑡, 𝑟) twist are obtained by substituting (A.2) into (106):

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
+ 1 

16𝑟10
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) [605𝑄8 + 2𝑄6𝑟(−1616𝑀 + 573𝑟)

+ 4𝑄4𝑟2(1497𝑀2 − 968𝑀𝑟+ 135𝑟2) +𝑀2𝑟4(1111𝑀2 − 1068𝑀𝑟+ 256𝑟2)

− 2𝑀𝑄2𝑟3(2222𝑀2 − 1869𝑀𝑟+ 384𝑟2)
]
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1

+ 1 
16𝑟6

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)3 [−172𝑄8 + 4𝑄6(241𝑀 − 96𝑟)𝑟
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+𝑄4𝑟2(−1856𝑀2 + 1356𝑀𝑟− 219𝑟2) +𝑀2𝑟4(−351𝑀2 + 380𝑀𝑟− 104𝑟2)

+ 2𝑀𝑄2𝑟3(702𝑀2 − 665𝑀𝑟+ 156𝑟2)
]
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 +
(𝑄2 −𝑀𝑟)

(
50𝑄4 +𝑀(67𝑀 − 34𝑟)𝑟2 +𝑄2𝑟(−134𝑀 + 51𝑟)

)
Θ2

8𝑟6
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) +(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃

+
(𝑄2 −𝑀𝑟)

(
50𝑄4 +𝑀(67𝑀 − 34𝑟)𝑟2 +𝑄2𝑟(−134𝑀 + 51𝑟)

)
sin2 𝜃

8𝑟6
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) Θ2 +(Θ3).

A.5. (𝑟, 𝜃) twist

The components of the NC-corrected metric are obtained by substituting (A.2) into (114) and are given as

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
+

(
3𝑄2𝑟(3𝑟− 10𝑀) +𝑀𝑟2(11𝑀 − 4𝑟) + 14𝑄4)

2𝑟6
Θ2 +𝑂

(
Θ3) ,

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1
+

(
3𝑄2𝑟(𝑟− 2𝑀) +𝑀𝑟2(3𝑀 − 2𝑟) + 2𝑄4)

2𝑟2
(
𝑟(𝑟− 2𝑀) +𝑄2

)2 Θ2 +𝑂
(
Θ3) ,

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1 
16

(
1 − 30𝑀

𝑟 
+ 57𝑄2

𝑟2
+ 4(𝑀 −𝑄)(𝑀 +𝑄)

𝑟(𝑟− 2𝑀) +𝑄2

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃

+

(
5cos2 𝜃

16 
+

sin2 𝜃
(
𝑟2
(
2𝑀2 − 4𝑀𝑟+ 𝑟2

)
+𝑄2𝑟(5𝑟− 8𝑀) + 4𝑄4)

4𝑟2
(
𝑟(𝑟− 2𝑀) +𝑄2

) )
Θ2 +𝑂

(
Θ3) .

A.6. (𝑟,𝜑) twist

The NC-corrected Reissner-Nordström metric components under the (𝑟,𝜑) twist are obtained by substituting (A.2) into (122):

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)
+

(
14𝑄4 +𝑀(11𝑀 − 4𝑟)𝑟2 + 3𝑄2𝑟(−10𝑀 + 3𝑟)

)
sin2 𝜃

2𝑟6
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2

)−1
+

(
2𝑄4 +𝑀(3𝑀 − 2𝑟)𝑟2 + 3𝑄2𝑟(−2𝑀 + 𝑟)

)
sin2 𝜃

2𝑟2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)2 Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) =
(−2𝑄2 +𝑀𝑟) cos𝜃 sin𝜃
8𝑟
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
1 
16

[
cos2 𝜃 +

4𝑟2(𝑄2 −𝑀𝑟) + 8
(
2𝑄4 +𝑀2𝑟2 +𝑄2𝑟(−4𝑀 + 𝑟)

)
sin2 𝜃

𝑟2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) ]
Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +
1 

16𝑟2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

) [𝑟2(5𝑄2 + 𝑟(−6𝑀 + 𝑟)
)
cos2 𝜃 sin2 𝜃

+
(
57𝑄4 + 18𝑄2𝑟(−8𝑀 + 3𝑟) + 𝑟2(64𝑀2 − 32𝑀𝑟+ 𝑟2)

)
sin4 𝜃

]
Θ2 +(Θ3).

Appendix B. Noncommutative corrections to Reissner-Nordström de-Sitter metric

In this appendix, we calculate the NC corrections to the Reissner-Nordström de-Sitter metric, which is given by

𝑑𝑠2 = 𝑔𝜇𝜈 𝑑𝑥
𝜇𝑑𝑥𝜈 = −𝑓 (𝑟) 𝑑𝑡2 + 𝑓 (𝑟)−1 𝑑𝑟2 + 𝑟2

(
𝑑𝜃2 + sin2 𝜃 𝑑𝜑2) , (B.1)

with the metric function

𝑓 (𝑟) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)
, (B.2)

where Λ is the cosmological constant.
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B.1. The (𝑡,𝜑) twist

Under the (𝑡,𝜑) twist, the NC correction to the Reissner-Nordström de-Sitter metric is obtained by substituting

𝐴2 =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)

(B.3)

in (74). The NC-corrected metric components are given by

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)
+ 1 

1296𝑟10

[(
3
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
− 𝑟4Λ

)
× (3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)2

(
21𝑄2 + 𝑟(−30𝑀 + 9𝑟+ 𝑟3Λ)

)
sin2 𝜃

]
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+ sin2 𝜃 

36𝑟6
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
−162𝑄6 + 27𝑀𝑟3(11𝑀2 − 10𝑀𝑟+ 2𝑟2)

+ 9𝑟6(−7𝑀 + 𝑟)(−3𝑀 + 𝑟)Λ + 3𝑟9(−3𝑀 + 2𝑟)Λ2 − 2𝑟12Λ3

+ 9𝑄4𝑟(75𝑀 − 30𝑟+ 14𝑟3Λ) + 3𝑄2𝑟2
(
−9(31𝑀2 − 22𝑀𝑟+ 3𝑟2)

+ 6𝑟3(−17𝑀 + 4𝑟)Λ + 2𝑟6Λ2)]Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) = −
(
2𝑟5Λ +𝑄2(−6𝑟+ 8𝑟3Λ) + 3𝑀(𝑄2 + 𝑟2 − 3𝑟4Λ)

)
cos𝜃 sin𝜃

24𝑟4
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
1 

108𝑟5

[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)
×
(
3𝑟+ (3𝑀 − 3𝑟+ 2𝑟3Λ) sin2 𝜃

)]
Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 −
1 

432𝑟6

[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)
×
((

−21𝑄2 + 𝑟(33𝑀 − 12𝑟+ 𝑟3Λ)
)
sin4 𝜃 − 3𝑟2 sin2(2𝜃)

)]
Θ2 +(Θ3).

B.2. (𝑡, 𝜃) twist

The NC-corrected Reissner-Nordström de-Sitter metric components under the (𝑡, 𝜃) twist are obtained by substituting (B.3) in (90),

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)

+

(
3
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
− 𝑟4Λ

)
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)2

(
21𝑄2 + 𝑟(−30𝑀 + 9𝑟+ 𝑟3Λ)

)
1296𝑟10

Θ2

+(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+ 1 

36𝑟6
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
−162𝑄6 + 27𝑀𝑟3(11𝑀2 − 10𝑀𝑟+ 2𝑟2)

+ 9𝑟6(−7𝑀 + 𝑟)(−3𝑀 + 𝑟)Λ + 3𝑟9(−3𝑀 + 2𝑟)Λ2 − 2𝑟12Λ3

+ 9𝑄4𝑟(75𝑀 − 30𝑟+ 14𝑟3Λ) + 3𝑄2𝑟2
(
−9(31𝑀2 − 22𝑀𝑟+ 3𝑟2)

+ 6𝑟3(−17𝑀 + 4𝑟)Λ + 2𝑟6Λ2)]Θ2 +(Θ3),
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𝑔̂22 (𝑥,Θ) =𝑟2

−
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)(
−21𝑄2 + 𝑟(33𝑀 − 12𝑟+ 𝑟3Λ)

)
432𝑟6

Θ2

+(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃

+

(
3(𝑀 + 𝑟) + 2𝑟3Λ

)
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)
sin2 𝜃

108𝑟5
Θ2

+(Θ3).

B.3. (𝜃,𝜑) twist

The NC-corrected Reissner-Nordström de-Sitter metric components under the (𝜃,𝜑) twist are obtained by substituting (B.3) in 
(98),

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)
+ Θ2

432𝑟6

[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)
×
(
3𝑟2

(
5 − 11cos2 𝜃

)
+
(
−24𝑄2 + 𝑟(48𝑀 + 9𝑟+ 8𝑟3Λ)

)
sin2 𝜃

)]
+(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+ 1 
48

[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
3
(
−5 + 11cos2𝜃

)
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

− 8sin2 𝜃
𝑟2

)]
Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) = −(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ) sin 2𝜃
24𝑟 

Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 −
(−3𝑄2 + 6𝑀𝑟+ 𝑟4Λ)

(
30𝑟2 cos 2𝜃 +

(
−3𝑄2 + 𝑟(6𝑀 − 6𝑟+ 𝑟3Λ)

)
sin2 𝜃

)
144𝑟2

Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +
1 

576𝑟2

[
2
(
9𝑄4 + 18𝑟2(2𝑀2 − 30𝑀𝑟+ 𝑟2) + 6(2𝑀 − 15𝑟)𝑟5Λ + 𝑟8Λ2

− 6𝑄2𝑟(6𝑀 − 45𝑟+ 𝑟3Λ)
)
cos2𝜃 − 1

2 (3𝑄
2 − 6𝑀𝑟− 𝑟4Λ)

×
(
9𝑄2 − 3𝑟(6𝑀 − 44𝑟+ 𝑟3Λ) +

(
3𝑄2 − 𝑟(6𝑀 − 228𝑟+ 𝑟3Λ)

)
cos4𝜃

)]
Θ2 +(Θ3).

B.4. (𝑡, 𝑟) twist

The NC-corrected Reissner-Nordström de-Sitter metric components under the (𝑡, 𝑟) twist are obtained by substituting (B.3) in 
(106),

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)

+ 1 

432𝑟10
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
−49005𝑄8 + 54𝑄6𝑟(4848𝑀 − 1719𝑟+ 460𝑟3Λ)

− 54𝑄4𝑟2
(
8982𝑀2 + 810𝑟2 + 48𝑀𝑟(−121 + 31𝑟2Λ) + 𝑟4Λ(−365 + 39𝑟2Λ)

)
+ 6𝑄2𝑟3

(
59994𝑀3 + 27𝑀2𝑟(−1869 + 454𝑟2Λ) + 𝑟5Λ

(
−540 + 𝑟2Λ(243 − 8𝑟2Λ)

)
+ 72𝑀𝑟2

(
144 + 𝑟2Λ(−51 + 4𝑟2Λ)

))
+ 𝑟4

(
−89991𝑀4 + 108𝑀3𝑟(801 − 203𝑟2Λ) + 𝑟8Λ2(−252 + 𝑟2Λ(234 − 49𝑟2Λ)

)
+ 48𝑀𝑟5Λ

(
18 + 𝑟2Λ(9 − 8𝑟2Λ)

)
− 54𝑀2𝑟2

(
384 + 𝑟2Λ(−159 + 28𝑟2Λ)

))]
Θ2 +(Θ3),
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𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+ 1 

16𝑟6
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)3

[
4644𝑄8 − 36𝑄6𝑟(723𝑀 − 288𝑟+ 98𝑟3Λ)

+ 3𝑄4𝑟2
(
16704𝑀2 + 1971𝑟2 + 4𝑟4Λ(−315 + 59𝑟2Λ) + 12𝑀𝑟(−1017 + 341𝑟2Λ)

)
+ 6𝑄2𝑟3

(
−6318𝑀3 + 9𝑀2𝑟(665 − 218𝑟2Λ) + 𝑟5Λ

(
81 + 4𝑟2Λ(−13 + 4𝑟2Λ)

)
− 6𝑀𝑟2

(
234 + 5𝑟2Λ(−26 + 5𝑟2Λ)

))
+ 𝑟4

(
9477𝑀4 + 𝑟8Λ2(33 − 4𝑟2Λ) + 108𝑀3𝑟(−95 + 33𝑟2Λ) − 36𝑀𝑟5Λ(4 + 𝑟2Λ + 𝑟4Λ2)

+ 54𝑀2𝑟2
(
52 + 𝑟2Λ(−33 + 10𝑟2Λ)

))]
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2

− 1 

72𝑟6
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
450𝑄4 + 9𝑀(67𝑀 − 34𝑟)𝑟2

+ 3(70𝑀 − 17𝑟)𝑟5Λ + 16𝑟8Λ2 − 3𝑄2𝑟(402𝑀 − 153𝑟+ 70𝑟3Λ)
)]

Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) = 𝑟2 sin2 𝜃

− 1 

72𝑟6
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

(
450𝑄4 + 9𝑀(67𝑀 − 34𝑟)𝑟2

+ 3(70𝑀 − 17𝑟)𝑟5Λ + 16𝑟8Λ2 − 3𝑄2𝑟(402𝑀 − 153𝑟+ 70𝑟3Λ)
)
sin2 𝜃

]
Θ2 +(Θ3).

B.5. (𝑟, 𝜃) twist

The components of the NC-corrected Reissner-Nordström de-Sitter metric are obtained by substituting (B.3) in (114) and are given 
by

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)

+
(
126𝑄4 + 9𝑀(11𝑀 − 4𝑟)𝑟2 + 3𝑟5(2𝑀 + 𝑟)Λ − 4𝑟8Λ2 − 9𝑄2𝑟(30𝑀 − 9𝑟+ 2𝑟3Λ)

)
18𝑟6

Θ2

+(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+

(
9
(
2𝑄4 +𝑀(3𝑀 − 2𝑟)𝑟2 + 3𝑄2𝑟(−2𝑀 + 𝑟)

)
− 3𝑟4

(
6𝑄2 + 𝑟(−6𝑀 + 𝑟)

)
Λ
)

2
(
−3𝑟

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟5Λ

)2 Θ2

+(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
1 

48𝑟2
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
−513𝑄4 − 9𝑟2(64𝑀2 − 32𝑀𝑟+ 𝑟2)

+ 6𝑟5(−56𝑀 + 23𝑟)Λ − 49𝑟8Λ2 + 54𝑄2𝑟(24𝑀 − 9𝑟+ 5𝑟3Λ)
]
Θ2 +(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃 +Θ2

[
5 
16

cos2 𝜃 − sin2 𝜃 
−36𝑟2

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 12𝑟6Λ

(
36𝑄4

+ 9𝑟2(2𝑀2 − 4𝑀𝑟+ 𝑟2) + 3(8𝑀 − 5𝑟)𝑟5Λ + 8𝑟8Λ2 − 3𝑄2𝑟(24𝑀 − 15𝑟+ 4𝑟3Λ)

)]
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+(Θ3).

B.6. (𝑟,𝜑) twist

The NC-corrected Reissner-Nordström de-Sitter metric components under the (𝑟,𝜑) twist are obtained by substituting (B.3) in 
(122),

𝑔̂00 (𝑥,Θ) = −
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)
+ 1 

18𝑟6

[
126𝑄4 + 9𝑀(11𝑀 − 4𝑟)𝑟2

+ 3𝑟5(2𝑀 + 𝑟)Λ − 4𝑟8Λ2 − 9𝑄2𝑟(30𝑀 − 9𝑟+ 2𝑟3Λ)

]
sin2 𝜃Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
1 − 2𝑀

𝑟 
+ 𝑄2

𝑟2
− Λ

3 
𝑟2
)−1

+ 1 

2
(
−3𝑟

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟5Λ

)2

[
3
(
6𝑄4 + 3𝑀(3𝑀 − 2𝑟)𝑟2

+ 9𝑄2𝑟(−2𝑀 + 𝑟) − 𝑟4
(
6𝑄2 + 𝑟(−6𝑀 + 𝑟)

)
Λ
)
sin2 𝜃

]
Θ2 +(Θ3),

𝑔̂12 (𝑥,Θ) =𝑔̂21 (𝑥,Θ) =
(−6𝑄2 + 3𝑀𝑟+ 2𝑟4Λ) cos𝜃 sin𝜃
24𝑟

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
− 8𝑟5Λ 

Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
1 
48

[
3cos2 𝜃 − 1 

−3𝑟2
(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟6Λ

(
12𝑟2(3𝑄2 − 3𝑀𝑟+ 𝑟4Λ)

+ 8
(
9
(
2𝑄4 +𝑀2𝑟2 +𝑄2𝑟(−4𝑀 + 𝑟)

)
− 3𝑟4

(
2𝑄2 + 𝑟(−4𝑀 + 3𝑟)

)
Λ+ 4𝑟8Λ2

)
sin2 𝜃

)]
Θ2

+(Θ3),

𝑔̂33 (𝑥,Θ) =𝑟2 sin2 𝜃

− 1 

48𝑟2
(
−3

(
𝑄2 + 𝑟(−2𝑀 + 𝑟)

)
+ 𝑟4Λ

)[
9𝑟2

(
5𝑄2 + 𝑟(−6𝑀 + 𝑟+ 𝑟3Λ)

)
cos2 𝜃 sin2 𝜃

+
(
513𝑄4 + 9𝑟2(64𝑀2 − 32𝑀𝑟+ 𝑟2) + 6(56𝑀 − 23𝑟)𝑟5Λ + 49𝑟8Λ2

− 54𝑄2𝑟(24𝑀 − 9𝑟+ 5𝑟3Λ)
)
sin4 𝜃

]
Θ2 +(Θ3).

Appendix C. Noncommutative corrections to three dimensional nonrotating metric

In this appendix, we provide the NC corrections to the BTZ and charged BTZ black holes resulting from various twists, using 
equations (65) and (67).

C.1. (𝑟,𝜑) twist

For the (𝑟,𝜑) twist the non commutativity the parameter Θ𝜇𝜈 is given by,

Θ𝜇𝜈 =
⎛⎜⎜⎝
0 0 0
0 0 Θ
0 −Θ 0

⎞⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2. (C.1)

This choice produces the following commutation relation between the coordinates:

[𝑟 ⋆, 𝜑] = 𝑖 Θ. (C.2)

The non-zero components of the tetrad 𝑒𝑎
𝜇

are
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𝑒00 =𝐴+ 1
4
(
2𝑟𝐴′ 3 +𝐴2 (𝑟𝐴(3)(𝑟) +𝐴′′)+𝐴𝐴′ (5𝑟𝐴′′ + 2𝐴′))Θ2 +𝑂

(
Θ3) ,

𝑒11 =
1 
𝐴

+ 1
4
𝐴′′Θ2 +𝑂

(
Θ3) ,

𝑒22 = 𝑟+ 1
4
(
3𝑟𝐴′ 2 +𝐴

(
3𝑟𝐴′′ + 2𝐴′))Θ2 +𝑂

(
Θ3) ,

𝑒12 = −1
4
𝑖
(
2𝑟𝐴′ +𝐴

)
Θ+𝑂

(
Θ3) .

(C.3)

The deformed metric 𝑔̂𝜇𝜈(𝑥,Θ) is obtained by using the definition (65). Up to second order in Θ, the metric is diagonal, and the 
non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 +
(
−1
2
𝑟𝐴(3)(𝑟)𝐴3 − 1

2
𝐴3𝐴′′ −𝐴2𝐴′ 2 − 𝑟𝐴𝐴′ 3 − 5

2
𝑟𝐴2𝐴′𝐴′′

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 + 𝐴′′

2𝐴 
Θ2 +𝑂

(
Θ3) ,

𝑔̂22 (𝑥,Θ) = 𝑟2 +
(
3
2
𝑟2𝐴𝐴′′ + 7

4
𝑟2𝐴′ 2 + 5

4
𝑟𝐴𝐴′ + 𝐴2

16 

)
Θ2 +𝑂

(
Θ3) .

(C.4)

C.1.1. BTZ and QBTZ black holes

The QBTZ metric is given by [59,75--78]

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 1 
𝑓 (𝑟)𝑑𝑟

2 + 𝑟2𝑑𝜑2 (C.5)

with the metric function,

𝑓 (𝑟) = −𝑀 + 𝑟2

𝑙2
− 2𝑄2 ln

(
𝑟

𝑙

)
. (C.6)

Here, 𝑀 represents the mass of the black hole, 𝑄 denotes the charge of the black hole, and 𝑙 is the AdS radius. In the limit 𝑄→ 0, 
we recover the BTZ black hole. To derive the NC corrections to the BTZ black hole, we chose

𝐴2 = −𝑀 + 𝑟2

𝑙2
(C.7)

and for the QBTZ black hole

𝐴2 = −𝑀 + 𝑟2

𝑙2
− 2𝑄2 ln

(
𝑟

𝑙

)
(C.8)

in our formalism. The NC corrections to the BTZ black hole due to the (𝑟,𝜑) twist are obtained by substituting (C.7) into (C.4). The 
components of the NC corrected metric are given by,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2

)
+ (𝑙2𝑀 − 4𝑟2)

2𝑙4
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2

)−1
− 𝑙2𝑀 

2(−𝑙2𝑀 + 𝑟2)2
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1 
16

[
−𝑀 + 𝑟2

𝑙2

(
45 + 4𝑟2

−𝑙2𝑀 + 𝑟2

)]
Θ2 +(Θ3).

(C.9)

The NC corrections to the QBTZ black hole due to the (𝑟,𝜑) twist are obtained by substituting equation (C.8) into equation (C.4). 
The components of the NC corrected metric are as follows,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2
+ 2𝑄2 ln

(
𝑟

𝑙

))
,

−
(𝑙𝑄− 𝑟)(𝑙𝑄+ 𝑟)

(
𝑙2(𝑀 −𝑄2) − 4𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))
2𝑙4𝑟2

Θ2 +(Θ3)

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2
− 2𝑄2 ln

(
𝑟

𝑙

))−1

−
𝑙2
(
𝑙2𝑄2(𝑀 +𝑄2) + (𝑀 − 3𝑄2)𝑟2 + 2𝑄2(𝑙2𝑄2 + 𝑟2) log

(
𝑟

𝑙

))
2𝑟2

(
𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))2 Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + 1 
16

[
−𝑀 + 4𝑄2 + 45𝑟2

𝑙2
− 2𝑄2 log

(
𝑟

𝑙

)
− 4(−𝑙2𝑄2 + 𝑟2)2

𝑙4𝑀 − 𝑙2𝑟2 + 2𝑙4𝑄2 log
(
𝑟

𝑙

)]Θ2
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+(Θ3).

C.2. (𝑡, 𝑟) twist

For the (𝑟,𝜑) twist the non commutativity the parameter Θ𝜇𝜈 is given by,

Θ𝜇𝜈 =
⎛⎜⎜⎝

0 Θ 0
−Θ 0 0
0 0 0

⎞⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2. (C.10)

This choice produces the following commutation relation between the coordinates:

[𝑡 ⋆, 𝑟] = 𝑖 Θ. (C.11)

The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴− 1 
16
𝐴
(
12𝐴2𝐴′′ 2 + 20𝐴′ 4 + 12𝐴(3)𝐴2𝐴′ + 69𝐴𝐴′ 2𝐴′′)Θ2 +𝑂

(
Θ3) ,

𝑒11 =
1 
𝐴

+ 1 
16

(
−5𝐴𝐴′′ 2 − 5𝐴(3)𝐴𝐴′ − 17𝐴′ 2𝐴′′)Θ2 +𝑂

(
Θ3) ,

𝑒22 = 𝑟+
(
−𝐴𝐴′ 3 − 17

16
𝐴2𝐴′𝐴′′

)
Θ2 +𝑂

(
Θ3) ,

𝑒01 = −1
4
𝑖Θ𝐴′′ +𝑂

(
Θ3) ,

𝑒10 = −1
4
𝑖𝐴

(
2𝐴𝐴′′ + 3𝐴′ 2)Θ+𝑂

(
Θ3) .

(C.12)

The deformed metric 𝑔̂𝜇𝜈(𝑥,Θ) is obtained by using the definition (65). Up to second order in Θ, the metric is diagonal, and the 
non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 +
(7
4
𝐴4𝐴′′ 2 + 49

16
𝐴2𝐴′ 4 + 3

2
𝐴(3)𝐴4𝐴′ + 75

8 
𝐴3𝐴′ 2𝐴′′

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 +

(
−11
16
𝐴′′ 2 − 5

8
𝐴(3)𝐴′ − 17𝐴′ 2𝐴′′

8𝐴 

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂22 (𝑥,Θ) = 𝑟2 +
(
−2𝑟𝐴𝐴′ 3 − 17

8 
𝑟𝐴2𝐴′𝐴′′

)
Θ2 +𝑂

(
Θ3) .

(C.13)

C.2.1. BTZ black hole

The NC corrections to the BTZ black hole due to the (𝑡, 𝑟) twist are obtained by substituting (C.7) in (C.13). The NC corrected 
metric components are given by,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2

)
− (28𝑙4𝑀2 − 78𝑙2𝑀𝑟2 + 49𝑟4)

16𝑙6
(
𝑙2𝑀 − 𝑟2

) Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2

)−1
+ 𝑀(11𝑙2𝑀 − 4𝑟2)

16(𝑙2𝑀 − 𝑟2)3
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 − 1 
8𝑙4

(
17𝑟2 + 𝑟4

𝑙2𝑀 − 𝑟2

)
Θ2 +(Θ3).

(C.14)

C.2.2. QBTZ black hole

The NC corrections to the QBTZ black hole due to the (𝑡, 𝑟) twist are obtained by substituting (C.8) in (C.13). The NC corrected 
metric components are given by,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2
+ 2𝑄2 ln

(
𝑟

𝑙

))
+ 1 

16𝑙6𝑟4

[
2
(
𝑙6(−38𝑀𝑄4 + 11𝑄6) + 𝑙4𝑄2(−4𝑀 + 27𝑄2)𝑟2

− 7𝑙2(2𝑀 +𝑄2)𝑟4 + 25𝑟6
)
− 8(19𝑙6𝑄6 + 2𝑙4𝑄4𝑟2 + 7𝑙2𝑄2𝑟4) log

(
𝑟

𝑙

)
+ (−𝑙2𝑄2 + 𝑟2)4

𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log
(
𝑟

𝑙

)]
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2
− 2𝑄2 ln

(
𝑟

𝑙

))−1
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+ 1 

16𝑙2𝑟4
(
𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))3
[
7(−𝑙2𝑄2 + 𝑟2)4

+ 18(−𝑙2𝑄2 + 𝑟2)2(𝑙2𝑄2 + 𝑟2)
(
𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))
+ (31𝑙4𝑄4 + 2𝑙2𝑄2𝑟2 + 11𝑟4)

(
𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))2
]
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 +
8𝑙4𝑟2

[
(𝑙𝑄− 𝑟)(𝑙𝑄+ 𝑟)

(
17(𝑙2𝑄2 + 𝑟2) + (−𝑙2𝑄2 + 𝑟2)2

𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log
(
𝑟

𝑙

))]
Θ2 +(Θ3).

C.3. (𝑡,𝜑) twist

For the (𝑡,𝜑) twist the non commutativity the parameter Θ𝜇𝜈 is given by,

Θ𝜇𝜈 =
⎛⎜⎜⎝

0 0 Θ
0 0 0
−Θ 0 0

⎞⎟⎟⎠ , 𝜇, 𝜈 = 0,1,2. (C.15)

This choice produces the following commutation relation between the coordinates:

[𝑡 ⋆, 𝜑] = 𝑖 Θ. (C.16)

The non-zero components of the tetrad 𝑒𝑎
𝜇

are

𝑒00 =𝐴− 1 
16

(
𝐴4𝐴′ 2 (𝐴− 2𝑟𝐴′))Θ2 +𝑂

(
Θ3) ,

𝑒11 =
1 
𝐴

+ 1
8
𝐴2 (𝐴(

𝐴− 2𝑟𝐴′)𝐴′′ −𝐴′ 2 (𝑟𝐴′ +𝐴
))

Θ2 +𝑂
(
Θ3) ,

𝑒22 = 𝑟+ 1 
16
𝐴4𝐴′ (2𝐴− 𝑟𝐴′)Θ2 +𝑂

(
Θ3) ,

𝑒02 = −1
4
𝑖𝑟𝐴2𝐴′Θ +𝑂

(
Θ3) ,

𝑒20 = −1
4
𝑖𝐴3𝐴′Θ +𝑂

(
Θ3) .

(C.17)

The deformed metric 𝑔̂𝜇𝜈(𝑥,Θ) is obtained by using the definition (65). Up to second order in Θ, the metric is diagonal, and the 
non-zero components are

𝑔̂00 (𝑥,Θ) = −𝐴2 +
( 3 
16
𝐴6𝐴′ 2 − 1

4
𝑟𝐴5𝐴′ 3

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂11 (𝑥,Θ) =
1 
𝐴2 +

(1
4
𝐴3𝐴′′ − 1

4
𝐴2𝐴′ 2 − 1

4
𝑟𝐴𝐴′ 3 − 1

2
𝑟𝐴2𝐴′𝐴′′

)
Θ2 +𝑂

(
Θ3) ,

𝑔̂22 (𝑥,Θ) = 𝑟2 +
(1
4
𝑟𝐴5𝐴′ − 3 

16
𝑟2𝐴4𝐴′ 2

)
Θ2 +𝑂

(
Θ3) .

(C.18)

C.3.1. BTZ black hole

The NC corrections to the BTZ black hole due to the (𝑡,𝜑) twist are obtained by substituting (C.7) in (C.18). The NC corrected 
metric components are given by,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2

)
+ 𝑟2(𝑙2𝑀 − 𝑟2)(3𝑙2𝑀 + 𝑟2)

16𝑙8
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2

)−1
+ 1

4

(
−2𝑟2

𝑙4
+ 𝑀2

−𝑙2𝑀 + 𝑟2

)
Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) = 𝑟2 + (4𝑙4𝑀2𝑟2 − 5𝑙2𝑀𝑟4 + 𝑟6)
16𝑙6

Θ2 +(Θ3).

(C.19)

C.3.2. QBTZ black hole

The NC corrections to the QBTZ black hole due to the (𝑡, 𝑟) twist are obtained by substituting (C.8) in (C.18). The NC corrected 
metric components are given by,

𝑔̂00 (𝑥,Θ) =
(
𝑀 − 𝑟2

𝑙2
+ 2𝑄2 ln

(
𝑟

𝑙

))
+ 1 

16𝑙8𝑟2

[
(−𝑙2𝑄2 + 𝑟2)2

(
𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log

(
𝑟

𝑙

))



Nuclear Physics, Section B 1017 (2025) 116950

32

T. Jurić, A. Naveena Kumara and F. Požar 

×
(
𝑙2(3𝑀 − 4𝑄2) + 𝑟2 + 6𝑙2𝑄2 log

(
𝑟

𝑙

))]
Θ2 +(Θ3),

𝑔̂11 (𝑥,Θ) =
(
−𝑀 + 𝑟2

𝑙2
− 2𝑄2 ln

(
𝑟

𝑙

))−1
− 1 

4𝑙4𝑟2

[
𝑙4𝑀𝑄2 + 𝑙2(𝑀 − 5𝑄2)𝑟2 + 3𝑟4

+ 2𝑙2𝑄2(𝑙2𝑄2 + 𝑟2) log
(
𝑟

𝑙

)
− (𝑙2𝑄2 − 𝑟2)3

𝑙2𝑀 − 𝑟2 + 2𝑙2𝑄2 log
(
𝑟

𝑙

)]Θ2 +(Θ3),

𝑔̂22 (𝑥,Θ) =𝑟2 +
1 

16𝑙6

[(
𝑟2 − 𝑙2𝑄2)(𝑙2 (3𝑄2 − 4𝑀

)
− 8𝑙2𝑄2 log

(
𝑟

𝑙

)
+ 𝑟2

)
×
(
𝑙2(−𝑀) − 2𝑙2𝑄2 log

(
𝑟

𝑙

)
+ 𝑟2

)]
Θ2 +𝑂

(
Θ3) .

Data availability

No data was used for the research described in the article.

References

[1] LIGO Scientific, Virgo collaboration, Observation of gravitational waves from a binary black hole merger, Phys. Rev. Lett. 116 (2016) 061102, arXiv:1602.03837.
[2] LIGO Scientific, Virgo collaboration, Tests of general relativity with GW150914, Phys. Rev. Lett. 116 (2016) 221101, arXiv:1602.03841.
[3] LIGO Scientific, Virgo collaboration, GW151226: observation of gravitational waves from a 22-solar-mass binary black hole coalescence, Phys. Rev. Lett. 116 

(2016) 241103, arXiv:1606.04855.
[4] Event Horizon Telescope collaboration, First M87 event horizon telescope results. IV. Imaging the central supermassive black hole, Astrophys. J. Lett. 875 (2019) 

L4, arXiv:1906.11241.
[5] Event Horizon Telescope collaboration, First M87 event horizon telescope results. I. The shadow of the supermassive black hole, Astrophys. J. 875 (2019) L1, 

arXiv:1906.11238.
[6] Event Horizon Telescope collaboration, First M87 Event Horizon Telescope Results. V. Physical Origin of the Asymmetric Ring, Astrophys. J. Lett. 875 (2019) 

L5, arXiv:1906.11242.
[7] Event Horizon Telescope collaboration, First Sagittarius A* event horizon telescope results. I. The shadow of the supermassive black hole in the center of the 

Milky Way, Astrophys. J. Lett. 930 (2022) L12, arXiv:2311.08680.
[8] Event Horizon Telescope collaboration, First Sagittarius A* event horizon telescope results. VI. Testing the black hole metric, Astrophys. J. Lett. 930 (2022) L17, 

arXiv:2311.09484.
[9] S. Vagnozzi, et al., Horizon-scale tests of gravity theories and fundamental physics from the event horizon telescope image of Sagittarius A, Class. Quantum 

Gravity 40 (2023) 165007, arXiv:2205.07787.
[10] R. Utiyama, Invariant theoretical interpretation of interaction, Phys. Rev. 101 (1956) 1597.
[11] T.W.B. Kibble, Lorentz invariance and the gravitational field, J. Math. Phys. 2 (1961) 212.
[12] K.S. Stelle, P.C. West, Spontaneously broken de Sitter symmetry and the gravitational holonomy group, Phys. Rev. D 21 (1980) 1466.
[13] S.W. MacDowell, F. Mansouri, Unified geometric theory of gravity and supergravity, Phys. Rev. Lett. 38 (1977) 739.
[14] E.A. Ivanov, J. Niederle, Gauge formulation of gravitation theories. 1. The Poincare, de Sitter and conformal cases, Phys. Rev. D 25 (1982) 976.
[15] E.A. Ivanov, J. Niederle, Gauge formulation of gravitation theories. 2. The special conformal case, Phys. Rev. D 25 (1982) 988.
[16] M. Kaku, P.K. Townsend, P. van Nieuwenhuizen, Gauge theory of the conformal and superconformal group, Phys. Lett. B 69 (1977) 304.
[17] E.S. Fradkin, A.A. Tseytlin, Conformal supergravity, Phys. Rep. 119 (1985) 233.
[18] A.H. Chamseddine, P.C. West, Supergravity as a gauge theory of supersymmetry, Nucl. Phys. B 129 (1977) 39.
[19] A.H. Chamseddine, Applications of the gauge principle to gravitational interactions, Int. J. Geom. Methods Mod. Phys. 3 (2006) 149, arXiv:hep-th/0511074.
[20] G. Manolakos, P. Manousselis, G. Zoupanos, Four-dimensional gravity on a covariant noncommutative space, J. High Energy Phys. 08 (2020) 001, arXiv:

1902.10922.
[21] H. Weyl, Space, Time, Matter, Dover Books on Advanced Mathematics. Dover Publications, 1952.
[22] E. Cartan, A. Mercier, The Theory of Spinors, Dover Books on Mathematics. Dover Publications, 1981.
[23] A. Ashtekar, New Hamiltonian formulation of general relativity, Phys. Rev. D 36 (1987) 1587.
[24] L. Smolin, An invitation to loop quantum gravity, in: 3rd International Symposium on Quantum Theory and Symmetries, 8.2004, pp. 655--682, arXiv:hep-th/

0408048.
[25] D.Z. Freedman, A. Van Proeyen, Supergravity, vol. 5, Cambridge Univ. Press, Cambridge, UK, 5.2012.
[26] H.S. Snyder, Quantized space-time, Phys. Rev. 71 (1947) 38.
[27] A. Connes, M.R. Douglas, A.S. Schwarz, Noncommutative geometry and matrix theory: compactification on tori, J. High Energy Phys. 02 (1998) 003, arXiv:

hep-th/9711162.
[28] M.R. Douglas, C.M. Hull, D-branes and the noncommutative torus, J. High Energy Phys. 02 (1998) 008, arXiv:hep-th/9711165.
[29] Y.-K.E. Cheung, M. Krogh, Noncommutative geometry from 0-branes in a background B field, Nucl. Phys. B 528 (1998) 185, arXiv:hep-th/9803031.
[30] C.-S. Chu, P.-M. Ho, Noncommutative open string and D-brane, Nucl. Phys. B 550 (1999) 151, arXiv:hep-th/9812219.
[31] V. Schomerus, D-branes and deformation quantization, J. High Energy Phys. 06 (1999) 030, arXiv:hep-th/9903205.
[32] F. Ardalan, H. Arfaei, M.M. Sheikh-Jabbari, Noncommutative geometry from strings and branes, J. High Energy Phys. 02 (1999) 016, arXiv:hep-th/9810072.
[33] N. Seiberg, E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032, arXiv:hep-th/9908142.
[34] R. Banerjee, P. Mukherjee, S. Samanta, Lie algebraic noncommutative gravity, Phys. Rev. D 75 (2007) 125020, arXiv:hep-th/0703128.
[35] A.H. Chamseddine, Deforming Einstein’s gravity, Phys. Lett. B 504 (2001) 33, arXiv:hep-th/0009153.
[36] M. Chaichian, M.R. Setare, A. Tureanu, G. Zet, On black holes and cosmological constant in noncommutative gauge theory of gravity, J. High Energy Phys. 04 

(2008) 064, arXiv:0711.4546.
[37] M. Chaichian, A. Tureanu, G. Zet, Corrections to Schwarzschild solution in noncommutative gauge theory of gravity, Phys. Lett. B 660 (2008) 573, arXiv:

0710.2075.

http://refhub.elsevier.com/S0550-3213(25)00159-2/bib596EACE5D441A2B2FC6BFD28DCBDB213s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib13BED74528BA6DA309EB87A753E02B35s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibF335565E538320D1C703A67130E2CA00s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibF335565E538320D1C703A67130E2CA00s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib55A4AF3240E37CADBA451FD76C95FAFAs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib55A4AF3240E37CADBA451FD76C95FAFAs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib50B2082F20350CD0A8827B70645A6258s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib50B2082F20350CD0A8827B70645A6258s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib63613B8B5CE60FEBA94CAD214A4FB4B4s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib63613B8B5CE60FEBA94CAD214A4FB4B4s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibCB959016A484D7984994BAEDFB60B98Cs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibCB959016A484D7984994BAEDFB60B98Cs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibF7D4402C4428C50670D4A811F1238A43s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibF7D4402C4428C50670D4A811F1238A43s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8F75E21BA4E1729BB24D9266695D2B0As1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8F75E21BA4E1729BB24D9266695D2B0As1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib9BD3ED1B351F45DB2335A4196378C087s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD5F0328DF58EE6606AF559C42513FB0Ds1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib0B75A6C9DE76AB240BB61246A3F57E83s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib9FBBB459EA9F89C69A3662A055758325s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib34D9FEC545F4201B07700D5CEA40E461s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib750EC9D4F771D0EC4D00B47F6DEB7529s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD4121AD108BAA4E86D60EFF10BB571C2s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib12C6E3922A40AB8DFC7EFE574955D088s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibC418794495D379C7066C1326C5139B3Es1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib65F79F9F1B256B7231C3FF7F0B47C739s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibDEF1C9689A2A8682F76DA262E9BB943Bs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibDEF1C9689A2A8682F76DA262E9BB943Bs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibE4A0BDDD564FDFEB0E87EF6AA11421D0s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibBA76D204F36A0367B7C9A3F4D69BEC2Fs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib5B51F2B8A4095883F6AA601A609315DEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2C727832477620092C3CB8CA36013957s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2C727832477620092C3CB8CA36013957s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib94CAF560C30D87ED73442A87EF154C5Bs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibDC70D3E536BBB569653C55A9BAB708EDs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib83FD610EFA165073DFC1C549060FEF81s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib83FD610EFA165073DFC1C549060FEF81s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib85224F5147CEC100C4643D1926F183EFs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib1BC737CC3965C63D368116BFD0B60686s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib16EBF59AE6FA2B87970F0FCDCF49B639s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib27349426630FBFC5BC61FF1C2903DB26s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib7E3E139094914CE861A98348C9DB9A87s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib3CA188A68848070FE40DCFA63E7E0548s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8FB02A1313199E5081D518914D9442ABs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8A4C444683CF368D126CBE02011A3438s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibBBF45C20D20D04C6C08DE4C91D62EC07s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibBBF45C20D20D04C6C08DE4C91D62EC07s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib3EC2A9FBF2986CD1109B85CB52125EA9s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib3EC2A9FBF2986CD1109B85CB52125EA9s1


Nuclear Physics, Section B 1017 (2025) 116950

33

T. Jurić, A. Naveena Kumara and F. Požar 

[38] P. Mukherjee, A. Saha, Deformed Reissner-Nordstrom solutions in noncommutative gravity, Phys. Rev. D 77 (2008) 064014, arXiv:0710.5847.
[39] R. Linares, M. Maceda, O. Sánchez-Santos, Thermodynamical properties of a noncommutative anti–de Sitter–Einstein-Born-Infeld spacetime from gauge theory 

of gravity, Phys. Rev. D 101 (2020) 044008, arXiv:1909.08001.
[40] A. Touati, S. Zaim, Schwarzschild black hole surrounded by a cavity and phase transition in the non-commutative gauge theory of gravity, Astropart. Phys. 161 

(2024) 102988, arXiv:2311.12186.
[41] A. Touati, S. Zaim, Quantum tunneling from Schwarzschild black hole in non-commutative gauge theory of gravity, Phys. Lett. B 848 (2024) 138335, arXiv:

2310.02445.
[42] A. Touati, S. Zaim, On modified first law of black hole thermodynamics in the non-commutative gauge theory, arXiv:2205.13052.
[43] A. Touati, S. Zaim, Thermodynamic properties of Schwarzschild black hole in non-commutative gauge theory of gravity, Ann. Phys. 455 (2023) 169394, arXiv:

2204.01901.
[44] A. Touati, S. Zaim, Geodesic equation in non-commutative gauge theory of gravity*, Chin. Phys. C 46 (2022) 105101, arXiv:2112.01558.
[45] Y. Zhao, Y. Cai, S. Das, G. Lambiase, E.N. Saridakis, E.C. Vagenas, Quasinormal modes in noncommutative Schwarzschild black holes, arXiv:2301.09147.
[46] N. Heidari, H. Hassanabadi, A.A.A. Filho, J. Kuríuz, Exploring non–commutativity as a perturbation in the Schwarzschild black hole: quasinormal modes, 

scattering, and shadows, arXiv:2308.03284.
[47] N. Heidari, H. Hassanabadi, A.A.A. Filho, J. Kriz, S. Zare, P.J. Porfirio, Gravitational signatures of a non-commutative stable black hole, Phys. Dark Universe 43 

(2024) 101382, arXiv:2305.06838.
[48] A. Touati, Z. Slimane, Lyapunov exponents and geodesic stability of Schwarzschild black hole in the non-commutative gauge theory of gravity, arXiv:2405.01743.
[49] A.A. Araújo Filho, N. Heidari, A. Övgün, Axisymmetric black hole in a non-commutative gauge theory: classical and quantum gravity effects, arXiv:2502.12039.
[50] G. Zet, V. Manta, S. Babeti, de Sitter gauge theory of gravitation, Int. J. Mod. Phys. C 14 (2003) 41.
[51] G. Zet, V. Manta, S. Oancea, I. Radinschi, B. Ciobanu, A computer aided study of de-sitter gauge theory of gravitation, Math. Comput. Model. 43 (2006) 458.
[52] C. Wiesendanger, A Poincare gauge theory of gravitation in Minkowski space-time, in: International School of Cosmology and Gravitation: 14th Course: Quantum 

Gravity, 5.1995, pp. 366--381, arXiv:gr-qc/9604043.
[53] K. Hersent, P. Mathieu, J.-C. Wallet, Gauge theories on quantum spaces, Phys. Rep. 1014 (2023) 1, arXiv:2210.11890.
[54] M.D. Ćirić, N. Konjik, A. Samsarov, Noncommutative scalar quasinormal modes of the Reissner–Nordström black hole, Class. Quantum Gravity 35 (2018) 175005, 

arXiv:1708.04066.
[55] M. Dimitrijevic Ciric, N. Konjik, M.A. Kurkov, F. Lizzi, P. Vitale, Noncommutative field theory from angular twist, Phys. Rev. D 98 (2018) 085011, arXiv:

1806.06678.
[56] M. Dimitrijević Ćirić, N. Konjik, A. Samsarov, Noncommutative scalar field in the nonextremal Reissner-Nordström background: quasinormal mode spectrum, 

Phys. Rev. D 101 (2020) 116009, arXiv:1904.04053.
[57] K.S. Gupta, T. Jurić, A. Samsarov, I. Smolić, Noncommutativity and logarithmic correction to the black hole entropy, J. High Energy Phys. 02 (2023) 060, 

arXiv:2209.07168.
[58] N. Herceg, T. Jurić, A. Samsarov, I. Smolić, Metric perturbations in noncommutative gravity, J. High Energy Phys. 06 (2024) 130, arXiv:2310.06038.
[59] T. Jurić, F. Požar, Noncommutative correction to the entropy of charged BTZ black hole, Symmetry 15 (2023) 417, arXiv:2212.06496.
[60] A. Hrelja, T. Jurić, F. Požar, Entropy of black holes, charged probes and noncommutative generalization, arXiv:2407.13233.
[61] B. Carter, Republication of: black hole equilibrium states, Gen. Relativ. Gravit. 41 (2009) 2873.
[62] S.M. Carroll, Spacetime and Geometry: An Introduction to General Relativity, vol. 7, Cambridge University Press, 7.2019.
[63] R.M. Wald, The thermodynamics of black holes, Living Rev. Relativ. 4 (2001) 6, arXiv:gr-qc/9912119.
[64] S.W. Hawking, G.F.R. Ellis, The Large Scale Structure of Space-Time, Cambridge Monographs on Mathematical Physics, Cambridge University Press, 2.2023.
[65] D. Sudarsky, R.M. Wald, Extrema of mass, stationarity, and staticity, and solutions to the Einstein Yang-Mills equations, Phys. Rev. D 46 (1992) 1453.
[66] D. Wang, R.B. Zhang, X. Zhang, Quantum deformations of Schwarzschild and Schwarzschild-de Sitter spacetimes, Class. Quantum Gravity 26 (2009) 085014, 

arXiv:0809.0614.
[67] W. Sun, D. Wang, N. Xie, R.B. Zhang, X. Zhang, Gravitational collapse of spherically symmetric stars in noncommutative general relativity, Eur. Phys. J. C 69 

(2010) 271, arXiv:0910.2777.
[68] N. Herceg, T. Jurić, A. Samsarov, I. Smolić, K.S. Gupta, Gravitational probe of quantum spacetime, Phys. Lett. B 854 (2024) 138716, arXiv:2310.06018.
[69] M.A. Anacleto, F.A. Brito, B.R. Carvalho, E. Passos, Noncommutative correction to the entropy of BTZ black hole with GUP, Adv. High Energy Phys. 2021 (2021) 

6633684, arXiv:2010.09703.
[70] M.A. Anacleto, F.A. Brito, S.S. Cruz, E. Passos, Noncommutative correction to the entropy of Schwarzschild black hole with GUP, Int. J. Mod. Phys. A 36 (2021) 

2150028, arXiv:2010.10366.
[71] M.A. Anacleto, F.A. Brito, A.G. Cavalcanti, E. Passos, J. Spinelly, Quantum correction to the entropy of noncommutative BTZ black hole, Gen. Relativ. Gravit. 

50 (2018) 23, arXiv:1510.08444.
[72] J.C. Sagar, R. Karthik, K. Hegde, K.M. Ajith, S. Punacha, A.N. Kumara, Perturbations of black holes surrounded by anisotropic matter field, Phys. Rev. D 111 

(2025) 064034, arXiv:2411.11629.
[73] J.A.V. Campos, M.A. Anacleto, F.A. Brito, E. Passos, Quasinormal modes and shadow of noncommutative black hole, Sci. Rep. 12 (2022) 8516, arXiv:2103.10659.
[74] M.A. Anacleto, F.A. Brito, J.A.V. Campos, E. Passos, Absorption and scattering of a noncommutative black hole, Phys. Lett. B 803 (2020) 135334, arXiv:

1907.13107.
[75] S. Carlip, The (2+1)-dimensional black hole, Class. Quantum Gravity 12 (1995) 2853, arXiv:gr-qc/9506079.
[76] C. Martinez, C. Teitelboim, J. Zanelli, Charged rotating black hole in three space-time dimensions, Phys. Rev. D 61 (2000) 104013, arXiv:hep-th/9912259.
[77] G. Clement, Spinning charged BTZ black holes and selfdual particle - like solutions, Phys. Lett. B 367 (1996) 70, arXiv:gr-qc/9510025.
[78] O. Unver, O. Gurtug, Quantum singularities in (2+1) dimensional matter coupled black hole spacetimes, Phys. Rev. D 82 (2010) 084016, arXiv:1004.2572.

http://refhub.elsevier.com/S0550-3213(25)00159-2/bibC378BE942886B88D7029D3395633ABAEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib619BE3569C8ED29E4FB9A89C952E6C82s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib619BE3569C8ED29E4FB9A89C952E6C82s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibA0A2FC73CA885F6348A159A28F687F44s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibA0A2FC73CA885F6348A159A28F687F44s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib08C5D15E0D8861F2A28F0B8EABF0655Es1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib08C5D15E0D8861F2A28F0B8EABF0655Es1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibB68584DF40BF25C8EA45F8C99B14E722s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibAD2159C387EEF7D20C67A4E61454C5FAs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibAD2159C387EEF7D20C67A4E61454C5FAs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibAA95E9D3A1188A1754F9B7C802C24C36s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib5D8B36175E69DC7D24D2B671411F4143s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibE217C4131FBE621361934EBB406C939As1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibE217C4131FBE621361934EBB406C939As1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib3F92AC79126E2D20694CB9CF871D505Cs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib3F92AC79126E2D20694CB9CF871D505Cs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibC63515FFD886260980F0BC5F66EAB8B5s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib4EF405CAED1A7482C26A91A8374B6F5Bs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib6BF11CD67E227AC7586D2038546EB9FBs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2A1658AE61D5DB443ACE8544FED8BE34s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib380EF6CAB69B61E50622EF3ED4B101F1s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib380EF6CAB69B61E50622EF3ED4B101F1s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibDD41EDD54DBDD93982CD880F9829EFCBs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD7937EB49331E283BBC38B8FF80F0E3Fs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD7937EB49331E283BBC38B8FF80F0E3Fs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2FF5F9A969A4A872B14CA8DD6616950Es1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2FF5F9A969A4A872B14CA8DD6616950Es1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibA2A65581F2B85969B85A10640FAB7714s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibA2A65581F2B85969B85A10640FAB7714s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD20915DB356437B230070410B55833FEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD20915DB356437B230070410B55833FEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibD298E0DE1910D068B0F6DE7AB1994813s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib4283A43408AE987D176308618E293015s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib0E4121E4F074B4B6076AF7A8F72CBF82s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib7713B252FFF7BD6CB294DFFA789D612Bs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib2250A8A8C3178FEC124B9F2C9870247Fs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib95EEC2327D9E9EFBEBAC80FD35749F36s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib4C9807CB81A45966B93FDFAC31A3DA88s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib5ED031862622537637E43BF776805E8Cs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib7EDF531E46395B04D41E64D699D294D9s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib7EDF531E46395B04D41E64D699D294D9s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib6EB8E43DF3C1A60B290DBFFE6CE06434s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib6EB8E43DF3C1A60B290DBFFE6CE06434s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib1C80EC0D2ADBD884E64217AEC89D5B72s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib045FB93356588F7A3FB3689D0C4372DEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib045FB93356588F7A3FB3689D0C4372DEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib4725795B3A40660A3B0106B771C7A9EEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib4725795B3A40660A3B0106B771C7A9EEs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibE7D227C4FC05750CBF68F26416BDC2B4s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibE7D227C4FC05750CBF68F26416BDC2B4s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib12AB5F0960ECD3860B7B756C41C79D49s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib12AB5F0960ECD3860B7B756C41C79D49s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib0569A1BBFF5CD495D88D66AF2E37558Fs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8753D8AA5DC3FA2C365B006C5913E8BFs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib8753D8AA5DC3FA2C365B006C5913E8BFs1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibA1F0CEF50021972CB0A874AE1B4AEAE3s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib9F0DF35702504AEB8D64CDA4810D1662s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bib89212DC28851B453D8268D1823E5B2A8s1
http://refhub.elsevier.com/S0550-3213(25)00159-2/bibF8C218B242D25FD5CC684001850BB6C3s1

	Constructing noncommutative black holes
	1 Introduction
	2 (Commutative) de Sitter theory to Poincaré gauge theory
	3 Noncommutative Poincare gauge theory of gravity
	3.1 Correction to tetrads
	3.2 Inverse NC tetrads
	3.3 Correction to spin connection
	3.4 Correction to field tensor
	3.5 NC scalar curvature

	4 Noncommutative corrections to Schwarzschild metric
	4.1 (t,φ) twist
	4.2 (t,θ) twist
	4.3 (θ,φ) twist
	4.4 (t,r) twist
	4.5 (r,θ) twist
	4.6 (r,φ) twist

	5 Final remarks
	Declaration of competing interest
	Acknowledgement
	Appendix A Noncommutative corrections to Reissner-Nordström metric
	A.1 The (t,φ) twist
	A.2 (t,θ) twist
	A.3 (θ,φ) twist
	A.4 (t,r) twist
	A.5 (r,θ) twist
	A.6 (r,φ) twist

	Appendix B Noncommutative corrections to Reissner-Nordström de-Sitter metric
	B.1 The (t,φ) twist
	B.2 (t,θ) twist
	B.3 (θ,φ) twist
	B.4 (t,r) twist
	B.5 (r,θ) twist
	B.6 (r,φ) twist

	Appendix C Noncommutative corrections to three dimensional nonrotating metric
	C.1 (r,φ) twist
	C.1.1 BTZ and QBTZ black holes

	C.2 (t,r) twist
	C.2.1 BTZ black hole
	C.2.2 QBTZ black hole

	C.3 (t,φ) twist
	C.3.1 BTZ black hole
	C.3.2 QBTZ black hole


	Data availability
	References


