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Editor: Betram Blank Properties of the nuclear equation of state (EoS) can be probed by measuring the dynamical properties of 
nucleus-nucleus collisions. In this study, we present the directed flow (𝑣1), elliptic flow (𝑣2) and stopping 
(VarXZ) measured in fixed target Sn + Sn collisions at 270AMeV with the S𝜋RIT Time Projection Chamber. We 
perform Bayesian analyses in which EoS parameters are varied simultaneously within the Improved Quantum 
Molecular Dynamics-Skyrme (ImQMD-Sky) transport code to obtain a multivariate correlated constraint. The 
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varied parameters include symmetry energy, 𝑆0, and slope of the symmetry energy, 𝐿, at saturation density, 
isoscalar effective mass, 𝑚∗

𝑠
∕𝑚𝑁 , isovector effective mass, 𝑚∗

𝑣
∕𝑚𝑁 and the in-medium cross-section enhancement 

factor 𝜂. We find that the flow and VarXZ observables are sensitive to the splitting of proton and neutron effective 
masses and the in-medium cross-section. Comparisons of ImQMD-Sky predictions to the S𝜋RIT data suggest a 
narrow range of preferred values for 𝑚∗

𝑠
∕𝑚𝑁 , 𝑚∗

𝑣
∕𝑚𝑁 and 𝜂.
1. Introduction

Nuclear matter is a significant component of neutron stars, and un-

derstanding its properties can elucidate many features of these celestial 
objects. Calculating the properties of both nuclear matter and neutron 
stars requires extensive knowledge of the nuclear equation of state 
(EoS), which describes the dependence of nuclear-matter internal en-

ergy on various state variables. Progress in understanding nuclear EoS 
has been achieved through heavy ion collisions [1–3] and multimessen-

ger astronomical observations of neutron stars [4–18]. In this paper, we 
present new experimental results on flow and stopping measurements 
from the S𝜋RIT heavy ion collision experiment. Multiple observables 
are analyzed simultaneously using Bayesian inference to investigate cor-

relations between various EoS parameters.

This paper is organized as follows: Section 2 provides a brief 
overview of the nuclear EoS and relevant parameters. This is followed 
by a discussion of the experimental setup and the selection of observ-

ables in Section 3. The transport model and Bayesian inference are 
discussed in Section 4. The experimental measurements and posterior 
constraints on EoS parameters are reported in Section 5, and finally, a 
summary is given in Section 6.

2. Nuclear equation of state

Nuclear EoS is a function of baryon number density 𝜌 and asymme-

try 𝛿 = (𝜌𝑛 − 𝜌𝑝)∕𝜌, where 𝛿 represents the difference in neutron (𝜌𝑛) 
and proton (𝜌𝑝) number densities divided by total density 𝜌. We write 
the nuclear EoS as the sum of an isoscalar term 𝐸is(𝜌) and an isovector 
term 𝐸iv(𝜌, 𝛿), i.e. 𝐸(𝜌, 𝛿) = 𝐸is(𝜌, 𝛿)+ 𝐸iv(𝜌, 𝛿). The first term, 𝐸is(𝜌), 
is the energy per nucleon of nuclear matter with equal proton and 
neutron densities (𝜌𝑝 = 𝜌𝑛); it provides the EoS of symmetric nuclear 
matter (SNM). The second term describes how the energy changes as 
a function of neutron-proton asymmetry. It can be approximately writ-

ten as 𝐸iv(𝜌, 𝛿) = 𝑆(𝜌)𝛿2 +(𝛿4), where 𝑆(𝜌) describes the dependence 
of nuclear EoS on neutron excess at different densities and is called the 
symmetry energy term. We truncate the expansion in 𝛿 at second or-

der because the next (fourth) order term in 𝛿 contributes negligibly at 
asymmetries achieved in low energy nuclear collisions [19].

Many current heavy-ion collision efforts have focused on constrain-

ing the first few coefficients in a Taylor expansion of 𝑆(𝜌) around 
saturation density, 𝜌0 = 0.16 fm−3 . Such expansions are commonly pa-

rameterized by,

𝑆(𝜌) = 𝑆0 +𝐿𝑥+ 1
2
𝐾sym𝑥

2 +(𝑥3), (1)

where 𝑥 = (𝜌 − 𝜌0)∕3𝜌0 and 𝑆0, 𝐿 and 𝐾sym are labels given to the 
first three expansion coefficients that describe the energy, slope and 
curvature of the EOS at saturation density, respectively. Similarly, the 
isoscalar term is commonly parameterized as,

𝐸is(𝜌) =𝐸0 +
1
2
𝐾0𝑥

2 +(𝑥3), (2)

where 𝐸0 and 𝐾0 are labels given to the first two non-zero expan-

sion coefficients. From masses and other nuclide properties, the satu-

ration energy for symmetric nuclear matter has been determined to be 
𝐸0 = −15.8 ± 0.5MeV [6]. Experiments that measured Giant Monopole 
resonances suggest that 𝐾0 = 230 ± 30MeV [6].

Theoretical analysis has found that the form of momentum-depen-
2

dent potential also affects 𝑆(𝜌) [20]. This momentum dependence can 
be quantified by ratios of the isoscalar effective mass, 𝑚∗
𝑠 , and isovec-

tor effective mass, 𝑚∗
𝑣 , to the mass of a nucleon, 𝑚𝑁 , in free space. 

The isoscalar effective mass comes from the isoscalar part of the mo-

mentum dependent mean field potential [20]. In asymmetric matter, 
the strength of the neutron and proton effective mass splitting is re-

lated to the momentum dependence of the isovector mean-field poten-

tial. [21–23]. Near 𝜌0, this splitting is related to the isovector effective 
mass 𝑚∗

𝑣∕𝑚𝑁 = 1∕(1 + 𝜅), where 𝜅 is the enhancement factor of the 
Thomas-Reiche-Kuhn sum rule [20,24].

The difference between the proton and neutron effective mass split-

ting, Δ𝑚∗
𝑛𝑝∕𝛿, can be calculated from 𝑚∗

𝑣∕𝑚𝑁 and 𝑚∗
𝑠∕𝑚𝑁 with the 

following formula [25],

Δ𝑚∗
𝑛𝑝

𝛿
≈ −2

(
𝑚𝑁

𝑚∗
𝑠

−
𝑚𝑁

𝑚∗
𝑣

)(
𝑚∗
𝑠

𝑚𝑁

)2
. (3)

Recent measurements and analysis from the S𝜋RIT experiment ob-

tained a two-dimensional constraint on Δ𝑚∗
𝑛𝑝∕𝛿 and 𝐿 through pion 

spectral ratio [15]. The yield ratio of 𝜋− to 𝜋+ 𝑝𝑇 spectra is used to 
derive this constraint because both Δ𝑚∗

𝑛𝑝∕𝛿 and 𝐿 influence the nu-

cleon momenta; 𝐿 quantifies the isospin dependent contribution to the 
nucleon potential energy and Δ𝑚∗

𝑛𝑝 quantifies the isospin dependent 
impact on the nucleon kinetic energy. Either increasing 𝐿 or decreas-

ing Δ𝑚∗
𝑛𝑝 will increase the energies of neutrons relative to protons. This 

increases the numbers of n-n collisions relative to p-p collisions at ener-

gies above the pion production threshold and enhances the production 
of 𝜋− relative to that of 𝜋+.

3. Experimental setup and observable selection

3.1. Experimental setup

The S𝜋RIT experiment was performed at the Radioactive Isotope 
Beam Factory (RIBF), operated by RIKEN Nishina Center and Center for 
Nuclear Study, the University of Tokyo. In this experiment, we bom-

barded isotopically enriched 112Sn and 124Sn targets with secondary 
radioactive 108Sn and 132Sn beams and also stable 112Sn and 124S beams 
at 270AMeV. The targets were placed at the entrance of the S𝜋RIT 
Time Projection Chamber (TPC), which was installed inside the SAMU-

RAI dipole magnet [26,27] at the RIBF. The S𝜋RIT TPC identified and 
measured the momenta of charged particles [28,27,29,26] produced 
in 108Sn+112Sn, 112Sn+124Sn, 124Sn+112Sn and 132Sn +124Sn collisions. 
Some results for the production of pions, hydrogen and helium isotopes 
have been previously published [30,15,31,32]. In this paper, we present 
analyses of collective flow and stopping from this experiment.

3.2. Observable selection

Collective flow is a descriptive label for a group of observables that 
have been widely used to constrain the nuclear EoS using heavy ion col-

lisions [4,33–36,18,37]. It often involves analyses of anisotropies in the 
azimuthal distributions of emitted particles with respect to the reaction 
plane. Such collective flow observables in nucleus-nucleus collisions 
commonly reflect the pressures on participant nucleons in the overlap-

ping region of projectile and target wherein this participant matter is 
compressed. Flow observables also reflect the presence of spectator nu-

cleons that reside outside of the participant region and block the escape 
of participant nucleons from the compressed participant region.

Flow is a promising observable to constrain nuclear EoS because of 
its correlation with nuclear pressure. If the mean field is highly repul-
sive, participant nucleons experience higher pressures which leads to 
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early emission, but this emission is partially blocked by the spectator 
nucleons if they have not already moved past the participant region be-

fore it can expand into the spectator matter [4,38,39]. The blocking of 
the expanding participant matter by the spectator nucleons results in 
azimuthal anisotropies in fragment emissions. In very central collisions, 
there is very little spectator matter so emitted particles exhibit little 
anisotropies. With increasing impact parameter, the amount of specta-

tor matter increases and the importance of the spectators blocking the 
emitted particles results in the increasing directional dependence that 
is characteristic of the directed flow.

Collective flow can be quantified by the Fourier coefficients of the 
fragments’ azimuthal distributions with respect to the azimuthal angle 
for the reaction plane Φ [40],

𝑑𝑁

𝑑(𝜙−Φ)
∝ 1 + 2𝑣1 cos(𝜙−Φ) + 2𝑣2 cos(2(𝜙−Φ)) + ... (4)

In the above equation, 𝑁 is the particle yield, 𝜙 is the azimuthal an-

gle of emission for the particle, 𝑣1 is called the directed flow and 𝑣2 is 
called the elliptic flow. Experimentally, 𝑣1 and 𝑣2 are calculated by the 
following formula,

𝑣1 = ⟨cos(𝜙−Φ)⟩,
𝑣2 = ⟨cos(2(𝜙−Φ))⟩. (5)

In this paper, we determined the azimuthal angle Φ of the reac-

tion plane experimentally with the Q-vector method [41]. Q-vector is 
defined as,

𝑄⃗ =
𝑁∑
𝑖=0

𝑤𝑖𝑝𝑇 𝑖 sign(𝑦0𝑖), (6)

where 𝑝𝑇 𝑖 is a unit vector pointing in the direction of the transverse mo-

mentum of the 𝑖th track, 𝑦0𝑖 = (𝑦𝐶𝑀∕𝑦NN)𝑖 is the 𝑖th particle’s rapidity 
in the C.M. frame (𝑦CM) normalized by beam rapidity in the nucleon-

nucleon frame (𝑦NN = 0.5𝑦beamLab), and sign(𝑥) is the sign function. We 
are free to choose the weighting factor 𝑤𝑖, with common choices includ-

ing 𝑤𝑖 = 1 or 𝑤𝑖 = 𝑝𝑇 . The effect of using different 𝑤𝑖 will be considered 
as systematic uncertainty. The reaction plane angle Φ is chosen by the 
azimuthal angle of 𝑄⃗. Although this approximation and the limited 
detector acceptance causes non-negligible broadening in the reaction 
plane resolution, appropriate formulas are used to correct for these ef-

fects. For details on these corrections, please refer to Ref. [41]. In this 
manuscript, we report only the flow values that have been corrected.

Equation (5) can be calculated by averaging over fragments of the 
same species. Both the theoretical and experimental values of 𝑣1 and 𝑣2
depend on the mass and species of each fragment, but the probability 
of producing a cluster of a particular mass depends on the details of 
the clusterization mechanism of each transport model. The underlying 
physics of this process is not accurately calculated by most transport 
codes [42,43], and this can result in significant systematic uncertainties 
in theoretical predictions of flow for different isotopes.

To compute light fragments, such as deuterons, tritons, and helium 
from final nucleon distribution from transport models, various clus-

ter recognition methods have been employed, such as the minimum 
spanning tree method used in QMD type models [44]. This method 
classifies neutrons and protons that are emitted at small relative dis-

tances and momenta as heavy clusters. [44]. However, this process has 
a model dependence that reflects the influence of long-range multi-

particle correlations that are not yet fully understood [42,43]. As a 
result, isotope-specific observable heavily depends on a detailed un-

derstanding of clusterization, and transport model predictions for these 
observables can often be unreliable.

To construct an observable that does not require an accurate descrip-

tion of the clusterization process, we calculate the Coalescence Invariant 
flow (C.I. flow) distributions. These distributions approximate the flow 
of nucleons prior to cluster formation by including contributions from 
3

p, d, t,3He and 4He together in the calculation of averages of cosines 
Physics Letters B 853 (2024) 138661

Table 1

List of observables used in this analy-

sis. The second column (Exp. ⟨𝑏⟩) shows 
the averaged impact parameters of the se-

lected experimental events in reconstruc-

tion of the observable.

Observable Exp. ⟨𝑏⟩ System

C.I. 𝑣1 v.s. 𝑦0
5.0 fm 108Sn+112Sn

5.0 fm 132Sn+124Sn

C.I. 𝑣1 v.s. 𝑝𝑇 5.0 fm 108Sn+112Sn

(0.3 < 𝑦0 < 0.8) 5.0 fm 132Sn+124Sn

C.I. 𝑣2 v.s. 𝑦0
5.0 fm 108Sn+112Sn

5.0 fm 132Sn+124Sn

VarXZ 1.0 fm 112Sn+124Sn

in Eq. (5). Each fragment is weighted by their number of protons, i.e. 
Helium isotopes are weighted twice as much as Hydrogen isotopes. 
Fragments heavier than 4He are not included due to their low yields.

We select the impact parameter with gates on total detected charged 
particle multiplicity as described in Ref. [26]. This centrality selection 
method was also used in our previous S𝜋RIT publications [30,15,31]. 
Due to the limited geometric acceptance in the S𝜋RIT TPC, nuclear 
fragments with large momenta emitted at backward angles in the C.M. 
frame cannot be efficiently detected, so we limit our flow data to 0 ≤
𝑦0 ≤ 0.8.

In addition to the mean field potentials in the EoS, momentum 
transfers that contribute to collective flow are also influenced by the in-

medium nucleon-nucleon (NN) cross-section [45,46]. We construct the 
stopping observable, VarXZ=VarX/VarZ, where VarX and VarZ are the 
variances of particle rapidity distributions in the transverse and longitu-

dinal directions, respectively. Since VarXZ is a ratio of variances, much 
of the systematic error from clusterization is cancelled out in the divi-

sion. VarXZ measures the degree of stopping and thermalization [47], 
and has also been used to probe the nuclear shear viscosity [48]. It is 
closely influenced by the in-medium cross-section [47].

To reconstruct this observable and calculate the momentum of the 
particles accurately, only tracks emitted nearly perpendicular to the 
magnetic field of the TPC are used. Based on the performance of the 
S𝜋RIT TPC [49], azimuth cuts of 330◦ < 𝜙 < 360◦, 0◦ < 𝜙 < 20◦ and 
160◦ < 𝜙 < 210◦ are used for this purpose. These cuts are also used in 
the other S𝜋RIT analyses [30,15,50,32]. Since determination of the re-

action plane does not require as precise values for the magnitude of 
the momenta of particles, and to minimize bias due to particle cut, we 
do not impose these restrictive cuts in azimuthal angle on particles in 
calculating azimuthal orientation of the reaction plane.

The 𝑥-axis in VarX can be any arbitrary laboratory axis that is per-

pendicular to the beam axis, consistent with definitions in Ref. [47]. 
Given the arbitrary azimuthal orientation of the 𝑥-axis for the VarX ob-

servable, we can and do calculate 𝑥-rapidity distribution by projecting 
𝑝𝑇 of each track onto planes with random azimuthal angles.

S𝜋RIT TPC cannot efficiently measure fragments at 𝑦0 < 0 so data 
is not available at all rapidities for 108Sn+112Sn and 132Sn+124Sn re-

actions, individually. However, we have constructed the full rapidity 
distribution of 112Sn+124Sn by combining the results of 112Sn+124Sn and 
124Sn+112Sn reactions. Our evaluation of VarXZ is limited only to this 
reaction system as the other systems do not have the corresponding mir-

ror reactions. In the following, we select central events of ⟨𝑏⟩ = 1 fm in 
order to maximize contributions from nucleon-nucleon collisions. The 
absence of the flow analysis from 112Sn+124Sn should impact our con-

clusion minimally since the 𝛿 value of 112Sn+124Sn is between that of 
108Sn+112Sn and 132Sn+124Sn systems, therefore the range of asymme-

try being studied is not affected.

Table 1 summarizes all observables for the corresponding reactions 

that will be used in this manuscript for comparison with models. Frag-
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ments at mid-rapidity have small 𝑣1, so the rapidity range of 𝑣1 when 
being plotted as a function of 𝑝𝑇 is narrowed down to 0.3 < 𝑦0 < 0.8 to 
enhance the sensitivity. Their average impact parameters selected from 
multiplicity gates are shown in the second column and the correspond-

ing reaction systems are shown in the third.

3.3. Observable uncertainties

Three independent sources of systematic uncertainties are consid-

ered in the reconstruction of C.I. flow: 1) the variation of the Q-vector 
weighting conditions, 2) the variation of track selection and 3) vari-

ation of impact parameter selection. To quantify the uncertainty due 
to the variation in the Q-vector weights 𝑤𝑖, we reconstruct each flow 
spectrum multiple times using different forms of 𝑤𝑖 for Q-vector calcu-

lation. Next, we fix the weights in the Q-vector and vary the goodness of 
track selection conditions to estimate the systematic uncertainty from 
the second source, which includes varying the minimal track length 
threshold and azimuth cuts. Finally, we reconstruct the observable with 
a different multiplicity gate. The upper and lower limits of the multi-

plicity gate are varied in such a way that the average impact parameter 
remains unchanged. We determine the systematic uncertainty as the 
bin-by-bin difference between spectra constructed using the default and 
varied multiplicity gate.

For VarXZ, systematic uncertainty is considered by varying track and 
impact parameter selection. The total observable uncertainty for both 
VarXZ and flow is obtained by adding the statistical uncertainty and 
all sources of systematic uncertainties in quadrature. The experimental 
values and uncertainties are presented in Appendix A.

4. Transport model and Bayesian inference

All measurements in Table 1 are compared simultaneously to 
predictions from the Improved Quantum Molecular Dynamic-Skyrme 
model (ImQMD-Sky) [51,52], which has been frequently used to study 
nucleus-nucleus collisions at similar beam energies [14]. In the model, 
the nucleonic potential energy density without the spin-orbit term is 
given by the sum of two terms, 𝑢loc + 𝑢md, where,

𝑢loc =
𝛼

2
𝜌2

𝜌0
+ 𝛽

𝛾 + 1
𝜌𝛾+1

𝜌
𝛾

0
+

𝑔sur

2𝜌0
(∇𝜌)2+

𝑔sur,iso

𝜌0
[∇(𝜌𝑛 − 𝜌𝑝)]2 +𝐴sym

𝜌2

𝜌0
𝛿2 +𝐵sym

𝜌𝛾+1

𝜌
𝛾

0
𝛿2.

(7)

Parameters will be defined in the next paragraph. The Skyrme-type 
momentum-dependent energy density functional, 𝑢md stems from an 
interaction of the form 𝛿(𝐫1 − 𝐫2)(𝐩1 −𝐩2)2 [53,54,52] and is written as,

𝑢md =𝐶0
∑
𝑖𝑗

∫ 𝑑3𝑝𝑑3𝑝′𝑓𝑖(𝐫,𝐩)𝑓𝑗 (𝐫,𝐩′)(𝐩− 𝐩′)2+

𝐷0
∑
𝑖𝑗∈n

∫ 𝑑3𝑝𝑑3𝑝′𝑓𝑖(𝐫,𝐩)𝑓𝑗 (𝐫,𝐩′)(𝐩− 𝐩′)2+

𝐷0
∑
𝑖𝑗∈p

∫ 𝑑3𝑝𝑑3𝑝′𝑓𝑖(𝐫,𝐩)𝑓𝑗 (𝐫,𝐩′)(𝐩− 𝐩′)2.

(8)

There are nine parameters in Equations (7) and (8), which are 𝛼, 
𝛽, 𝛾 , 𝐴sym, 𝐵sym, 𝐶0, 𝐷0, 𝑔sur and 𝑔sur;iso. Calculations show that 
the predicted observables are relatively insensitive to 𝑔sur and 𝑔sur,iso

[20]. We therefore set them to 𝑔sur = 24.5MeV fm2 and 𝑔sur,iso =
−4.99MeV fm2 . These parameters are the same as those derived from 
the commonly used Skyrme interaction SLy4 [55].

The remaining seven free parameters are related to the seven nuclear 
EoS parameters (𝜌0, 𝐸sat, 𝐾sat, 𝑆0, 𝐿, 𝑚∗

𝑠 and 𝑚∗
𝑣) through appropri-

ate formulas from Refs. [56,57]. The saturation density and coefficients 
of isoscalar terms are well constrained from previous studies, so they 
4

are fixed to 𝜌0 = 0.155 fm−3 , 𝐸0 = −15.8MeV and 𝐾0 = 230MeV [6]. 
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The four remaining EoS parameters (𝑆0, 𝐿, 𝑚∗
𝑠∕𝑚𝑁 and 𝑚∗

𝑣∕𝑚𝑁 ) and 
the in-medium cross-section enhancement factor 𝜂 (defined in the next 
paragraph) are varied in this study.

In ImQMD-Sky, the in-medium NN cross section is formulated in a 
phenomenological form,

𝜎med
QMD

=
(
1 − 𝜂𝜌

𝜌0

)
𝜎free, (9)

where 𝜎free is the NN cross-section in free space from Ref. [58] and 𝜂 is 
the enhancement factor to be determined. Note that with this definition, 
𝜂 has the opposite sign than what was used previously in Ref. [45]. In 
Eq. (9), positive 𝜂 implies that the in-medium cross section is reduced 
from that for free nucleon-nucleon scattering.

Bayesian inference is performed to convert experimental results into 
correlated constraints on all five varying parameters. This analysis re-

quires prior distributions as input, which encodes our initial belief in 
parameter values from previous studies. The analysis returns a multi-

variate distribution called the posterior, which is the probability distri-

bution of parameter values conditioned on the measured observables 
using the Bayes theorem. Let 𝑥⃗ be the list of parameters and 𝑂⃗ be the 
list of measured observable values. Bayes theorem then states that,

𝑃 (𝑥⃗|𝑂⃗) ∝ 𝑃 (𝑥⃗)𝑃 (𝑂⃗|𝑥⃗). (10)

In this equation, 𝑃 (𝑥⃗|𝑂⃗) is the posterior, 𝑃 (𝑥⃗) is the prior and 
𝑃 (𝑂⃗|𝑥⃗) is called the likelihood, which is the probability of getting the 
observed results provided that parameter values in set 𝑥⃗ are the true 
values. Likelihood is usually modelled as,

𝑃 (𝑂⃗|𝑥⃗) ∝
exp

(
−1
2
(𝑂⃗ − 𝑂⃗model(𝑥⃗))Σ−1(𝑂⃗ − 𝑂⃗model(𝑥⃗))𝑇

)
,

(11)

where 𝑂⃗ is the list of all measured observables arranged as a vector, 
𝑂⃗model(𝑥⃗) is the predicted values from theoretical model for a given 
parameter set 𝑥⃗ and Σ = Σ(𝑂⃗model) + diag(𝜎𝑂) is the combined covari-

ance matrix for theoretical and experimental uncertainties, with the 
first term Σ(𝑂⃗model) denoting the covariance matrix of all model predic-

tions and diag(𝜎𝑂) is a diagonal matrix with experimental uncertainty 
as the diagonal values.

In this work, Markov chain Monte Carlo (MCMC) from the PyMC2 
package [59] is used to compute the posterior distribution. To speed 
up the MCMC process, we employ Gaussian emulators [60] and Prin-

cipal Component Analysis to efficiently interpolate predictions from 
ImQMD-Sky on just 70 parameter sets and estimate model covariance 
Σ(𝑂⃗model). Two Principal Components are used for each observable, 
capturing more than 95% of the variance in all the training spectrum. 
These parameter sets are sampled uniformly and randomly on a Latin 
hypercube within the parameter ranges given in Table 2. The ranges of 
𝐿, 𝑚∗

𝑠∕𝑚𝑁 and 𝑚∗
𝑣∕𝑚𝑁 are maximal, meaning that beyond these ranges 

ImQMD-Sky is unable to simulate correctly. For each parameter set and 
system in Table 1, the training spectrum are generated from 20,000 
ImQMD-Sky simulated collisions. The simulation time of ImQMD-Sky 
is 400 fm∕c, long after the time when the collision dynamics finishes 
and the observables reach their asymptotic values. We have verified 
that our observables reach their asymptotic values when the simulation 
time is greater than 300 fm∕c. The final MCMC posterior is generated 
with 630,000 iterations.

When five parameter sets are removed from interpolation, the inter-

polation error does not increase, which indicates that 70 sets are more 
than sufficient. Gaussian priors of 𝑆0 ∼ Gaus(𝜇 = 35.3, 𝜎 = 2.8) MeV and 
𝐿 ∼ Gaus(𝜇 = 80, 𝜎 = 38) MeV are used while uniform priors within the 
experimental known ranges are used for the effective masses and 𝜂. The 
priors on 𝑆0 and 𝐿 come from the posterior distributions from the anal-

ysis of pion spectral ratios in the same experiment [15].

ImQMD-Sky calculations are done at 𝑏 = 5 fm for flow observables 

and 𝑏 = 1 fm for stopping observables. They are chosen to match the 
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Fig. 1. Posterior distribution after ImQMD-Sky’s predictions is compared to experimental data with Bayesian analysis using MCMC. The median and 68% confidence 
interval of the parameters are listed on the upper right hand side of the figure. The numbers for 𝑆0 and 𝐿 are grayed out to signify their dependence on prior. See 
text for details. Priors of 𝑆0 and 𝐿 are plotted on the diagonal plot as red dashed curves, and the priors of the other parameters are all uniform so they are not 
plotted for clarity. The outer boundaries for the three shaded blue regions in the off-diagonal plots, from the deepest to the lightest shades of blue, correspond to the 
68%, 95% and 99% confidence intervals, respectively.
Table 2

The ranges of parameters for Bayesian analy-

sis. The last two columns show the Gaussian 
prior mean and standard deviation (𝜎) for 𝑆0
and 𝐿. The last three parameters have uni-

form prior so no numbers are provided.

Parameters Min. Max. Mean 𝜎

𝑆0 (MeV) 25 52 35.3 2.8

𝐿 (MeV) 18 160 80 38

𝑚∗
𝑠
∕𝑚𝑁 0.6 1 Uniform

𝑚∗
𝑣
∕𝑚𝑁 0.6 1.2 Uniform

𝜂 -0.3 0.3 Uniform

mean impact parameters of the observables in Table 1. Note that the 
range of possible impact parameters that contribute to the experimental 
measurements actually varies due to multiplicity fluctuations. Ideally, 
we should simulate events with a realistic distribution of impact pa-

rameters and apply the same multiplicity cut as data. Unfortunately, 
the multiplicity distributions of most transport models are not precisely 
comparable to data due to issues with coalescence algorithms described 
in Section 3.2.

5. Analysis results

The posterior is shown in Fig. 1. Despite employing uniform pri-

ors, tight constraints on 𝑚∗
𝑠∕𝑚𝑁 , 𝑚∗

𝑣∕𝑚𝑁 and 𝜂 are observed. These 
constraints are robust constraints as they do not show a significant 
correlation with either 𝑆0 or 𝐿, indicating that their posterior values 
remain unaffected by our choice of prior.

In contrast, the posterior distributions of 𝑆0 and 𝐿 are wide even 
when Gaussian priors are used. The posterior distribution of 𝑆0 looks 
very similar to the prior, indicating that our choice of observables lacks 
sensitivity to 𝑆0. Although there is a modest improvement in the con-

straint on 𝐿 compared to the prior distribution, Fig. 1 also highlights a 
correlation between 𝑆0 and 𝐿. Consequently, the marginalized value 
of 𝐿 (83 ± 18MeV) may change if a different prior for 𝑆0 is em-
5

ployed.
The near-zero value of 𝜂 = −0.01+0.03−0.03 indicates that the in-medium 
cross-section is similar to the free cross-section. This differs from previ-

ous analyses performed at different beam energies, where an enhance-

ment in the in-medium cross-section is derived [45]. Our results con-

trast with those of Ref. [46], which reported a reduction in in-medium 
cross-section using UrQMD and Au + Au data from FOPI. Unlike their 
study, where the in-medium cross-section was the sole parameter var-

ied, our global fit involved simultaneous adjustments to five parame-

ters. Furthermore, our analysis considered coalescence invariant flow, 
while Ref. [46] relied on flow results for free protons. The observed dis-

parities may be attributed to potential afterburner effects on in-medium 
cross-section outcomes.

Fig. 2 shows the fitted flow and stopping observables. The first three 
rows show the results of directed and elliptic flow, with plots on the 
left column corresponding to the results of 108Sn+112Sn reaction and 
the right 132Sn+124Sn. From top to bottom, the three rows show 𝑣1 as 
a function of 𝑦0, 𝑣1 as a function of 𝑝𝑇 (MeV) and 𝑣2 as a function of 
𝑦0, all at ⟨𝑏⟩ = 5 fm. The fourth row shows VarXZ for 112Sn+124Sn at ⟨𝑏⟩ = 1 fm.

To test the prediction power of our results, our most probable val-

ues of 𝑆0 = 35MeV, 𝐿 = 83MeV, 𝑚∗
𝑠∕𝑚𝑁 = 0.84, 𝑚∗

𝑣∕𝑚𝑁 = 0.88 and 
𝜂 = −0.01 are used to predict VarXZ of protons, deuterons and tritons 
for 197Au + 197Au and 129Xe + 133Cs at a fixed-target beam energy 
of 250AMeV with the ImQMD-Sky model. VarXZs from these two sys-

tems are chosen because their values were measured experimentally in 
Ref. [47]. Experimental values of VarXZs at other beam energies are 
also available, but the beam energy at 250AMeV is the closest to the 
S𝜋RIT beam energy of 270AMeV. Our choice minimizes effects due to 
changing beam energy and isolates the dependence on system size. Pre-

dictions from ImQMD-Sky are plotted on top of experimental values in 
Fig. 3 which shows reasonable agreement with an exception of proton 
from Au + Au at 250AMeV, where less stopping is observed than the 
model prediction. It is a good indication that our results are applicable 
to collisions of various system sizes near 270 AMeV.

The posterior on effective masses can be converted to a probability 
distribution on effective mass splitting Δ𝑚∗

𝑛𝑝∕𝛿 using Eq. (3) and we find 
that Δ𝑚∗

𝑛𝑝∕𝛿 = −0.07+0.07−0.06. The value of effective mass splitting differs 

among various analyses using different data, but most of them favor 
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Fig. 2. This figure compares directed (a, b, c, d), elliptic flow (e, f) and VarXZ (g) between the best fitted ImQMD-Sky predictions and experimental results. The 
black points show results from S𝜋RIT experiment. The orange region shows the 2𝜎 confidence region of ImQMD-Sky prediction from posterior distribution. The 
small sub-figure in each figure also shows a wide pink region that corresponds to the maximum ranges of prediction values from ImQMD-Sky with the parameter 
range in Table 2. (a, c, e) show results for 108Sn+112Sn and (b, d, f) show results for 132Sn+124Sn. (g) shows the stopping results for 112Sn+124Sn.
a positive value [61]. Of all the analyses in Ref. [61], the only result 
that favors a negative value of Δ𝑚∗

𝑛𝑝∕𝛿 comes from the study of the n/p 
ratio from heavy ion reactions which yields 𝛿𝑚∗

𝑛𝑝∕𝛿 = −0.05 ±0.09 [14]. 
That analysis also uses the ImQMD-Sky model for inference. It may 
indicate that the momentum dependence of the isovector mean fields in 
the ImQMD-Sky transport theory prefers a lower value of effective mass 
splitting.

Similar to constraints from pion observables [15], we observed a 
correlation from this analysis between Δ𝑚∗

𝑛𝑝∕𝛿 and 𝐿, as Fig. 4 demon-
6

strates. The correlation trends in Ref. [15] are nearly orthogonal to the 
present work. While ImQMD-Sky is used for the current constraint, dc-

QMD was used in the pion analysis. Clearly, the model dependence of 
effective mass and symmetry energy effects must be studied carefully, 
ideally within an effort like the Transport Model Evaluation Project 
(TMEP) [62]. Such endeavors will deepen our understanding of model 
dependence of EoS parameters and hopefully develop ways for con-

straints from different models to be compared and combined reliably. 
Even though a direct comparison is not feasible right now, this study 
opens an opportunity to improve constraints on 𝐿 by combining Fig. 4
with correlated constraints between 𝐿 and Δ𝑚∗
𝑛𝑝∕𝛿 from Ref. [15].
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Fig. 3. VarXZ of proton, deuteron and triton for 197Au + 197Au and 129Xe + 
133Cs reactions at 250 AMeV at 𝑏 = 1 fm. The orange inverted triangles show 
ImQMD-Sky predictions using the best fitted parameter values obtained from 
the S𝜋RIT experiment. The blue circles show experimental results from the FOPI 
data set.

Fig. 4. Correlation between 𝐿 and Δ𝑚∗
𝑛𝑝
∕𝛿. The three shades of blue, from the 

deepest to the lightest, correspond to 68%, 95% and 99% confidence intervals.

6. Summary and conclusion

Directed flow (𝑣1) and elliptic flow (𝑣2) of 108Sn+112Sn and 
132Sn+124Sn and stopping (VarXZ) of 112Sn+124Sn (all at fixed-target 
beam energy of 270AMeV) are extracted from the data obtained in the 
S𝜋RIT experiment. The measured values are compared to predictions 
from the Improved Quantum Molecular Dynamic-Skyrme (ImQMD-Sky) 
model through a Bayesian analysis which shows strong constraining 
power on the effective masses (𝑚∗

𝑠∕𝑚𝑁 and 𝑚∗
𝑣∕𝑚𝑁 ) and the in-

medium cross-section parameter (𝜂). The most probable values are 
𝑚∗
𝑠∕𝑚𝑁 = 0.84 ± 0.01, 𝑚∗

𝑣∕𝑚𝑁 = 0.88 ± 0.03, and 𝜂 = −0.01 ± 0.03. The 
constraints on effective mass are converted to a probability distribu-

tion on effective mass splitting to give Δ𝑚∗
𝑛𝑝∕𝛿 = −0.07+0.07−0.06. This can 

be used to tighten constraints on symmetry energy terms such as 𝐿
as it was demonstrated to be correlated to Δ𝑚∗

𝑛𝑝∕𝛿, but efforts in un-

derstanding model dependence of analysis on nucleon effective masses 
are warranted for the comparison to be conclusive. As studies on ef-

fective mass deepen, our findings could serve as a benchmark for the 
development of future transport models.
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Appendix A. S𝝅RIT data

All experimental data and uncertainties are tabulated in Table A.1.

Table A.1

Experimental values and the associated statistical and systematic uncertainties.

(a) 𝑣1 as a function of 𝑦0 for 108Sn+112Sn at ⟨𝑏⟩ = 5 fm.

𝑦0 0.000 0.160 0.320 0.480 0.640 0.800

𝑣1 -0.013 0.069 0.147 0.222 0.285 0.320

Stat. 0.002 0.002 0.002 0.002 0.002 0.002

Sys. 0.009 0.011 0.012 0.009 0.011 0.009

(b) 𝑣1 as a function of 𝑦0 for 132Sn+124Sn at ⟨𝑏⟩ = 5fm.

𝑦0 0.000 0.160 0.320 0.480 0.640 0.800

𝑣1 0.020 0.102 0.184 0.259 0.316 0.337

Stat 0.002 0.002 0.002 0.002 0.002 0.002

Sys 0.007 0.008 0.009 0.009 0.008 0.007

(c) 𝑣1 as a function of 𝑝𝑇 (MeV/c) for 108Sn+112Sn at ⟨𝑏⟩ = 5 fm.

𝑝𝑇 50 150 250 350 450

𝑣1 0.136 0.283 0.293 0.257 0.233

Stat. 0.002 0.002 0.002 0.003 0.004

Sys. 0.005 0.010 0.016 0.011 0.013

(d) 𝑣1 as a function of 𝑝𝑇 (MeV/c) for 132Sn+124Sn at ⟨𝑏⟩ = 5 fm.

𝑝𝑇 50 150 250 350 450

𝑣1 0.152 0.322 0.327 0.284 0.258

Stat 0.002 0.002 0.002 0.003 0.004

Sys 0.004 0.009 0.013 0.013 0.013

(e) 𝑣2 as a function of 𝑦0 for 108Sn+112Sn at ⟨𝑏⟩ = 5 fm.

𝑦0 0.000 0.160 0.320 0.480 0.640 0.800

𝑣2 -0.049 -0.051 -0.044 -0.031 -0.019 -0.006

Stat. 0.003 0.003 0.003 0.003 0.003 0.003

Sys. 0.006 0.006 0.010 0.010 0.013 0.014

(f) 𝑣2 as a function of 𝑦0 for 132Sn+124Sn at ⟨𝑏⟩ = 5 fm.

𝑦0 0.000 0.160 0.320 0.480 0.640 0.800

𝑣2 -0.058 -0.049 -0.038 -0.023 -0.006 -0.003

Stat. 0.003 0.003 0.003 0.003 0.003 0.003

Sys. 0.008 0.007 0.007 0.011 0.014 0.012

(g) VarXZ of proton, deuteron and triton for 112Sn+124Sn at ⟨𝑏⟩ = 1 fm.

𝑦0 proton deuteron triton

VarXZ 0.915 0.767 0.590

Stat. 0.004 0.005 0.003

Sys. 0.011 0.012 0.010
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Sim, V. Simion, K. Siwek-Wilczyńska, V. Smolyankin, M.R. Stockmeier, G. Sto-
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