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We introduce COBRA (Cosmology with Optimally factorized Bases for Rapid Approximation), a novel
framework for rapid computation of large-scale structure observables. COBRA separates scale dependence
from cosmological parameters in the linear matter power spectrum while also minimizing the number of
necessary basis terms N, thus enabling direct and efficient computation of derived and nonlinear
observables. Moreover, the dependence on cosmological parameters is efficiently approximated using
radial basis function interpolation. We apply our framework to decompose the linear matter power
spectrum in the standard ACDM scenario, as well as by adding curvature, dynamical dark energy and
massive neutrinos, covering all redshifts relevant for Stage IV surveys. With only a dozen basis terms N,
COBRA reproduces exact Boltzmann solver calculations to ~0.1% precision, which improves further to
~0.02% in the pure ACDM scenario. Using our decomposition, we recast the one-loop redshift space
galaxy power spectrum in a separable minimal-basis form, enabling ~4000 model evaluations per second at
~0.02% precision on a single thread. This constitutes a considerable improvement over previously existing
methods (e.g., FFTLog) opening a new window for efficient computations of higher loop and higher order
correlators involving multiple powers of the linear matter power spectra. The resulting factorization can
also be utilized in clustering, weak lensing, and CMB analyses.
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Introduction—Large-scale structure (L.SS) surveys map-
ping out the three-dimensional distribution of galaxies
across billions of years of cosmic history will show us a
unique imprint of the laws that govern the Universe. The
Stage IV era of precision cosmology aims to probe the
nature of dark matter and dark energy, the geometry of the
Universe, and the shape of its initial conditions of the first
instance after the Big Bang [1-3]. As such, any tension
with the baseline ACDM model (e.g., [4]) could guide us to
a deeper understanding of the answers to these fundamental
questions. Correspondingly, the accuracy with which the
distribution of galaxies and dark matter will be charted
must be matched by higher accuracy of the corresponding
theoretical model computation.
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Perturbation theory (PT) approaches to LSS [5-8] are a
first-principle way of modeling the evolution of biased
tracers of the dark matter density field such as galaxies.
Correlators of biased tracers receive loop corrections that
are expressable as integrals over the linear power spectrum
P; (k). However, the dependence of even P; (k) on cos-
mological parameters is not analytically tractable, nor is the
scale dependence for a given cosmology. Thus, direct
implementation of these predictions (using Boltzmann
solvers) is slow in any Bayesian approach, where like-
lihoods need to be sampled millions of times. This issue is
exacerbated when considering higher-order corrections to
summary statistics, which are integrals over Py (k).
Conventional solutions fall into two classes. The first
involves constructing an “analytical basis” of functions
into which P; (k) is decomposed such that the resulting
integrals can be evaluated exactly through tensor multi-
plications [9—12]. The second approach is to emulate the
resulting integrals as functions of scale and cosmology, via,
e.g., neural networks or other techniques [13-21]. These
approaches each have their drawbacks: first, useful ana-
lytical bases are rare and typically do not approximate
P, (k) well unless a large number of basis functions is used,
which can lead to memory issues for higher-order statistics
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[11,22]. Furthermore, the evaluation of the resulting tensors
is still technically demanding and implementation is
nontrivial, especially in redshift space [23]. Typically,
techniques developed for a single observable at a specific
perturbative order either lack efficient generalization to
higher moments and higher perturbative orders or are
rendered inapplicable altogether. In addition, such an
approach still needs to be combined with a Boltzmann
solver to compute P; (k) at a given cosmology. Second, the
emulation-based approach can require substantial computa-
tional resources and suffers from a lack of efficient
generalization: every next quantity requires a sufficiently
dense training set across all parameters.

We pursue a different solution to this issue by finding an
optimal factorization of the scale dependence and cosmol-
ogy dependence of the linear power spectrum. That is, we
decompose it as

PO(k) =) wi(®)v;(k), (1)

i=1

where O indicates a set of cosmological parameters
(including redshift). The v;(k) are fixed basis functions
depending only on scale, which we call scale functions.
The weights w;(®) encode the cosmology dependence.
Optimal factorization is achieved by choosing the smallest
number of basis functions N, (see Methodology). This
decomposition allows for efficient calculation of higher-
order statistics but does not rely on analytic methods for
loop integrals nor a Boltzmann solver. We thus reap the
benefits of both approaches while circumventing their
shortcomings.

In the following sections, we obtain such a decom-
position and show that it facilitates computation of
perturbative corrections. We then apply it to the ACDM
P; (k). As an illustrative example, we calculate the one-
loop power spectrum of galaxies in redshift space rapidly
and to high precision. Some technical aspects and exten-
sions beyond ACDM are found in Supplemental Material
(Secs. A-C) [24].

Methodology—Finding a set of scale functions that
achieves a decomposition as in Eq. (1) amounts to finding
a low-rank approximation of a set of template spectra

P, = P?I (k,,) evaluated at N, fixed cosmologies ®; and
on a fixed set of wavenumbers k,,. This is achieved via a
truncated singular value decomposition (SVD). Prior to
performing the SVD, spectra are normalized by the mean of
the templates P(k,,). Writing P, = P9(k,,)/P(k,,) and
f)i(km) = vi(km)/p(km) we have

PrUZVT (2)

where P is N, x Ni, ¥ is diagonal and small (N, x N,
where N, < N;), and V is N, x N, containing the

principal components as its orthonormal column vectors,
ie. V,; = ;(k,). Lastly, U is N, x N, and contains the
weights w;(@,) (for related work, see e.g. [14,16,17,52—
54]). Conducting the SVD is cheap [55] and can be done
with many (N, > 107) templates, which need not be
calculated exactly—they should only mimic the shape
of P; (k) to ensure that Eq. (1) is accurate. The columns
of V span the optimal N ,-dimensional approximation to the
template set [56]. The resulting scale functions are shown
in Supplemental Material (Sec. C, Fig. 6) [24].

Given scale functions, we compute weights via ortho-
normal projection:

wi(©) =3 by (k) P9 (k). 3)

m=1

We stress that evaluating the weights w;(®) is a separate
problem, requiring either (i) exact calculation of f—’? (k,,) with
e.g. cAMB and applying Eq. (3) or (ii) an indirect strategy
using, e.g., neural networks. We opt for a different indirect
strategy based on radial basis functions (RBFs) [57], which
we describe in Supplemental Material (Sec. A) [24].

Armed with Eq. (1) it becomes simple to compute next-
to-leading order corrections to observables. For example,
for the power spectrum (prior to IR-resummation) in
redshift space at one-loop order (see, e.g., [58—62]) one
schematically has

PP,oop (k. i) = const(k. u) + S'[PP] (k. p)
+ 8PP PP (k. ). (4)

where const(k, #) does not involve P; (k) while S’ and ¢
are linear and quadratic operators that do not depend on
cosmology. Here [ and ¢ superscripts refer to terms linear
and quadratic in P (k). Concretely, const(k, u) consists of
stochastic terms while S’ involves the linear theory part and
counterterms « k*P; (k)u*", and finally, S¢ consists of (22)
and (13)-type contributions to the loops. Plugging in
Eq. (1) yields

P?_loop(k,,u) = const(k, u) + St(k, p)w;(O)
+ S}k, p)wi(@)w;(0), (5)

where S} = S'[v;] and S}; = §%[v;, v;]. This reduces calcu-

22 )
(19.100,) to multiplications of precomputed matrices

whose entries are integrals of scale functions against PT
kernels. Similar arguments apply to other N-point functions
and higher PT orders [10,11]. We can also extend this to the
redshift-space galaxy power spectrum, including infrared
(IR) resummation [see Supplemental Material (Sec. C) [24]].

Linear power spectrum—We decompose of P; (k) in
four scenarios, varying the cosmological parameter space
(ACDM or generalized) and ranges of parameters (default

lating P
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TABLE 1. Ranges and (linearly spaced) template grids for
ACDM parameters. If a parameter is held fixed, its fiducial value
is indicated.

Default Extended

® Range Grid size Range Grid size
W, [0.095, 0.145] 27 [0.08, 0.175] 40

wy, [0.0202, 0.0238] 18 [0.020, 0.025] 20

n [0.91, 1.01] 12 [0.8, 1.2] 20
10°4, 10°4F =2 10°4F =2
h [0.55, 0.8] h*=0.7 [0.5, 0.9] h*=0.7
z [0.1, 3] 7" =0 [0.1, 3] 7"=0

or extended). We choose the range 8 x 107*1*/Mpc <
k < 4h*/Mpc. We use h* = 0.7 and compute P; (k) with
CAMB [63,64] (v1.5.2). We show results for ACDM in the
main text and defer generalized cosmologies including
curvature, dynamical dark energy and neutrinos to
Supplemental Material (Sec. B) [24].

In ACDM, we consider {®} = {w,, w., n,, A, h,z}.
The shape of P; (k) does not depend on the evolution
parameters ®, = {A,, h,z} when the shape parameters
0, = {w., w,, n,} are held fixed. Thus, for the SVD we
only vary w., @, and n; [15,65,66]. The ranges of all
parameters and choices for the SVD are indicated in Table I
[67]. We thus compute P; (k) at fixed evolution parameters
®; as

Ny,
0;,.0;
P (k) = Zwi<®s)”i(k) (6)
i=1
and for arbitrary evolution parameters as

. AS Di(wl‘nv h, Z)

POy — s L\ @m 1, 2)
() AL D% (@, h*, 7)

PP k) (7)

with w,, = o. + w,. The ratio of growth factors D, in
Eq. (7) is also approximated using RBFs. We found it
beneficial to first divide by the exact expression for a
universe with Q,, +Q, =1 [68]. For the RBF approx-
imations we use N,, = 400 Halton nodes [69]. We use 5000
cosmologies to test the precision of the predictions. The
result is shown in Fig. 1. The default (extended) range
requires N, = 9(13) basis functions for 0.01% precision
for 99.7% (30) of the test cosmologies. Increasing N, to 12
(16) decreases the 3¢ error to ~0.02% [70]. One prediction
for Py (k) takes ~0.4 ms, while vectorized evaluation yields
250 spectra in ~4 ms, all on one thread [73].

One-loop galaxy power spectrum—Using the decom-
position of P; (k) from Methodology, the calculation of
higher-order corrections to N-point functions is straightfor-
ward. We illustrate this using the one-loop power spectrum
of galaxies in redshift space for a ACDM cosmology, but
emphasize that this choice is irrelevant: the calculation of

ACDM Linear Power Spectrum
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s
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FIG. 1. The 99.7th percentile errors on the ACDM P, (k) for

several choices of N, both for default (upper panel) and extended
(lower panel) ranges. Dashed lines indicate 0.01%, 0.1% and 1%
errors, respectively.

higher N-point functions requires only a one-time compu-
tation of a limited number of integrals, which can be done
using any method, regardless of whether analytical tech-
niques are available.

To test COBRA, we compare against the one-loop model
implemented in VELOCILEPTORS [59]. All terms in this
model are either constant, linear, or quadratic functions of
P9 [cf. Eq. (4)], so that by Eq. (5) they reduce to matrix
multiplications of size N;. We employ the same parameter
setup as in Methodology. The IR resummation prescription
is detailed in Supplementary Material (Sec. C) [24]. We keep
operator biases fixed to the values listed in [74]. We fix A, =
2 x 107 and put all coefficients o k*4>" Py 1z (k) equal to
40(50) in the default (extended) case and counterterms
o k?4" 103000 [75]. The k — O contributions are subtracted
to recover linear theory on large scales. We use RBF
approximations for the ACDM growth rate and velocity
dispersion [see Supplemental Material (Sec. C) [24]]; their
impact on the error is small. We omit Alcock-Paczynski
rescaling, but this can be included at no cost since COBRA
computes the full anisotropic power.

Figure 2 displays the error for the monopole using COBRA
versus using VELOCILEPTORS for 1073h* /Mpc < k <
0.5h*/Mpc, using the same test set as in Methodology.
We obtain similar results for the quadrupole and hexadeca-
pole. For the default (extended) range, we use N;, = 12(16)
for the linear part S! from Eq. (5). We explore different
choices of N, for S?J which dominates computation time.
For the default (extended) range, using N, = 9(13) scale
functions for S l‘-’j we reach ~0.01% precision for 99.7% of all
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Galaxy Power Spectrum Monopole Py(k)
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FIG. 2. Performance of COBRA for the monopole of the IR-
resummed one-loop power spectrum of galaxies in redshift space.
The top panel shows three random cosmologies (solid, dashed,
and dot-dashed lines) and their redshifts. The second and third
panels show the 99.7th percentile of the errors on the test set for
the default and extended ranges. For visualization, spectra are
normalized to the same overall amplitude.

test cosmologies. With N;, = 12(16) for S}; and 200k-bins,

the matrices needed for all bias terms require around
25(40) MB memory. One prediction of three multipoles
takes ~2.5 ms, while 250 predictions take ~65 ms. Thus,
COBRA executes ~4000 predictions per second. This speed is
unaltered when varying bias parameters.

Discussion—We introduced COBRA, a method for effi-
cient computation of large-scale structure observables, and
applied it to the linear power spectrum and the one-loop
power spectrum of galaxies in redshift space. Generalizing
from the Introduction [and ignoring IR resummation for
simplicity, see Supplemental Material (Sec. C) [24]], all
polyspectra P take the form [10,11]

P 1oop = const + S'[PP] + S7[PE. PP
+ S[P9, PO, PO + ..., (8)

where S/, 87, and S¢ are linear, quadratic and cubic
operators et cetera. Using Eq. (1),

P?_loop = const + S'w;(®) + Siiwi(@)w;(0)

+ Sfjkwi(G)wj(G)wk(Q) + ... 9)

with S = S'[v,], S, = S[v;, v)] and S5 = S°[v;, v, v]
symmetric tensors. Most terms contain factors of P; (k)
outside the loop integral. For the one-loop bispectrum, the
most demanding contribution is the B,,, diagram which
integrates over three P; (k). Naive counting with N, = 6
and 15 bias terms yields ~1000 integrals to be evaluated,
which is much more efficient than traditional methods
[10,22]. Moreover, the decay of singular values in SVD
employed in COBRA [see Supplemental Material (Sec. C)
[24]] implies that the number of basis functions necessary to
reach a given precision can be further reduced in terms that
involve products of P; (k). Integrated quantities (like mode
coupling terms) might benefit from additional reduction in
the number of terms without compromising precision [11].
Accuracy requirements also loosen substantially when data
covariance is taken into account [20,76]. Given the small
number of basis functions needed, there is ample opportunity
to generalize our calculations to e.g. exact time dependence
[68,77-79], scale-dependent growth [80] or higher-order
N-point functions [23,81-91].

To summarize, COBRA is fast: the calculation for P; (k)
takes ~1 ms on one thread while the loop calculation takes
~2 ms. Implementations are vectorized, which implies
further speed-ups when computing O(100) predictions
simultaneously. This can be exploited in conjunction with
vectorized likelihood samplers [92]. COBRA is precise: we
reach ~0.1% precision on all observables considered.
Precision can be adjusted by tuning N,, which is useful
if further speed-up is desired and does not require recalcu-
lating the tensors in Eq. (9). COBRA is general: analytical
tools for calculating loop corrections are unnecessary and
our method applies to any N-point function at any loop
order. COBRA is lightweight: The tabulated scale functions
and tensors for the one-loop integrals require negligible
memory. Our is publicly available at [93] and requires only
NumPy and SciPy.

No other method available in the literature can produce
one-loop predictions with such efficiency and precision.
COBRA is applicable to all orders and higher-loop compu-
tations, making it a more versatile and powerful tool as
well. In particular, it would be interesting to explicitly
consider the calculation of higher N-point functions such as
the one-loop bispectrum and two-loop power spectrum—
improvements over existing methods will be even more
pronounced here. The small number of coefficients used
to approximate the P; (k) facilitates direct reconstruction
[94-96]. Other cosmology-independent and linear opera-
tions on observables, such as window convolution [97] or
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compression schemes [52], could be incorporated in COBRA
as a one-time calculation at the level of scale functions. One
could explore taking analytic derivatives of RBF approx-
imations in the context of gradient-based sampling methods
[98,99]. Finally, while our focus in terms of scales and
parameter ranges has been on 3D galaxy clustering on large
scales, it would be valuable to extend this to sky-projected
[100,101] or nonlinear quantities. These are more relevant
for weak lensing and CMB probes.
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