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3 Dipartimento di Matematica, Università di Cagliari, via Ospedale 72, 09124 Cagliari, Italy
4 INFN, Sezione di Cagliari, 09042 Monserrato, Italy
5 Department of Microsystems, University of South-Eastern Norway, Campus Vestfold, Borre, Norway

Received: 11 January 2025 / Accepted: 10 April 2025
© The Author(s) 2025

Abstract We propose new noncommutative models of quantum phase spaces, containing a pair of κ-deformed Poincaré algebras,
with two independent double (κ , κ̃)-deformations in space-time and four-momenta sectors. The first such quantum phase space
can be obtained by contractions M , R → ∞ of recently introduced doubly κ-deformed (κ , κ̃)-Yang models, with the parameters
M, R describing inverse space-time and four-momenta curvatures and constant four-vectors aμ, bμ determining nine types of (κ ,
κ̃)-deformations. The second considered model is provided by the nonlinear doubly κ-deformed TSR algebra spanned by 14 coset
ô(1, 5)/ô(2) generators. The basic algebraic difference between the two models is the following: the first one, described by ô(1,
5) Lie algebra can be supplemented by the Hopf algebra structure, while the second model contains the quantum phase space
commutators [x̂μ, q̂ν], with the standard numerical i�ημν term; therefore, it describes the quantum-deformed Heisenberg algebra
relations which cannot be equipped with the Hopf algebra.

1 Introduction

The principles of quantum theory and general relativity—the two pillars of modern physics—are incompatible because they describe
two different areas of physical reality. While quantum theory is the theory of microscopic scales, the general relativity governs the
macroscopic realm, describing nature at medium and large distances. Reconciling these different frameworks requires new concepts
on how to alter both theories, and neither quantum mechanics nor general relativity can be regarded as sufficient and definitive. To
explore deviations from quantum theory and to allow for embedding of the gravitational effects in the quantum scale, one should study
the new models of quantum mechanical phase spaces introducing quite radical modifications to the canonical Heisenberg relations.
However, any changes to the Heisenberg relations between the observables of position and momenta will imply modifications
of phase space structure and of respective uncertainty principle (UP). Various generalizations of UP have been considered in the
literature and were related with new models of quantum phase spaces, see e.g. [1–8].

Probing the modifications arising in quantum mechanical phase spaces has been gaining interest from an experimental point of
view, see e.g. [9–11]. However, the bounds on the modification (deformation) parameters (which are linked with the quantum gravity
(QG) corrections) that are obtained from experiments are still far away from the desired values. The recent summary of bounds
obtained from the table-top and astrophysical experiments can be found in Ref. [12]. To significantly enhance our ability to probe
nature in regimes where gravity intersects with quantum physics, advancements in the table-top (or astrophysical) experiments are
needed. Nevertheless, the precision required to explore the interplay between gravity and quantum systems at ultra-low energies may
soon be achieved, hence studying different models of deformed quantum phase spaces is very timely. The more precise experiments
focusing on interaction between gravity and quantum physics may shed some light on finding quantum gravity effects, potentially
revealing the first signatures of a new physics.

In this work, we propose the new relativistic deformed quantum phase spaces which contain two mass-like deformation parameters
κ and κ̃ together with the parameters describing the curvatures of noncommutative (NC) space-time as well as the NC momentum
space. Recently [13] (see also [14, 15]), the double κ-deformation of the Yang model1 has been introduced, containing as its
subalgebras the κ-deformation of NC coordinates and the κ̃-deformation of NC four-momentum space. Therein, it was shown how
to obtain the doubly κ-deformed Yang models from the κ-deformed Snyder models [16–23] by applying the generalized Born map.

a e-mail: Anna.Pachol@usn.no (corresponding author)
1 In shortcut notation it is also called (κ , κ̃)-Yang model, see [13].
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In this paper, we propose new models of relativistic doubly κ-deformed D � 4 quantum phase spaces which can be obtained in
two different ways.

The first way, which we present in Sect. 3, is to derive the new models from the doubly κ-deformed Yang models [13–15]. Within
this approach, we consider the following two alternative derivations:

i) Firstly, we perform the contraction procedure (M , R) → ∞ in the doubly κ-deformed Yang model and obtain new relativistic
doubly κ-deformed D � 4 quantum phase space, depending on two parameters κ and κ̃ .

ii) Secondly, we use the Lie algebraic description of doubly κ-deformed Yang model as represented by ô(1, 5; g) Lie algebra
which can be obtained from ô(1, 5) ≡ ô(1, 5, η) by replacing diagonal pseudo-orthogonal metric ηAB by suitably chosen constant
parameter-dependent symmetric metric g ≡ gAB2. We properly fix the parameter-dependent metric g to obtain the new model of
relativistic doubly κ-deformed D � 4 quantum phase space, depending on three independent parameters κ , κ̃ and ρ.

In both cases i) and ii), the obtained doubly κ-deformed quantum phase spaces are algebraically equivalent to ô(1, 5) Lie algebra,
i.e. to the original Yang model, which is recalled in Sect. 2.

Second way to obtain the new model of relativistic doubly κ-deformed D � 4 quantum phase space is to consider another
possible algebra with NC coordinates and NC four-momenta which is provided by the triply special relativity (TSR) model3 [23].
It is spanned by 14 generators of the coset ô(1, 5)/ô(2) and depends on three independent fundamental parameters. Additionally,
in TSR model, one considers appropriate deformations of the Heisenberg phase space commutator [x̂μ, q̂ν], which in the quantum
mechanical limit, without QG corrections, reduces to the canonical Heisenberg commutation relations.

The main novelty of the present paper is in Sect. 4, where we propose the modification of TSR model by introducing doubly
κ-deformation in the quantum phase space. In such a case, the (κ , κ̃)-deformed quantum phase space reduces to the canonical
Heisenberg relations in the contraction limit κ → ∞ and κ̃ → 0.

2 Yang models—preliminary considerations

To introduce the new models of relativistic quantum phase spaces, we start with the canonical D � 4 relativistic phase space
algebra as generated by commuting space-time xμ and four-momenta qμ coordinates and can be extended by the Lorentz symmetry
generators M̂μν . We denote such algebra by H (1, 3) � (xμ, qμ, M̂μν), with space-time coordinates and four-momenta satisfying the
Heisenberg canonical commutation relations:

[xμ, qν] � i�ημν (1)

where μ, ν � 0, 1, 2, 3, ημν � diag(−1, 1, 1, 1) and Lorentz algebra

[M̂μν , M̂ρτ ] � i�(ημρ M̂ντ − ημτ M̂νρ + ηντ M̂μρ − ηνρ M̂μτ ) (2)

with the defining relativistic covariance relations:

[M̂μν , xρ] � i�(ημρxν − ηνρxμ), [M̂μν , qρ] � i�(ημρqν − ηνρqμ). (3)

From the set of the generators of algebra H (1, 3) , one can construct the pair of overlapping classical Poincaré algebras: one generated
by (xμ, M̂μν) and the second one by (qμ, M̂μν). Relations (1)–(3) are covariant under the following Born map B [24–26]

B : xμ → qμ, qμ → −xμ, M̂μν ↔ M̂μν , (4)

and it follows from relations (1)–(3) that the algebra H (1, 3) is Born self-dual.
Our first aim will be to describe the deformations of the algebra H (1, 3) which lead to the noncanonical algebra Ĥ (1, 3) with NC

quantum phase space coordinates (x̂μ, q̂μ). Due to the presence of QG effects (see e.g. [27]), we replace xμ → x̂μ, qμ → q̂μ,
and after the quantization, we get from H (1, 3) the quantum relativistic algebra H (1, 3) → Ĥ (1, 3) � (x̂μ, q̂μ, M̂μν). Then in general,
[x̂μ, x̂ν] �� 0 and [q̂μ, q̂μ] �� 0, while the commutator [x̂μ, q̂ν] becomes significantly different from relation (1).

In the following, we will consider two well-known NC models which provide the particular choices of the algebras Ĥ (1, 3). The
first example of such algebra has been proposed by Yang [28] as an extension of the Snyder model [29]. The defining relations of
D � 4 Yang model are as follows:

[x̂μ, x̂ν] � i�

M2 M̂μν , [q̂μ, q̂ν] � i�

R2 M̂μν , [x̂μ, q̂ν] � i�ημν r̂ (5)

2 In fact we choose the algebras ô(1, 5; g) which are isomorphic to the classical Lie algebra ô(1, 5)
3 Often, TSR model is also called Snyder-de Sitter (SdS) model since it is obtained as a generalization of the Snyder model (flat space-time with curved
momentum space) to the model with curved both NC space-time and NC four-momenta.
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where the (real) parameters M and R describe the curvatures of NC space-time and NC four-momenta space.4 The additional
generator r̂ satisfies the relations:

[r̂ , x̂μ] � i�

M2 q̂μ, [r̂ , q̂μ] � − i�

R2 x̂μ (6)

and it follows that r̂ describes the generator of particular ô(2) internal symmetries.5

If we supplement the Born map (4) with the following additional mappings

B : M ↔ R, r̂ ↔ r̂ , (7)

it is easy to see that the Yang model (5)–(6) is Born self-dual. After the following assignment of the generators:

M̂μ4 � Mx̂μ, M̂μ5 � Rq̂μ, M̂45 � MRr̂ , (8)

relations (5)–(6) and (2) permit to interpret the D � 4 Yang algebra as algebraically equivalent to ô(1, 5) Lie algebra:

[M̂AB , M̂CD] � i�(ηAC M̂BD − ηAD M̂BC + ηBD M̂AC − ηBC M̂AD) (9)

where ηAB � diag(−1, 1, . . . , 1) and A, B � 0, 1, . . . , 5.
Another example of NC models which will be considered here is provided by the NC geometry of κ-deformed Minkowski space-

time accompanied by Born dual κ̃-deformed four-momenta space. In order to describe all three possible types of κ-deformations of
NC Minkowski space-time (time-like, standard or light-like), one introduces the constant four-vector aμ which selects the quantized
direction in space-time [35–37]. The κ-Minkowski commutation relations are [39, 40]:

[x̂μ, x̂ν] � i�

κ
(aμ x̂ν − aν x̂μ) (10)

where aμ can be chosen in threefold way as a2 � aμaμ � (1, 0, −1).6. By introducing the constant four-vector bμ describing
quantization direction in quantum four-momentum space q̂μ , one can introduce the following analogous κ̃-deformation of NC
four-momenta7:

[q̂μ, q̂ν] � i�κ̃(bμq̂ν − bν q̂μ). (11)

3 Doubly κ-deformed D � 4 quantum phase spaces from Yang models

Many efforts to generalize Snyder and Yang models appeared in the literature, for example the κ-Minkowski extension of Snyder
model was firstly proposed in [16] (see also [17–22, 54, 55]), while κ-Minkowski type extensions of Yang model in both coordinates
and four-momenta sectors were proposed recently in [13] (see also [14, 15]). In such extensions of the Yang model, we need
to introduce a pair of different κ-Minkowski terms, respectively, in NC space-time and quantum four-momenta, i.e. we need two
independent mass-like parameters κ and κ̃ resulting in (κ , κ̃)-Yang model, which can be defined by the following set of commutation
relations (see [13]):

[x̂μ, x̂ν] � i�

[
1

M2 M̂μν +
1

κ
(aμ x̂ν − aν x̂μ)

]
, [q̂μ, q̂ν] � i�

[
M̂μν

R2 + κ̃(bμq̂ν − bν q̂μ)

]
(12)

and

[M̂μν , x̂ρ] � i�

[
ημρ x̂ν − ηνρ x̂μ +

1

κ
(aμM̂ρν − aν M̂ρμ)

]
, (13)

[M̂μν , q̂ρ] � i�
[
ημρ q̂ν − ηνρ q̂μ + κ̃(bμM̂ρν − bν

ˆMρμ)
]
. (14)

4 For the notions and the use of NC Riemannian geometry, see e.g. [30–33] in quantum gravity models and for example string theory [34]
5 The standard ô(2) relations with ô(2) generator Î are [I , X̂μ] � i�Q̂μ, [I , Q̂μ] � −i�X̂μ and can be obtained from (6) by the redefinition: Î � MRr̂ ,
X̂μ � Mx̂μ, Q̂μ � Rq̂μ.
6 Relations (10),(11) introduce two mass-like parameters κ , κ̃ and two constant four-vectors aμ, bμ limited by threefold constraints a2 � (1, 0, −1) and
b2 � (1, 0, −1) which specify 3 × 3 � 9 types of (κ , κ̃)-deformed pairs of Poincaré algebras. In general cases, as shown in Sect. 3, still there should appear
a third parameter ρ.
7 In general case the mass-like parameters κ and κ̃ are independent.
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We see that in relations (12), the noncommutativity of quantum space-time and four-momenta is described by the sum of the
noncommutativities from the Yang model and from κ-deformation. Further, it can be shown that relations (13), (14) can be justified
by the calculation of Jacobi identities. The remaining quantum phase space relations are [13, 14]8:

[x̂μ, q̂ν] � i�
(
ημν r̂ + κ̃bμ x̂ν − aν

κ
q̂μ +

ρ

MR
M̂μν

)
, (15)

[r̂ , x̂μ] � i�

(
1

M2 q̂μ − 1

MR
ρ x̂μ − aμ

κ
r̂

)
, [r̂ , q̂μ] � i�

(
− 1

R2 x̂μ +
1

MR
ρq̂μ − κ̃bμr̂

)
. (16)

Additionally, we have

[r̂ , M̂μν] � −i�

[
1

κ
(aμq̂ν − aν q̂μ) − κ̃(bμ x̂ν − bν x̂μ)

]
. (17)

Relation (17) shows that the internal and Lorentzian generators do not commute with each other. The κ , κ̃-dependence of the Yang
model can be explained by the generalized Born map B̃, obtained if we supplement (4) and (7) by the following relations9

B̃ : aμ → bμ, bμ → −aμ, κ ↔ 1

κ̃
. (18)

Both maps (4), (18) describe pseudo-involutions, satisfying the relations B2 � B̃4 � 1. It can be checked that relations (15)–(17)
are self-dual under the generalized Born map (4), extended by (18).

3.1 Doubly κ-deformed D � 4 quantum phase spaces by contraction of (κ , κ̃)-Yang model

To obtain the new model of quantum phase space, including both NC coordinates and NC four-momenta, and which is dependent
on two additional parameters κ and κ̃ , we perform the contraction when M → ∞ and R → ∞ in doubly (κ , κ̃)-Yang model,
described by (12)–(17). We call this new model doubly κ-Poincaré algebra. It is given by relations10

[x̂μ, x̂ν] � i�

κ
(aμ x̂ν − aν x̂μ), [q̂μ, q̂ν] � i�κ̃(bμq̂ν − bν q̂μ), (19)

[M̂μν , x̂ρ] � i�

[
ημρ x̂ν − ηνρ x̂μ +

1

κ
(aμM̂ρν − aν M̂ρμ)

]
, (20)

[M̂μν , q̂ρ] � i�
[
ημρ q̂ν − ηνρ q̂μ + κ̃(bμM̂ρν − bν

ˆMρμ)
]
, (21)

[x̂μ, q̂ν] � i�
(
ημν r̂ + κ̃bμ x̂ν − aν

κ
q̂μ

)
, (22)

[r̂ , x̂μ] � −i�
aμ

κ
r̂ , [r̂ , q̂μ] � −i�κ̃bμr̂ , (23)

[r̂ , M̂μν] � −i�

[
1

κ
(aμq̂ν − aν q̂μ) − κ̃(bμ x̂ν − bν x̂μ)

]
. (24)

3.2 Doubly κ-deformed D�4 quantum phase spaces by fixing the metric gAB in ô(1, 5, gAB)

It is already known since 1947 (see [28]) that the algebra describing D � 4 Yang model, i.e. (5)–(6) is spanned by the ô(1, 5)
algebra. The generalizations of this description, by replacing ηAB by more general metric gAB (ηAB → gAB ), have been proposed,
e.g. in [38]. Doubly (κ , κ̃)-Yang models, which we recalled in the beginning of Sect. 3 and which are described by Eqs. (12)–(17),
have the Lie algebra structure of ô(1, 5; g(Y )

AB ) (see [13]):

[M̂AB , M̂CD] � i�(g(Y )
AC M̂BD − g(Y )

AD M̂BC + g(Y )
BD M̂AC − g(Y )

BC M̂AD) (25)

8 To link the notations used in [13] and [14], we need the following convention matching, where the left-hand side contains the notation used in [13] and
the right-hand side corresponds to the one from [14]:

μ, ν → i , j ; � � 1;
1

R
� α

1

M
� β;

and the generators

x̂ν → X̃i ; q̂μ → P̃i ; r̂ → ĥ; aμ → κβaμ; bμ → (α/κ̃)bμ.

9 In standard Born duality (e.g. for Yang algebra (5)–(6)), the algebra is self-dual due to the exchange of generators and constants responsible for agreement
of dimensions of the generators (see (4) and (7)). The double κ deformed Yang algebra (12)–(17) is self-dual in the above sense only in the case when the
four-vectors aμ � bμ � 0. For other values of aμ and bμ, the double κ deformed Yang algebra is self-dual only if we additionally require the change of the
structure constants of algebra (corresponding to a → b, b → −a), and we name such an extension of Born duality as generalized Born duality.
10 Relations (10), (11) are repeated here for convenience and clarity of presentation of the new model.
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where the symmetric metric components g(Y )
AB with the signature (−1, 1, . . . , 1) depend on five parameters11 (M , R, κ , κ̃ , ρ) where

(M � λ−1, M̃ � R−1) is the pair of mass parameters (or equivalently the pair of length parameters λ � M−1, R), the mass-like
parameters (κ , κ̃) and the dimensionless parameter ρ and a pair of constant dimensionless four-vector aμ, bμ, (μ � 0, 1, 2, 3)
which respectively determine the type of κ-dependence in D � 4 quantum space-time and D � 4 quantum four-momenta sectors
of Yang algebra. The metric g(Y )

AB is determined by the following assignments of the generators:

M̂AB �
(
M̂μν , M̂μ4 � Mx̂μ, M̂μ5 � Rq̂μ, M̂45 � MRr̂

)
(26)

where [MAB ] � L0 (dimensionless), in consistency with relation (25), with M̂μν describing D � 4 Lorentz algebra and the scalar
r̂ providing the generator of the ô(2) internal symmetries. Relations (25) describe the (κ , κ̃)-Yang model if we insert the following
components of the D � 6 metric tensor:

g(Y )
AB �

⎛
⎜⎝

ημν g(Y )
μ4 g(Y )

μ5

g(Y )
4ν g(Y )

44 g(Y )
45

g(Y )
5ν g(Y )

54 g(Y )
55

⎞
⎟⎠ (27)

where12

g(Y )
μ4 � g(Y )

4μ � M

κ
aμ, g(Y )

μ5 � g(Y )
5μ � Rκ̃bμ, g(Y )

45 � g(Y )
54 � ρ, g(Y )

44 � g(Y )
55 � 1. (28)

Note g(Y )
AB are dimensionless ([g(Y )

AB ] � L0) in consistency with relations (25).
To obtain the new model of doubly κ-deformed quantum phase space (doubly κ-Poincaré algebra), depending on three parameters

κ , κ̃ and ρ , we modify the metric g(Y )
AB by setting g44 � 0 � g55 � 0. We note that this new quantum phase space will preserve

Lorentz covariance, and we consider the same assignment of generators (26) but only change the metric g(Y )
AB to the following

g̃AB �
⎛
⎝ ημν gμ4 � M

κ
aμ gμ5 � Rκ̃bμ

g4ν � M
κ
aTν 0 ρ

g5ν � Rκ̃bTν ρ 0

⎞
⎠ (29)

where we require

det g̃AB � ρ2 − 2ρMR
κ̃

κ

(
aμb

μ
)

+

(
MR

κ̃

κ

)2

[
(
aμb

μ
)2 − a2b2] �� 0. (30)

Now the relations of ô(1, 5, g̃AB ):

[M̂AB , M̂CD] � i�(g̃AC M̂BD − g̃AD M̂BC + g̃BD M̂AC − g̃BC M̂AD) (31)

describe doubly κ-deformed quantum phase space algebra given by (19), (20), (21) and (2) with the exception of the commutation
relation between NC coordinates and NC four-momenta which now becomes:

[x̂μ, q̂ν] � i�(ημν r̂ + κ̃bμ x̂μ − aν

κ
q̂μ +

ρ

MR
M̂μν) (32)

Note that (32) provides a more general version of the doubly κ-deformed phase space than the one obtained in the previous section,
cf. (22). Because of the last term, proportional to the parameter ρ, the two models of relativistic D � 4 doubly κ-deformed quantum
phase spaces, called doubly κ-Poincaré algebras (obtained in Sects. 3.1 and 3.2), are different.

We can obtain from relation (32), the version from Sect. 3.1 by setting ρ � 0 in (29), while keeping det g̃AB �� 0. These conditions
put certain restrictions on the possible choices of the constant four-vectors aμ and bμ, namely (aμbμ)2 �� a2b2. One of the allowed
cases would be aμbμ � 0, a2 �� 0, b2 �� 0 (see (30)). In particular, these restrictions imply that bμ cannot be proportional to aμ.

3.3 Doubly κ-deformation directly from Yang model

In Sections 3.1 and 3.2, we performed the reductions in doubly (κ , κ̃)-Yang models [13] (12)–(17) to obtain double-κ deformation.
In this section, we present a more straightforward possibility, by starting from the Yang algebra (2), (5)–(6) and introducing the
change of basis resulting in the double-κ deformation. To obtain the full set of Yang algebra commutators, we add to (2), (5)–(6) the
relation [r̂ , M̂μν] � 0 what implies that r̂ describes an Abelian internal ô(2) symmetry generator. Then, we can change the basis of
(2), (5)–(6) by the following transformation (see e.g.[39])

x̃μ � x̂μ +
1

κ
aρMμρ , q̃μ � q̂μ + κ̃bρMμρ , M̃μν � M̂μν (33)

11 Note that in Sect. 3.2 the parameters M, R are kept finite.
12 We note that the metric gAB with fixed ημν can in the most general case be built up from 11 free parameters with arbitrary values of g44 and g55 (see
also [14]). However, following our choice in [13], we are using the version with only nine free parameters, fixing two parameters by the relations g44 � 1
and g55 � 1.
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where κ , κ̃ are real parameters and aμ, bμ real four-vectors as before. At this stage, we do not specify the dependence of the r̂
generator on the remaining Yang algebra generators x̃μ, q̃μ, M̃μν . The algebra of the transformed generators (33) looks as follows:

[x̃μ, x̃ν] � i�(
1

M2 +
a2

κ2 )M̃μν +
i�

κ
(aμ x̃ν − aν x̃μ), (34)

and

[q̃μ, q̃ν] � i�(
1

R2 + κ̃2b2)M̃μν + i�κ̃(bμq̃ν − bν q̃μ), (35)

where a2 � aμaμ and b2 � bμbμ , and we additionally have:

[x̃μ, q̃ν] � i�ημν(r̂ +
1

κ
aρ q̃ρ − κ̃bρ x̃ρ − κ̃

κ
aρbσ M̃ρσ ) + i�

[
κ̃bμ x̃ν − 1

κ
aν q̃μ +

κ̃

κ
aρbρ M̃μν

]
, (36)

[M̃μν , x̃ρ] � i�(ημρ x̃ν − ηνρ x̃μ) +
i�

κ
(aν M̃μρ − aμM̃νρ), (37)

[M̃μν , q̃ρ] � i�(ημρ q̃ν − ηνρ q̃μ) + i�κ̃(bν M̃μρ − bμM̃νρ). (38)

To write the remaining commutation relations, we should specify the transformation of the generator r̂ . Let us consider two cases:

1. If we put simply r̃ � r̂ , this leads to the following modified commutators of Yang algebra

[r̃ , x̃μ] � i�

M2

(
q̃μ − κ̃bρ M̃μρ

)
, [r̃ , q̃μ] � − i�

R2

(
x̃μ − 1

κ
aρ M̃μρ

)
, [r̃ , M̃μν] � 0. (39)

In such a case, the internal symmetry and Lorentzian generators are still commuting with each other.
2. We can introduce the following formula for the modified generator r̂ (compare with the first term on the RHS of (36))

r̃ � r̂ +
1

κ
aρ q̃ρ − κ̃bρ x̃ρ − κ̃

κ
aρbσ M̃ρσ . (40)

In this case, the commutator (36) can be rewritten as follows:

[x̃μ, q̃ν] � i�

[
ημν r̃ + κ̃bμ x̃ν − 1

κ
aν q̃μ +

κ̃

κ
aρbρ M̃μν

]
. (41)

We can also calculate all the remaining commutators containing the r̃ generator

[r̃ , x̃μ] � i�

[
− 1

κ
aμr̃ − κ̃

κ
aρbρ x̃μ + (

1

M2 +
a2

κ2 )q̃μ

]
, (42)

[r̃ , q̃μ] � i�

[
κ̃bμr̃ +

κ̃

κ
aρbρ q̃μ − (

1

R2 + κ̃2b2)x̃μ

]
, (43)

[M̃μν , r̃ ] � i�

[
1

κ
(aμq̃ν − aν q̃μ) − κ̃(bμ x̃ν − bν x̃μ)

]
, (44)

and we see from (44) that the internal symmetry generator r̂ and Lorentzian generators do not commute with each other in the
new basis.

Further, to obtain the double κ-deformed Poincaré algebra, we require the following conditions:

1

M2 +
a2

κ2 � 0,
1

R2 + κ̃2b2 � 0 (45)

to remove the terms proportional to M̃μν (i.e. the curvature terms) on the RHS of eqs. (34) and (35).
Subsequently, we will consider only two cases13 (see e.g. [40]):

1. Doubly time-like κdeformations If we require a2 � − κ2

M2 , then the curvature terms on the RHS of (34) vanish and we get

pure κ-deformation type of commutation for coordinates. Analogously, the condition b2 � − 1
R2κ̃2 leads to the new κ̃ type

commutator for four-momenta. The time-like κ-deformations for coordinates and four-momenta are imposed by the conditions
a2 � −1 and b2 � −1, which due to (45) imply the following relations between parameters: κ � M and κ̃ � R−1. We obtain:

[x̃μ, x̃ν] � i�

M
(aμ x̃ν − aν x̃μ), [q̃μ, q̃ν] � i�

R
(bμq̃ν − bν q̃μ), (46)

[M̃μν , x̃ρ] � i�(ημρ x̃ν − ηνρ x̃μ) +
i�

M
(aν M̃μρ − aμM̃νρ), (47)

13 There are nine choices of double κ-deformations, which could be considered from mathematical point of view, which correspond to 3 × 3 � 9 choices
of four-vectors aμ, bμ with their covariant lengths a2, b2 satisfying the threefold choice (−1, 0, 1).
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[M̃μν , q̃ρ] � i�(ημρ q̃ν − ηνρ q̃μ) +
i�

R
(bν M̃μρ − bμM̃νρ). (48)

In the case r̃ � r̂ , the commutators (46–48) are supplemented by the relations

[x̃μ, q̃ν] � iημν(r̃ +
1

M
aρ q̃ρ − 1

R
bρ x̃ρ − 1

MR
aρbσ M̃ρσ ) +

i

R
bμ x̃ν − i

M
aν q̃μ +

i

MR
aρbρ M̃μν , (49)

[r̃ , x̃μ] � i�

M2 (q̃μ − 1

R
bρ M̃μρ), [r̃ , q̃μ] � − i�

R2 (x̃μ − 1

M
aρ M̃μρ), [r̃ , M̃μν] � 0. (50)

If we consider r̃ generator defined by formula (40), the commutators (46)–(48) should be supplemented by the following ones:

[x̃μ, q̃ν] � i�

[
ημν r̃ +

1

R
bμ x̃ν − 1

M
aν q̃μ +

1

MR
aρbρ M̃μν

]
, (51)

[r̃ , x̃μ] � i�

[
− 1

M
aμr̃ − 1

MR
aρbρ x̃μ

]
, [r̃ , q̃μ] � i�

[
1

R
bμr̃ +

1

MR
aρbρ q̃μ

]
, (52)

[M̃μν , r̃ ] � i�

[
1

M
(aμq̃ν − aν q̃μ) − 1

R
(bμ x̃ν − bν x̃μ)

]
. (53)

2. Doubly light-cone κdeformations One can obtain light-cone κ-deformation for space-time coordinates by imposing a2 � 0.
In such a case, we have to take the additional limit M → ∞ to remove the curvature terms from (34). Analogously (see (35)),
for the four-momenta, we should impose the conditions b2 � 0 and R → ∞. We obtain the pair of relations (cf. (10), (11)):

[x̃μ, x̃ν] � i�

κ
(aμ x̃ν − aν x̃μ), [q̃μ, q̃ν] � i�κ̃(bμq̃ν − bν q̃μ). (54)

When r̃ � r̂ , the formulas (39) take the form

[r̃ , x̃μ] � [r̃ , q̃μ] � [r̃ , M̃μν] � 0 (55)

and because the commutators (36)–(38) are not M, R-dependent, they remain unchanged. Moreover, from (55), it follows that
r̃ � r̂ ∼ I (i.e., it is proportional to the identity operator) and the algebra presented here will correspond to the algebra presented
in the next section (see Sect. 4, doubly light-cone κ deformations). If we consider generator r̃ defined by formula (40), the
commutators (54) are supplemented by the following ones:

[r̃ , x̃μ] � i�

[
− 1

κ
aμr̃ − κ̃

κ
aρbρ x̃μ

]
, [r̃ , q̃μ] � i�

[
κ̃bμr̃ +

κ̃

κ
aρbρ q̃μ

]
, (56)

and we get formulae (37), (38), (41), (44).

4 From TSR to new doubly κ deformed phase space

Another way to obtain the doubly κ deformed phase spaces is to use a similar approach as the one presented in the previous Sect.
3.3 but now in the case of triply special relativity (TSR) algebra, which was firstly formulated in 2004 [23] by the following set of
commutation relations:

[x̂μ, x̂ν] � i�

M2 M̂μν , [ p̂μ, p̂ν] � i�

R2 M̂μν , M , R ∈ R (57)

[M̂μν , x̂ρ] � i�(ημρ x̂ν − ηνρ x̂μ), [M̂μν , p̂ρ] � i�(ημρ p̂ν − ηνρ p̂μ), (58)

[M̂μν , M̂ρτ ] � i�(ημρ M̂ντ − ημτ M̂νρ + ηντ M̂μρ − ηνρ M̂μτ ), (59)

[x̂μ, p̂ν] � i�ĝμν , ĝμν � ημν +
1

R2 x̂μ x̂ν +
1

M2 p̂μ p̂ν +
1

MR
(x̂μ p̂ν + p̂μ x̂ν − M̂μν). (60)

Formulas (57)–(60) satisfy Jacobi identities. We point out that (60) is not unique, and there are infinitely many relations which
would satisfy the required Jacobi identities. Note that the subalgebras spanned by the pairs (M̂ , x̂) and (M̂ , p̂) are just the standard
de Sitter algebras.

The generators ĝ � {x̂μ, p̂μ, M̂μν} are Hermitian, i.e. ĝ � ĝ†. This leads to the following condition:

ĝμν � ĝ†
μν. (61)

After some straightforward manipulations, we obtain that:

gμν − g†
μν � i�

MR

(
2

MR
M̂μν + ĝμν − ĝνμ

)
. (62)
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We can compute the expression ĝμν − ĝνμ appearing above, by using (60) and we get [55]:

(ĝμν − ĝνμ) � − 2

MR
M̂μν. (63)

It means that Hermitian conditions for ĝ and ĝμν are consistent with TSR algebra without any additional assumptions.
Now, we can change the basis of the TSR algebra (57)–(60) using linear transformations (33), what leads to the following modified

commutators for coordinates and four-momenta

[x̃μ, x̃ν] � i�

(
1

M2 +
a2

κ2

)
M̃μν +

i�

κ

(
aμ x̃ν − aν x̃μ

)
, (64)

and

[ p̃μ, p̃ν] � i�(
1

R2 + κ̃2b2)M̃μν + i�κ̃(bμ p̃ν − bν p̃μ), (65)

where a2 � aμaμ and b2 � bμbμ, as before. The remaining commutators of TSR algebra in the new basis described by formulae
(33) have the following form:

[M̃μν , x̃ρ] � i�(ημρ x̃ν − ηνρ x̃μ) +
i�

κ
(aν M̃μρ − aμM̃νρ), (66)

[M̃μν , p̃ρ] � i�(ημρ p̃ν − ηνρ p̃μ) + i�κ̃(bν M̃μρ − bμM̃νρ), (67)

[x̃μ, p̃ν] � i�g̃μν , (68)

g̃μν � ĝμν(g̃) + ημν(
1

κ
aρ p̃ρ − κ̃bρ x̃ρ +

κ̃

κ
aρbσ M̃σρ) + κ̃bμ x̃ν − 1

κ
aν p̃μ +

κ̃

κ
abM̃μν , (69)

where we used the shortcut notation for:

ĝμν(g̃) �h̃μν +

(
1

κR
aρ +

κ̃

M
bρ

)(
1

κR
aσ +

κ̃

M
bσ

)
M̃μρ M̃νσ

−
(

1

R
x̃μ +

1

M
p̃μ

)(
1

κR
aρ +

κ̃

M
bρ

)
M̃νρ −

(
1

κR
aρ +

κ̃

M
bρ

)
M̃μρ

(
1

R
x̃ν +

1

M
p̃ν

)
, (70)

and

h̃μν � ημν +
1

R2 x̃μ x̃ν +
1

M2 p̃μ p̃ν +
1

MR
(x̃μ p̃ν + p̃μ x̃ν − M̃μν). (71)

One can obtain double κ-deformed phase space by removing the terms proportional to M̃μν on the RHS of (64) and (65).
Following our discussion in Sect. 3.3, we will focus only on the two types of double κ-deformations:

1. Doubly time-like κdeformations Similarly as in Sect. 3.3 (point 1) to obtain the κ-deformed commutator (10) for coordinates,

we must require a2 � − κ2

M2 on the RHS of (64). Analogously, the κ-type commutator (11) for four-momenta requires setting

b2 � − 1
R2 κ̃2 . While a2 � −1 and b2 � −1 give the time-like (or standard) κ-deformations for coordinates and four-momenta.

This leads to the following relationships between parameters: κ � M and κ̃ � R−1. This way we obtain the known formulae
(see (10), (11)):

[x̃μ, x̃ν] � i�

M
(aμ x̃ν − aν x̃μ), [ p̃μ, p̃ν] � i�

R
(bμ p̃ν − bν p̃μ). (72)

By imposing additional conditions on four-vector aμ and bμ, we are able to simplify the formulas (69)–(71). The simplifications
obtained by removing Lorentz generator M̃μν from the right-hand side of the commutator (68) can be obtained by putting
aμ � −bμ. In this case, we can supplement the commutators (72) by

[M̃μν , x̃ρ] � i�(ημρ x̃ν − ηνρ x̃μ) +
i�

M
(aν M̃μρ − aμM̃νρ), (73)

[M̃μν , p̃ρ] � i�(ημρ p̃ν − ηνρ p̃μ) +
i�

R
(bν M̃μρ − bμM̃νρ), (74)

[x̃μ, p̃ν] � i�g̃μν , (75)

where

g̃μν �ημν(1 +
1

M
aρ p̃ρ +

1

R
aρ x̃ρ) − 1

R
aμ x̃ν − 1

M
aν p̃μ

+
1

R2 x̃μ x̃ν +
1

M2 p̃μ p̃ν +
1

MR
(x̃μ p̃ν + p̃μ x̃ν). (76)
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2. Doubly light-cone κdeformations Similarly, as in Sect. 3.3 (point 2) to obtain the light-cone κ-deformation for space-time
coordinates, we impose a2 � 0. In such a case, one should take the additional limit M → ∞ in order to remove the curvature
terms proportional to Mμν from (64). Analogously for four-momenta (see (65)), we have the conditions b2 � 0 and R → ∞.
In this last case, the relations (10), (11) are supplemented by formulae (66)–(69), with the condition ĝμν(g̃) � ημν. If we
additionally put bμ � λaμ, λ ∈ R, one can remove Lorentz generator M̃μν from the right-hand side of the commutator (68).

5 Final remarks

In this paper, we propose new models of doubly κ-deformed Poincaré algebras with two independent κ-deformations for NC
quantum space-time (10) and NC quantum four-momenta coordinates (11), described by two independent deformation parameters
κ and κ̃ . In standard approach, one obtains the κ-deformations of space-time coordinates sector by employing the Hopf duality of
the κ-deformed Poincaré group and κ-deformed Poincaré algebra. This leads to the description of quantum phase spaces by the
Heisenberg double construction [41–46]. Here, the new doubly κ-deformed quantum phase spaces are resulting from two various
approaches. We have discussed the following:

(i) The contraction procedure of double κ-deformations of Yang model with built in ô(2) internal symmetry generator r̂ , what
permits to describe algebraically the models with Lie algebraic ô(1, 5) structure. Then by exploring the Lie algebra structure
ô(1, 5; g) with the constant parameter-dependent symmetric metric g, we have obtained the doubly κ-deformed quantum phase
space by properly fixing some of the parameters of the metric (namely g44 � g55 � 0). Additionally, we have also proposed
a change of basis directly from the Yang model in order to obtain the doubly κ-deformed quantum phase space described
algebraically as doubly κ-deformed Poincaré algebras (10), (11).

(ii) As another approach, we have proposed a change of basis in the doubly κ-deformed nonlinear TSR model [23] which can
be obtained from Yang model by expressing bi-linearly the fifteenth generator r̂ in terms of the remaining fourteen physical
generators x̂μ, p̂μ, M̂μν .

As special cases, we discuss doubly time-like and doubly light-cone κ-deformed quantum phase spaces.
It should be mentioned that the original TSR model [23] has been recently generalized [21, 47, 48], and at present, these

generalizations are under our consideration. Moreover, the quantum phase spaces with the presence of noncommutativity in both
space-time coordinates and four-momenta sectors have been recently considered in the context of generalized extended uncertainty
principle (GEUP) and the analogue of the Liouville theorem [7]. The canonical commutation relations of quantum phase spaces
which involve both NC space-time coordinates and NC four-momenta, generally will lead to various types of GEUPs (see e.g. [6],
but also [49]) and one can expect that the modifications to the Heisenberg uncertainty relation may result in new thermodynamical
properties of statistical systems (see e.g. [7, 52, 53]).
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