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ABSTRACT
A variety of time-resolved spectroscopic techniques employing femtosecond pump and probe pulses are nowadays widely 
used to unravel the fundamental mechanisms of photophysical and photochemical processes in molecules and materials. 
Theoretical support based on first-principles electronic-structure calculations is essential for the interpretation of the ob-
served time and frequency resolved signals. Accurate calculations of nonlinear spectroscopic signals based on a quantum 
wave-packet description of the nonadiabatic excited-state dynamics have been demonstrated for diatomic and triatomic 
molecules. For polyatomic molecules with many nuclear degrees of freedom, quasi-classical trajectory descriptions of the 
excited-state dynamics are more practical. While the computation of time-dependent electronic population probabilities with 
quasi-classical trajectory methods has become routine, the simulation of time and frequency resolved pump-probe signals is 
more challenging. This article presents a theoretical framework for first-principles simulations of various femtosecond signals 
that is based on the third-order polarization and the quasi-classical implementation of the doorway-window approximation. 
The latter approximation is applicable for non-overlapping pump and probe pulses that are reasonably short on the character-
istic time scale of the system dynamics. Apart from a systematic derivation of the theory, explicit computational protocols for 
the calculation of pump-probe signals are provided. Transient absorption pump-probe spectroscopy with UV pump and UV 
or X-ray probe pulses, two-dimensional electronic spectroscopy, and femtosecond time-resolved photoelectron spectroscopy 
are considered as specific examples. Recent applications of these computational methods to prototypical chromophores are 
briefly reviewed.
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1   |   Introduction

1.1   |   Time-Resolved Nonlinear Spectroscopy

The exploration of the elementary steps of photochemical reac-
tions with femtosecond time resolution has become a booming 
research field in recent decades thanks to the continuous im-
provement of pulsed radiation sources in the visible, ultraviolet 
(UV), vacuum ultraviolet (VUV) and soft X-ray spectral ranges 
[1–7]. The simplest concept of monitoring the time-resolved 
nonequilibrium dynamics of photoexcited molecular systems is 
transient absorption (TA) pump-probe (PP) spectroscopy [8]. In 
electronic TA PP spectroscopy, a pump pulse impulsively initi-
ates the dynamics in one or several excited electronic states, and 
the dynamics are monitored by the transmission of a short probe 
pulse as a function of the time delay of the pulses [9]. In recent 
years, interest has shifted towards more sophisticated spectros-
copies employing multiple phase-locked laser pulses for exci-
tation. Partial Fourier transformations spread the spectroscopic 
information on two or three frequency axes, providing detailed 
time and frequency resolved imaging of the dynamics [10–13]. 
Probing with femtosecond X-ray pulses adds element specificity 
and thus atomic resolution to time-resolved spectroscopy [14].

In addition to time-resolved spectroscopies based on optical 
(photon) detection, time-resolved photoelectron spectroscopy 
(TRPES) has been developed as a versatile technique over the 
past three decades [15–22]. In TRPES, a short visible or UV 
pump pulse excites the molecular system, and the excited-state 
dynamics are probed via ionization of the excited states with a 
time-delayed UV, VUV, EUV, or X-ray pulse. Due to the high 
detection efficiency of electrons, TRPES is particularly versatile 
for molecules in the gas phase or clusters in supersonic jets.

On the theoretical side, the conventional framework for the de-
scription of nonlinear optical signals is based on perturbation 
theory in the radiation-matter interaction [8]. In the lowest-
order description of a given nonlinear signal, one radiation-
matter interaction per pulse is taken into account. In this 
scheme, two-pulse or three-pulse four-wave mixing (FWM) 
signals are determined by the third-order polarization [8, 23]. 
As is well established, the third-order polarization can be ex-
pressed in terms of third-order dipole response functions, which 
contain matrix elements of transition operators and field-free 
quantum propagators [8]. Alternatively, nonperturbative (in the 
radiation-matter interaction) descriptions of time-resolved non-
linear signals have been developed [24–29]. In this approach, the 
interactions with the laser pulses are included in the quantum 
mechanical equations of motion; that is, the time-dependent 
Schrödinger equation for isolated molecules or quantum master 
equations for chromophores in condensed-phase environments 
[30]. To extract the experimental signals detected with phase 
matching [23], phase cycling [31], or phase modulation [32], an 
appropriate a posteriori decomposition of the nonperturbatively 
computed nonlinear polarization is necessary [30]. For TRPES, 
perturbative and nonperturbative theories were developed and 
applied in parallel [33–37].

It is nowadays well established that the existence of conical inter-
sections of potential-energy (PE) surfaces is the rule rather than 
the exception in photochemical dynamics [38–45]. The adiabatic 

PE surfaces near conical intersections exhibit exceptionally 
strong local anharmonicities and therefore strong vibrational 
mode–mode couplings. In addition, the electronic degeneracy at 
the conical intersection results in a complete breakdown of the 
Born-Oppenheimer (BO) approximation [46]. Therefore, conical 
intersections often dominate the short-time (10–100 fs) excited-
state dynamics in polyatomic molecules [44–49].

The strong non-BO effects and the strong coupling of vibra-
tional degrees of freedom render the theoretical modeling of 
the dynamics near conical intersections challenging. A possi-
ble strategy is the construction of reduced-dimensional models 
that incorporate just the most relevant vibrational modes of the 
conical intersection (minimally, the two vectors spanning the 
branching space of the conical intersection) which are selected 
with exploratory ab initio electronic-structure calculations [46]. 
However, the construction of such few-state few-mode models 
(usually in a diabatic electronic representation) can be time-
consuming, and the numerical solution of the time-dependent 
quantum equation of motion can be challenging when more 
than a few strongly coupled vibrational degrees of freedom 
are involved, albeit the multiconfiguration time-dependent 
Hartree (MCTDH) method [50–52] and, more recently devel-
oped, matrix-product-state (MPS) [53–55] and tensor-train net-
work (TTN) methods [56–59] have become powerful tools for 
the computation of the quantum mechanical time evolution of 
systems with many nonseparable nuclear degrees of freedom.

An attractive alternative to fully quantum mechanical descrip-
tions are mixed quantum-classical models in which the nuclear 
motion is described by classical mechanics, while a quantum 
mechanical description is retained for the electrons. In view of 
typically large-amplitude nuclear motions in excited electronic 
states and large vibrational excess energies generated by radia-
tionless transitions, a classical description of the nuclear motion 
seems justified according to the correspondence principle. From 
the computational point of view, classical mechanics scales only 
linearly with the number of nuclear degrees of freedom, in con-
trast to the exponential scaling of numerical quantum dynamics. 
Moreover, classical trajectories can be propagated by calculating 
the electronic energies, gradients, and nonadiabatic couplings 
(NACs) “on the fly” with ab initio electronic-structure methods 
[60–65]. On the other hand, photon absorption and emission 
processes as well as radiationless transitions between electronic 
states are inherently quantum mechanical phenomena and their 
modeling via classical mechanics is nontrivial.

The approximation of nonadiabatic (i.e., non-BO) quantum 
dynamics by mixed quantum-classical schemes is not unique, 
and there exists a wide variety of approximate mixed quantum-
classical computational methods. Broadly speaking, the mixed 
quantum-classical schemes can be classified into quasi-classical 
methods and semi-classical methods.

1.2   |   Quasi-Classical Trajectory Methods

In the quasi-classical descriptions, quantum wave packets are 
approximated by swarms of independent classical trajectories, 
which excludes the simulation of quantum interference effects. 
The basis of all quasi-classical descriptions is the classical path 
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approximation [66]. The dynamics of the fast electrons are as-
sumed to follow adiabatically the comparatively slow motion of 
the much heavier nuclei. In the context of molecular spectros-
copy and photochemistry, the initial condition for the nuclear 
motion is typically given by one or a few quantized eigenstates in 
the electronic ground state of a molecular chromophore. The ini-
tial positions and momenta of the quasi-classical trajectories are 
typically stochastically sampled from a quasi-classical probabil-
ity distribution, for example from the Wigner distribution [67] of 
the vibrational modes in the electronic ground state.

The quasi-classical methods differ in the manner in which the 
back-reaction of the electronic motion on the nuclear motion 
is taken into account. In the time-honored Ehrenfest approx-
imation, the nuclear motion is driven by the gradient of the 
mean value of the electronic potentials [68, 69]. The Ehrenfest 
dynamics is very easy to implement as an ab  initio direct dy-
namics method [61]. The performance of the Ehrenfest method 
depends strongly on the physics of the problem. In the context of 
nonadiabatic electron/nuclear dynamics, the Ehrenfest method 
generally performs well for “vertical” radiationless transitions, 
where the dynamics are confined to a limited range of nuclear 
geometries. A well-studied example is the radiationless decay 
of the excited states of the benzene cation [70]. The Ehrenfest 
method fails, on the other hand, if bifurcations of wave packets 
in nuclear coordinate space occur, for example in photochemical 
reactions. A multi-configuration extension of the Ehrenfest ap-
proximation was recently proposed by Shalashilin and cowork-
ers and developed into a versatile direct-dynamics method [71].

The most widely employed quasi-classical approximation 
method for nonadiabatic dynamics is the trajectory surface-
hopping (SH) method. The trajectory SH concept was first for-
mulated by Tully and Preston [72], invoking the quasi-classical 
Landau-Zener (LZ) model [73] for the estimation of hopping 
probabilities. In 1990, Tully introduced the fewest-switches 
surface hopping (FSSH) algorithm [74] which soon was widely 
implemented as an ab initio on-the-fly simulation protocol [65]. 
In FSSH, each nuclear trajectory of the ensemble is propagated 
in time on a single adiabatic BO potential-energy surface by 
solving Newton's equation of motion. Transitions between elec-
tronic potential-energy surfaces are induced by nonadiabatic 
(NAC) elements and are taken into account by a probabilistic 
algorithm. The NAC elements are evaluated from the electronic 
wave function, which is propagated with the time-dependent 
Schrödinger equation along each trajectory [74].

Since the trajectories of the ensemble are propagated inde-
pendently, the conservation of the total energy has to be en-
forced for each trajectory, usually by a rescaling of momenta 
along the NAC vector. By treating the electronic dynamics by the 
time-dependent Schrödinger equation and the nuclear dynam-
ics by Newton's equation, the FSSH algorithm is not internally 
consistent. This inconsistency leads to the so-called lack-of-
decoherence problem which can be mitigated by an empirical 
suppression of the overcoherence of the electronic wave function 
[65]. The most widely employed decoherence correction is that 
of Grannucci and Persico [75].

In FSSH, the hopping probabilities are calculated continu-
ously in time along each trajectory, which can be a significant 

computational burden for large systems. Alternative variants 
of trajectory SH have been proposed in which SH is taken into 
account only when the energy gap between adjacent electronic 
states attains a local minimum. The LZ model in the adiabatic 
representation [76, 77] or SH with the Zhu-Nakamura formula 
[78, 79] are examples. The decoherence problem does not arise 
in these algorithms, since the coherent propagation of the elec-
tronic wave function is avoided. While the algorithms based on 
the Belyaev-Lebedev or Zhu-Nakamura formulas are generally 
less accurate than the FSSH algorithm, the gain in computa-
tional efficiency can be substantial for large systems [80].

Recently, algorithms of SH-type also have been derived from 
the so-called exact factorization (EF) ansatz proposed by Gross, 
Maitra, and coworkers [81–83]. Computational studies of the 
performance of EF-based trajectory SH methods were per-
formed by Agostini and coworkers [84]. An insightful overview 
of various trajectory-based methods and their relationship to 
formally exact Bohmian dynamics can be found in an article by 
Tavernelli and coworkers [85].

A comprehensive discussion of the strengths and weaknesses of 
the various quasi-classical simulation algorithms is beyond the 
scope of this review, which is focused on nonlinear time-resolved 
spectroscopy. Benchmarking the accuracy of the various algo-
rithms against each other or against more exact computational 
methods (as far as available) is currently a very active field of 
research. The reader is referred to a few representative recent 
studies [86–89].

1.3   |   Semi-Classical Trajectory Methods

Turning to semi-classical approximations, the Gaussian wave-
packet approach of Heller represents a seminal early develop-
ment [90, 91]. In the so-called thawed-Gaussian approximation, 
the center of the semi-classical wave packet follows the equa-
tions of classical mechanics. Simple equations of motion for 
the width and the phase of the wave packet are obtained by a 
local harmonic expansion of the electronic potential around the 
center of the moving wave packet [90]. By accounting for the 
phase of the wave packet, Heller's Gaussian trajectory dynam-
ics can qualitatively describe wave-packet interference effects, 
which are, for example, the origin of vibrational fine structure 
in electronic spectra [92]. Heller's thawed-Gaussian approxima-
tion was recently implemented as an ab initio direct dynamics 
method for the calculation of linear and nonlinear electronic 
spectra [93, 94]. In the so-called frozen-Gaussian approxima-
tion of Heller, multiple Gaussians of fixed width are employed 
as a trajectory-driven basis set to describe the dynamics of wave 
packets on general potentials [95]. Ben-Nun and Martinez ex-
tended this approach to nonadiabatic dynamics in the ab initio 
multiple-spawning (AIMS) formalism [96]. The multiple-cloning 
approach of Shalashilin and coworkers [97] and the variational 
multi-configuration Gaussian wave-packet (vMCG) method of 
Worth and Burghardt [98] are related methods.

An alternative approach to semi-classical dynamics is derived 
from the Feynman path-integral representation of the quantum 
propagator by applying the stationary-phase approximation. The 
van Vleck-Gutzwiller [99] and Herman-Kluk [100] propagators 
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are the most well-explored examples for semi-classical dynamics 
on single potential-energy surfaces. The semi-classical descrip-
tion of nonadiabatic multi-state dynamics is particularly chal-
lenging because transitions between discrete electronic states 
are inherently of quantum nature. The iconic Meyer-Miller clas-
sical electron model [101] set the stage for developments in semi-
classical nonadiabatic dynamics, which continue until today. 
Stock and Thoss [102] generalized the classical electron model 
by the semi-classical mapping approach, which is formulated in 
the framework of Schwinger's representation of angular momen-
tum [103]. The semi-classical mapping concept is not unique, 
and several versions and implementations of the semi-classical 
mapping approach exist [104]. A recent improvement is the spin-
mapping formalism of Runeson and Richardson [105]. The de-
velopment of further improvements of semi-classical mapping 
methods for multi-state quantum dynamics is currently a very 
active field of research [106–110].

Another semi-classical formulation suitable for the descrip-
tion of nonadiabatic multi-state quantum dynamics is the 
quantum-classical Liouville equation (QCLE) [111]. The QCLE 
is derived from the quantum Liouville equation by taking the 
partial Wigner transform of the electron-nuclear density ma-
trix with respect to the nuclear degrees of freedom and treating 
the nuclear motion in the semi-classical limit. By retaining the 
quantum description of the electrons, the QCLE can rigorously 
account for electronic coherences. The QCLE can alternatively 
be derived by the linearization of the forward-backward action 
in the influence functional of the path-integral representation of 
the electron-nuclear density matrix [112].

1.4   |   Doorway-Window Approximation

Given any of these trajectory-based methods for the simulation 
of coupled electronic-nuclear dynamics, the calculation of non-
linear time-resolved spectra is still a formidable task. Adopting 
the perturbative approach to nonlinear optics [113], the third-
order polarization is given by the triple convolution of the third-
order nonlinear dipole response function with the electric fields 
of the laser pulses [8]. The third-order nonlinear dipole response 
function carries the complete information on the system dynam-
ics in the absence of external fields and can be decomposed into 
specific spectroscopic pathways which can be represented by 
Feynman diagrams [8]. With the advancement of computational 
facilities and theoretical algorithms, substantial progress has 
been achieved in the construction of on-the-fly protocols for the 
simulation of response functions for realistic molecular systems 
[30, 114–117]. Yet, the computation and storage of the nonlinear 
response functions depending on three time variables represent 
a considerable computational challenge in any ab initio on-the-
fly approach. The simplifications of the doorway-window (DW) 
approximation are essential for developing computationally 
feasible ab initio protocols using either quasi-classical or semi-
classical trajectory methods.

The DW approximation for TA PP spectra was introduced by 
Yan, Fried, and Mukamel [118–120]. In the initial derivations, 
the excited-state absorption (ESA) contribution to the TA PP 
signal was neglected. Later on, the DW approximation was ex-
tended to the calculation of time-resolved fluorescence spectra 

[121–126] as well as to femtosecond coherence spectra [127]. 
Novoderezhkin et al. as well as Balzer and Stock extended the 
DW description to include ESA and simulated TA PP signals 
for a number of systems [128–130]. The DW framework as an 
approximation scheme was also used to calculate nonlinear re-
sponse functions themselves [131–135]. The DW approximation 
has been generalized to overlapping pulses (via time-dependent 
doorway operators [136–138]) and the DW approximation 
was extended to sequential three-pulse photon-echo signals 
[139, 140], to six-wave-mixing pump-dump-probe signals [141] 
as well as to TA PP signals [142–144] and to electronic 2D sig-
nals [145, 146] evaluated with strong (nonperturbative) laser 
pulses. Tanimura and Mukamel developed a formal scheme 
for the description of doorway and window wave packets for 
Brownian oscillator models beyond the weak-field limit, and 
they discussed the domain of validity of the DW approximation 
[147, 148]. Related developments were also discussed by Olsina 
and Mancal [149].

The basic requirement of the DW approximation is the assump-
tion of non-overlapping laser pulses; that is, laser pulses which 
are well separated in time. Moreover, the pulses have to be rea-
sonably short compared to the characteristic time scale of the 
system dynamics, such that the nonadiabatic dynamics during 
the action of the pulses can be neglected. The first-principles 
simulation of the system dynamics is thus restricted to the 
time intervals between the pulses, but is not taken into account 
during the action of the pulses.

In recent applications of the trajectory-based DW protocol in 
the research groups of the authors, which are briefly reviewed 
in Chapters  3–5, a quasi-classical description of the dynamics 
was adopted. This limits the simulations to signals that are de-
termined by populations of electronic states, such as the TA PP 
signals or the dependence of electronic 2D signals on the elec-
tronic population time. Two variants of SH were employed for 
the description of the quasi-classical dynamics, either Tully's 
FSSH algorithm [74] or a LZSH algorithm based on the Belyaev-
Lebedev formula [77]. Any other of the quasi-classical approxi-
mation methods discussed above could have been used.

The systematic implementation of the DW approximation with 
semi-classical protocols has not yet been worked out. While the 
sampling of initial conditions and the sum over trajectories may 
be considerably more difficult to converge with semi-classical 
algorithms, such implementations would allow the simulation of 
general N-wave-mixing signals and/or the simulation of signals 
that are sensitive to electronic coherences, for example, those 
that are generated when wave packets move through same-
symmetry conical intersections.

2   |   Optically-Detected Signals

2.1   |   General Expressions for Four-Wave-Mixing 
Signals

FWM experiments detect the third-order laser-induced polar-
ization Pk(t) radiating in a specific phase-matching direction 
k [8, 150]. Typically, Pk(t) is produced by the interaction of the 
material system under study with the first three laser pulses 
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Ej
(

t − tj
)

 ( j = 1,2,3, tj are the arrival times of the pulses which 
for symmetric pulse envelopes Ej(t) = Ej(−t) assumed herein co-
incide with the pulse centers) possessing the wave vectors kj and 
is measured in the non-rephasing (� = NR, �

�
= 1) or rephasing 

(� = R, �
�
= − 1) phase-matching direction [8, 150].

The FWM signal I
�
 is detected by heterodyning Pk

�

(t) with the 
local-oscillator field E4

(

t − t4
)

 [8, 150]:

This signal contains information on both absolute value and 
phase of the complex-valued polarization Pk

�

(t), and is therefore 
sensitive to electronic coherence effects [151].

FWM signals consist of ground-state bleach (GSB), stimulated 
emission (SE), and excited-state absorption (ESA) contributions 
and can be evaluated in terms of the total third-order response 
functions R

�k

(

t3, t2, t1
)

 (k = 0, I, II correspond to the GSB, SE, 
and ESA contributions) as follows [8, 30, 151]:

Here the arrival times of the pulses are conventionally param-
eterized as

where �, T, and � t are referred to as excitation, population, and 
detection times, respectively. This notation is used throughout 
this article. For simplicity and clarity, the carrier frequencies �j 
and durations � j of sequential pairs of pulses are taken the same,

(the subscripts “pu” and “pr” denote pump and probe pulses). 
The dynamical properties of the material system under study are 
determined by its Hamiltonian (see Appendix A) which, in turn, 
fully specifies the third-order response functions R

�k

(

t3, t2, t1
)

 
(see Appendix B). All optical signals considered in this work can 
be evaluated as a special case of Equation (3).

2.2   |   Quantum Doorway-Window Representation 
of Four-Wave-Mixing Signals

The third-order response functions can be formally represented 
in DW format as [131–133, 140].

Here the doorway and window operators, 
�

(

t1
)

 and k

(

t3
)

, 
describe evolution of the system in electronic coherence during 
the times t1 and t3, while the propagator ℒ

(

t2
)

 governs nonadi-
abatic evolution of the system in electronic population during 
the time t2. Note that the doorway operator is the same for the 
GSB, SE and ESA signals. Note also that the window operators 
do not depend on the phase-matching condition (Equation (1)). 
The numerical factors

denote the sign of the corresponding term: According to the cho-
sen convention, the GSB (k = 0) and SE (k = I) contributions are 
(predominantly) positive, while the ESA contribution (k = II) is 
(predominantly) negative [30, 151].

The DW representation of the nonlinear response functions gen-
erates the DW representation of the FWM signal of Equation (3). 
The latter is constructed under two assumptions: (i) the pulses 2 
and 3 are well temporally separated (T > 𝜏pu, 𝜏pr), so that we can 
neglect the transient effects decaying on the timescale of �pu and 
�pr. (ii) the pulses are short on the system dynamics timescale, 
so that we can neglect electronic population evolution during �pu 
and �pr. Changing the integration variables

and implementing the above assumptions, the FWM signal of 
Equation (3) can be recast in the DW form [30],

where

2.3   |   Classical Doorway – Window Representation 
of Four-Wave-Mixing Signals

It was proposed already in Refs [118–120] that the DW frame-
work can be combined with classical or semi-classical trajectory 
methods. This idea has been further exploited and extended in 
Refs [70, 152–159], in which PP signals of several model systems 
were simulated. The general quantum FWM signal in the DW 
representation, Equations  (8–10), can also be recast in a form 
suitable for on-the-fly classical trajectory methods by making 
the following approximations (see Refs [160, 161]):

	 i.	 The DW operators 
�

(

t1
)

 and k

(

t3
)

 become functions in 
nuclear phase space, 

�

(

t1,R ,P
)

 and k

(

t3,R ,P
)

, where P 
are the momenta conjugated to the nuclear coordinates R .

(1)k
�
= �

�

(

k1 − k2
)

+ k3.

(2)I
�
= Im

∫
dtPk

�

(t)E∗
4

(

t − t4
)

.

(3)

I
�

(

�,T , � t
)

∼ Re
∑

k= 0,I,II

∞

∫

−∞

dt

∞

∫

0

dt3

∞

∫

0

dt2

∞

∫

0

dt1E1
(

t + � + T − t3 − t2 − t1
)

×

E2
(

t + T − t3 − t2
)

E3
(

t − t3
)

E4
(

t − � t

)

ei���pu(t1−�)ei�pr(t3−� t)R
�k

(

t3, t2, t1
)

.

(4)t1 = − T − �, t2 = − T , t3 = 0, t4 = � t

(5)�1 = �2 = �pu, �3 = �4 = �pr

(6)�1 = �2 = �pu, �3 = �4 = �pr

(7)R
�k

(

t3, t2, t1
)

= akTr
[

k

(

t3
)

ℒ
(

t2
)


�

(

t1
)]

.

ak =

[

1, k=0, I

−1, k= II

t = t� + t3, t2 = t� + T − t�2

(8)I
�

(

�,T , � t
)

∼ Re
∑

k= 0,I,II

akTr
[

Wk

(

� t

)

ℒ(T)D
�
(�)

]

,

(9)D
�
(�)=

∞

�

−∞

dt�
2

∞

�

0

dt1E2
(

t�
2

)

E1
(

t�
2
+�− t1

)

ei���pu(t1−�)
�

(

t1
)

(10)Wk

(

� t

)

=

∞

�

−∞

dt�

∞

�

0

dt3E4
(

t� + t3−� t

)

E3
(

t�
)

ei�pr(t3−� t)k

(

t3
)

.
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	 ii.	 Radiative transitions are treated within the classical 
Condon approximation [153, 157, 162].

	iii.	 The initial vibrational distribution in the electronic ground 
state is replaced by the Wigner distribution �Wig

g (R,P) [163].

	iv.	 The trace Tr[ …] in Equation  (8) is evaluated by Monte 
Carlo (MC) importance sampling ⟨…⟩MC. The initial 
conditions R,P of the trajectories are sampled from the 
ground-state Wigner distribution �Wig

g (R,P). The sum over 
the electronic states is replaced by importance sampling 
from the oscillator strength distribution of the electronic 
states. More details can be found in Appendix G.

	 v.	 The quantum evolution governed by the propagator ℒ(T) 
is replaced by the evolution of nuclear coordinates along 
(quasi) classical trajectories, R(T),P(T).

To turn these approximations into operational expressions and 
simulation protocols, it is useful to partition the molecular elec-
tronic states into three manifolds, {0}, {I}, {II} (see Appendix A). 
Manifold {0} consists of the electronic ground state ∣ g ⟩; mani-
fold {I} contains lower-lying excited electronic states ∣ e ⟩ which 
are bright from the electronic ground state, as well as nearby 
dark electronic states which are nonadiabatically coupled to 
them; {II} comprises higher-lying electronic states ∣ f ⟩ which 
can be probed by laser pulses from manifold {I}. We denote the 
potential energy functions of these states as Vg(R), Ve(R), Vf (R) 
and specify the energy differences Ueg(R) = Ve(R) − Vg(R) and 
Ufe(R) = Vf (R) − Ve(R). We also introduce the transition dipole 
moment (TDM) operators �I,0, �II,I describing optical transitions 
between the manifolds and define their electronic matrix ele-
ments, �ge(R) =

⟨

g|�0,I| e
⟩

 and �fe(R) =
⟨

f |�II,I| e
⟩

. Then ap-
proximations (i) and (ii) yield the following explicit expressions 
[153, 157, 162].

where Hk is the molecular Hamiltonian in manifold k (see 
Appendix A). With the above approximations, Equations (8–10) 
are transformed into the classical DW formula for the FWM sig-
nal [160, 161]:

Here D
�
(R,P; �), � = R∕NR, is the doorway function. It is de-

fined by Equation  (9) which, according to Equations  (B5) and 
(B6) of Appendix B, assumes the form

The window functions Wk

(

t3,R,P
)

 are defined through 
Equation (10). Taking into account the explicit expressions (B7–
B9) of Appendix B, we obtain

Here sj is the unit vector specifying the linear polarization of 
pulse j (see Appendix A).

It is convenient to distinguish between the nuclear dynamics in 
manifolds {0} and {I} and denote the respective nuclear trajecto-
ries as Rg(t),Pg(t) and Re(t),Pe(t). Hence in Equation (13)

The classical DW representation of the general FWM signal 
of Equation  (13) is the key to the evaluation of these signals 
through classical trajectories, and the corresponding simulation 
protocols are summarized in Appendix G.

In deriving Equations (14–17), NACs within manifold {I} were 
neglected during the excitation time � and the detection time � t. 
In this approximation, the dynamics of the optical electronic co-
herences during � and � t is determined by the time-dependent 
energy gaps and the optical dephasing constant. In future im-
provements of the theory, the optical coherences during the 
excitation and detection times should be propagated with inclu-
sion of nonadiabatic couplings using a suitable semi-classical 
method.

3   |   Transient Absorption Pump-Probe Spectra

3.1   |   UV Pump UV Probe Spectra

The early femtosecond time-resolved experiments of Zewail and 
coworkers on small molecules were based on photofragment de-
tection [164, 165]. They stimulated the development of classical 
models for the photodissociation of diatomic (NaI) or triatomic 
(ICN) molecules [120, 166–168]. It was realized that the classi-
cal description works very well in this context because the wave 
packet prepared by the pump pulse is narrow, the de Broglie 
wavelength is short, and the width of the curve-crossing region 
(in NaI) is narrow.

The general quantum mechanical description of TA PP 
spectra was developed by Mukamel and coworkers in the 
framework of third-order density-matrix perturbation the-
ory [118, 119, 169] and by Pollard, Lee, and Mathies in the 
framework of third-order wave-function perturbation theory 
[170, 171]. In the early articles of Mukamel and coworkers, 
the DW approximation was derived, and the classical limit of 
the DW approximation was formulated [118, 119]. Alternative 
classical descriptions of pump-probe or photon-echo spectra 
were developed, for example, by Stock [70], Martens and co-
workers [155], Cina and coworkers [157, 172, 173] and Loring 
and coworkers [174, 175]. Stock and Miller developed a semi-
classical theory based on the Meyer-Miller classical electron 
model [176], emphasizing ultrafast nonadiabatic dynamics 

(11)
⟨

g| eiH0t3�0,Ie
−iHIt3

| e
⟩

≈ eiUge(R)t3�ge(R),

(12)
⟨

f | eiHIIt3�II,Ie
−iHIt3

| e
⟩

≈ eiUfe(R)t3�fe(R),

(13)

I
�

(

�,T , � t
)

∼ Re
∑

k= 0,I,II

ak
⟨

Wk

(

R(T),P(T); � t
)

D
�
(R,P; �)

⟩

MC
.

(14)
�

(

t1
)

=
(

s1 ⋅ �ge(R)
)(

s2 ⋅ �ge(R)
)

e−i��Ueg(R)t1�
Wig
g (R,P).

(15)0

(

t3
)

=
∑

e�

(

s3 ⋅ �ge� (R)
)(

s4 ⋅ �ge� (R)
)

e−iUe�g (R)t3 ,

(16)I

(

t3
)

=
(

s3 ⋅ �ge(R)
)(

s4 ⋅ �ge(R)
)

e−iUeg(R)t3 ,

(17)II

(

t3
)

=
∑

f

(

s3 ⋅ �ef(R)
)(

s4 ⋅ �ef(R)
)

e−iUfe(R)t3 .

(18)D
�
(R,P; �) ≡ D

�

(

Rg ,Pg ; �
)

,

(19)W0

(

R(T),P(T); � t
)

≡W0

(

Rg(T),Pg(T); � t
)

,

(20)Wk

(

R(T),P(T); � t
)

≡Wk

(

Re(T),Pe(T); � t
)

, k= I, II.
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at conical intersections at an early stage. Alternative semi-
classical descriptions were developed that were based on 
the Van Vleck-Gutzwiller propagator [177], the forward-
backward initial value representation [178], linearizations of 
path integrals [179], the quasi-classical Langevin equation 
(QCLE) [180] or the semi-classical mapping model of Stock 
and Thoss [106, 181]. Vanicek and coworkers implemented 
Heller's thawed Gaussian wave-packet approximation [90] for 
the ab initio calculation of time-resolved spectra [182]. While 
all these semi-classical descriptions result in trajectory-based 
computational protocols, the discussion in the present article 
is restricted to quasi-classical trajectory approximations, as 
explained in the introduction.

In the TA PP signal, the material system experiences first two in-
teractions with the pump pulse. Hence k1 = k2 in Equation (1), 
one cannot distinguish between rephasing and non-rephasing 
phase-matching directions, and the TA PP signal is obtained as 
the sum of rephasing and non-rephasing signals. The classical 
DW expression for the integral TA PP signal I int

(

�pu,�pr,T
)

 as a 
function of the population time T and the probe frequency �pr is 
directly obtained from Equation (13),

where

is the total (R + NR) doorway function.

If the nonadiabatic coupling elements H0,I and HI,II (see 
Appendix A) can be neglected on the timescale of interest, the 
time evolution of the molecular system in manifolds {0} and {I} 
is independent. The explicit formulas for the DW operators read 
in this case [160].

Here D is the classical doorway distribution and Wk (k = 0, I, II) 
are the window functions for the GSB, SE and ESA contribu-
tions to the integral TA PP signal,

define the polarizations of the pump and probe pulses,

are the Fourier transforms of the pulse envelopes, and the nota-
tion e(T) implies that a trajectory launched at t = 0 in a state e of 
manifold {I} can end up at time t = T in a state e(T) ≠ e.

The dispersed TA PP signal is evaluated through the Fourier 
transform of Equation (13) with respect to the detection time � t

where

In contrast to the integral PP signal, the dispersed PP signal 
depends on the optical dephasing rate, which determines 
the free induction decay of the third-order polarization (see 
Appendix  D). In the DW approximation, it is assumed that 
the duration of the probe pulse is short compared to the time 
constant of optical dephasing. In the current implementation 
of the theory, the dephasing time constant is an empirical pa-
rameter. Dephasing time constants typically are on the order 
of a few tens of femtoseconds for polyatomic molecules in the 
gas phase and are possibly shorter for chromophores in solu-
tion at room temperature. This restricts the DW approxima-
tion for dispersed signals to rather short probe pulses in the 
few-fs regime. On the other hand, short probe pulses, anyway, 
are necessary for dispersed PP spectroscopy because the width 
of the frequency spectrum of the dispersed signal is inversely 
proportional to the duration of the probe pulse. The equations 
defining the DW approximation for the dispersed TA PP signal 
are given in Appendix D.

The DW formalism for the simulation of TA PP signals is also 
applicable in the more general case, in which nonadiabatic cou-
plings between manifolds {0} and {I} cannot be neglected on the 
timescale of the experiment [183]. In this situation, the general 
expressions for the integral (21) and dispersed (29) signals re-
main valid, but the explicit form of the window functions is 
modified (see Appendix E).

For the evaluation of TA PP signals, the trajectories with 
initial positions and momenta Rg ,Pg are sampled from the 
Wigner distribution �Wig

g

(

Rg ,Pg
)

, while the initial populations 
of the states e in manifold {I} are sampled according to their 
oscillator strengths. Alternatively, Rg ,Pg , and e can be sam-
pled from the doorway function D

(

Rg ,Pg
)

 (see Appendix G for 
a detailed discussion of the different options). For the evalua-
tion of the GSB signal, Rg ,Pg are propagated on the PE surface 
of the electronic ground state, yielding the nuclear positions 
and momenta Rg(T), Pg(T) of the trajectory on the ground-
state surface at detection time T. For the SE and ESA signals, 
the positions and momenta of the trajectories are propagated 

(21)I int
(

�pu,�pr,T
)

= IR(0,T , 0) + INR(0,T , 0)

=Re
∑

k=0,I,II

ak
⟨

Wk(�pr,R(T),P(T), 0)D(�pu,Rg ,Pg)
⟩

MC

(22)D
(

�pu,Rg ,Pg
)

= DR

(

�pu,Rg ,Pg ; 0
)

+ DNR

(

�pu,Rg ,Pg ; 0
)

(23)
D
(

�pu,Rg ,Pg
)

= E2pu
(

�pu − Ueg

(

Rg

))(

spu ⋅�ge
(

Rg

))2
�
Wig
g

(

Rg ,Pg
)

,

(24)

W0

(

�pr,Rg(T),Pg(T)
)

=
∑

e�

E2pr
(

�pr − Ue�g

(

Rg(T)
))(

spr ⋅�ge�
(

Rg(T)
))2

,

(25)
WI

(

�pr,Re(T),Pe(T)
)

= E2pr
(

�pr − Ue(T)g

(

Re(T)
))(

spr ⋅�ge(T)
(

Re(T)
))2

,

(26)

WII

(

�pr,Re(T),Pe(T)
)

=
∑

f

E2pr
(

�pr − Ufe(T)

(

Re(T)
))(

spr ⋅�e(T)f
(

Re(T)
))2

.

(27)s1 = s2 = spu, s3 = s4 = spr

(28)E
�
(�) =

∞

∫

−∞

d�e−i�tE
�
(t)

(29)Idis
(

�pu,�t ,T
)

= IR
(

0,T ,�t

)

+ INR
(

0,T ,�t

)

(30)I
�

(

0,T ,�t

)

=
∫

d� te
i�t� t I

�

(

0,T , � t
)

.
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in manifold {I} with a SH algorithm which takes nonadiabatic 
transitions within manifold {I} into account. Non-Condon ef-
fects for electronic transitions from manifold {0} to manifold 
{I} and from manifold {I} to manifold {II} are taken into ac-
count via the dependence of the TDMs on the nuclear coordi-
nates. Re(T), Pe(T) in Equations (25), (26) denote the nuclear 
positions and momenta in electronic state e after propagation 
in manifold {I} up to detection time T. The TDMs �ge(T)

(

Re(T)
)

 
are evaluated for the active excited state at the geometry of 
the trajectory at the detection time T. In the ESA contribution, 
�e(T)f

(

Re(T)
)

 denotes the TDM from the excited state e(T) in 
manifold {I} to state f  in manifold {II} at detection time T. It 
should be noted that the electronic states of manifold {II} enter 
only through their TDMs. No trajectories have to be propa-
gated in manifold {II}. Therefore, nonadiabatic couplings in 
manifold {II} need not be evaluated. Below we give three il-
lustrations of the application of the above formalism for the 
evaluation of TA PP spectra of polyatomic chromophores.

The ultrafast nonadiabatic dynamics in the S1, S2 and S3 ex-
cited singlet states of the pyrazine molecule may be one of the 
theoretically most thoroughly investigated excited-state dy-
namics of a polyatomic molecule in the literature. Pyrazine 
therefore was chosen as a representative example for the 
application of most of the computational methods of this re-
view. The ultrafast relaxation dynamics within the valence 
excited states of pyrazine triggered by the optical excitation 
of the bright B2u(��∗) state is well understood from numer-
ous previous computational studies [184–193]. The imaging 
of the time-resolved electronic population dynamics of pyr-
azine with PP spectroscopies has been computationally ex-
plored for various ab initio based reduced-dimensional models 
[47, 184, 191, 193]. Pyrazine possesses four low-lying valence 
excited singlet states, one state of ��∗ character (B2u) and three 
states of n�∗ character (B3u, Au, B2g). The population of the op-
tically prepared B2u state decays on a time scale of about 20 fs 
to the B3u state through a conical intersection. The B3u state 
is in turn coupled to the Au state through another conical in-
tersection, resulting in rapid B3u − Au population exchange 
which is driven by the vibrational excess energy available 
from the B2u → B3u relaxation. The B2g state is a dark state and 
is not populated by relaxation from the bright B2u state. This 
state therefore is not of relevance for the spectroscopy of the 
valence excited states of pyrazine. The relaxation of the va-
lence excited states to the electronic ground state occurs on a 
time scale of the order of 20 ps [194] and therefore is negligible 
in the time range of interest (≈ 100 fs).

The computational protocol defined by Equations  (21–26) 
was implemented for the simulation of TA PP signals of pyr-
azine [160]. The second-order Møller-Plesset (MP2) method 
was used for the electronic ground state and the ADC(2) 
(algebraic-diagrammatic construction of second order) 
method [195] was used for the excited electronic states. The 
harmonic Wigner distribution of the electronic ground state 
was constructed from the MP2 Hessian obtained with the 
aug-cc-pVDZ basis set. Trajectories were propagated on the 
ground-state PE surface (MP2) and on the coupled PE sur-
faces the manifold {I} of valence excited states (ADC(2)) with 
the cc-pVDZ basis set. The classical equations of motion were 
integrated with the velocity-Verlet algorithm using a time step 

of 0.5 fs. Nonadiabatic transitions in manifold {I} were taken 
into account by a LZSH algorithm [76, 77]. For the evaluation 
of the ESA signal, the next 30 electronic states with vertical 
excitation energies up to ≈ 10 eV were included in manifold 
{II}. As described in [160], the convergence of the signals with 
respect to the sampling by trajectories was explored in some 
detail. The results shown in Figure 1 were obtained with 200 
trajectories in the electronic ground state and 300 trajectories 
in manifold {I}. The computationally more expensive ESA sig-
nal was evaluated for 200 trajectories.

Figure 1 displays the GSB, SE and ESA contributions and the 
total integral signal, computed for pump and probe pulses 
of 5 fs duration. The GSB signal is essentially stationary and 
carries little dynamical information. The SE signal, on the 
contrary, monitors the nonadiabatic wave-packet dynamics 
in manifold {I} through its projection on the ground-state PE 
surface. The initial population of the bright B2u state gives rise 
to a strong SE signal which shifts to the red as the wave packet 
moves towards the minimum of the B2u PE surface. At about 
20 fs, the wave packet hits the B2u ∕B3u conical intersection, 
where it bifurcates. A fraction of the wave packet remains on 
the (adiabatic) B2u surface and is reflected. The other fraction 
of the wave packet converts to the adiabatic B3u surface, from 
which weak SE occurs at probe frequencies of ≈ 3.0 eV (see 
Figure 1) through vibronic intensity borrowing from the dia-
batic B2u state. The SE intensity beyond 50 fs exhibits oscilla-
tions which reflect B3u − Au nonadiabatic transitions driven by 
the high vibrational excess energy. This aspect of the dynam-
ics will be analyzed in more detail in the context of the 2D 
signal in Section 4 below.

The vibrational signatures in Figure 1 can be associated with the 
two dominant tuning modes of the B2u ∕B3u conical intersection, 
�1 and �6a. The ultrafast nonadiabatic transition from the initially 
populated B2u state to the B3u state is also reflected in the ESA sig-
nal. When the pyrazine molecule is in the initial B2u state, the ESA 
signal is located at a probe frequency between 5.0 and 6.0 eV. After 
the transition to the B3u and Au states, the ESA signal oscillates 
around probe frequencies near 4.5 eV, being spectrally separated 
from the SE signal (see Figure 1). The total signal is dominated by 
the (negative) ESA signal and the (positive) GSB signal.

A discussion of the simulated dispersed TA PP signal of pyrazine 
can be found in [160]. In contrast to the integral signal, the fre-
quency resolution of the dispersed signal is not directly related to 
the duration of the probe pulse. On the other hand, the width of 
the spectrum of the probe pulse determines the spectral window 
of the dispersed signal. With 5 fs pulses, only a fraction of the dis-
persed signal of pyrazine can be observed. To cover the broad en-
ergy range of the excited-state dynamics of pyrazine, probe pulses 
in the range of 100 as are required (see [160] for more details).

Azomethane (Figure  2a) is the simplest azoalkane. It exhibits 
S1 → S0 internal conversion on the timescale of several hundreds 
of femtoseconds [196–200]. The DW-SH simulations of the TA 
PP spectra of azomethane performed in [183] give an example 
of the application of the treatment of nonadiabatic dynamics 
at an S1 − S0 conical intersection described in Appendix E. The 
excited-state dynamics of azomethane was calculated at the 
XMS-CASPT2 (extended multistate multireference second-order 
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perturbation theory) level of the electronic-structure the-
ory [201].

Figure 2b depicts the time evolution of the S0 and S1 populations. 
The S1 state loses roughly half of its population within first 250 fs. 
The GSB signal in Figure 2d consists of the superposition of a 
“cold” component (the standard GSB signal) and a “hot” compo-
nent (the GSB signal caused by the S1 → S0 internal conversion). 
The cold component displays low-amplitude wavepacket motion 
in the electronic ground state and reflects the optically driven 
electronic transitions in the Franck-Condon region. The hot 
component exhibits erratic high-amplitude oscillations which 
reflect the large-amplitude nuclear motion triggered by the in-
ternal conversion from S1 to S0. The onset of the hot GSB signal 
in Figure 2d coincides with the appearance of ground-state pop-
ulation around 100 fs (Figure 2a).

The SE signal is shown in Figure  2e. It vanishes much faster 
than the S1 population in Figure 2b. The reason is as follows. The 
S1 population dynamics is governed by the S1 − S0 conical inter-
section, while the SE signal is sensitive not only to the conical 
intersection, but also to the TDMs. After the initial excitation, 
azomethane experiences central bond torsion which signifi-
cantly reduces the TDM (Figure 2c). The TDM almost vanishes 
before the excited-state wavepacket reaches the S0 − S1 conical 
intersection. Hence the SE signal decays much faster than the 
S1 population. The ESA signal (Figure 2f) is relatively strong at 
short T. The peak of the signal exhibits a red-shift (from 4.0 to 
3.2 eV) within 50 fs. Beyond 50 fs, the peak of the signal returns 

to 4.0 eV and the intensity exhibits irregular oscillations. After 
about 230 fs, the ESA signal declines.

Assuming that the molecular system under study is fixed in 
space (e.g., immobilized in a polymer matrix or aligned by a 
static external field), one can consider polarization-sensitive sig-
nals I intspu ,spr

(

�pu,�pr,T
)

, where spu, spr = X ,Y ,Z denote TDMs 

aligned along the corresponding axes of the laboratory frame 
(see Appendix C). This variant of TA PP spectroscopy is illus-
trated herein for a simple model dendrimer.

Dendrimers with branches consisting of phenylene-ethynylene 
units are of considerable interest due to their excellent photo-
harvesting and exciton-transport properties  [202–206]. When 
the branches are of different lengths, the electronic excitation is 
localized on individual branches. Ultrafast excited-state energy 
transfer takes place from short branches (with higher excitation 
energies) to longer branches (with lower excitation energies). 
In [207], the DW-SH method was employed for the simulation 
of polarization-sensitive TA PP spectra of a typical phenylene-
ethynylene dendrimer with meta-linked two-ring and three-ring 
branches (see Figure  3a). The on-the-fly SH simulations were 
performed with the FSSH algorithm  [65, 74] at the TDDFT/
CAM-B3LYP/6-31G level of electronic structure theory.

In our simulations, the dendrimer is aligned as shown in 
Figure 3a: The X-axis is parallel to the 3-ring unit, the Y-axis is 
perpendicular to the X-axis and lies within the molecular plane, 
and the Z-axis is perpendicular to the molecular plane. The blue 

FIGURE 1    |    GSB, SE, ESA contributions and total integral TA PP signal I int
(

�pu,�pr,T
)

 of pyrazine as function of the probe pulse delay time T and 
probe pulse carrier frequency �pr for �(p)

j
= 5 fs durations of the PP pulses. The pump pulse (�pu = 5.2 eV) is tuned into resonance with the B2u(��∗) 

state. Adapted from [160]. Copyright American Chemical Society.
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arrows indicate the directions of the TDMs from S0 to the three 
low-lying excited states. At the equilibrium geometry of the elec-
tronic ground state, the S1 state (excitation energy 4.03 eV) is lo-
calized on the three-ring unit and the S2 state (excitation energy 
4.64 eV) is localized on the two-ring unit. After excitation of the 
S1 state, no nonadiabatic dynamics takes place. After excitation 
to the S2 state, on the contrary, the system undergoes fast internal 
conversion to the S1 state (see Figure 3b-2), which is consistent 
with previous studies [208, 209]. This process corresponds to the 
energy transfer from the short-chain unit to the long-chain unit.

The TA PP spectra are evaluated with the pump and probe 
pulses of duration �pu = �pr = 5 fs for four combinations of the 
unit polarization vectors spu and spr along the axes X and Y: 
(X–X), (X–Y), (Y–Y), and (Y–X). The pump frequency �pu = 4.64 
eV is in resonance with the S2 state.

The GSB signal is shown in in the leftmost column of Figure 3c. 
The signals in panels (a-1) and (b-1) are dominated by transitions 
to the states S2 and S1 which correspond to spr ∥ X and spr ∥ Y, 
respectively. The signals in panels (c-1) and (d-1) are similar to 
those in panels (b-1) and (a-1), and the minor difference between 

the two pairs of the signals is caused by slightly different door-
way functions. The excitation to the S2 state can also trigger the 
excitation of the S3 state due to the small energy gap between the 
two states and a relatively large spectral width of the 5 fs pulse.

The SE signals are depicted in the second column of Figure 3. 
After the interaction with the pump pulse, the wavepacket in the 
S2 PE surface exhibits oscillatory motion which is revealed by 
the SE signal for spr ∥ Y, see panels (b-2) and (c-2) in Figure 3c. 
This SE signal arises from the local excitation of the 2-ring unit. 
Afterwards, the wavepacket moves towards the S1/S2 conical in-
tersection where it undergoes S2 → S1 internal conversion. As a 
consequence, the oscillatory SE signal (spr ∥ Y) becomes weaker 
and nearly vanishes after 80 fs (see panels (b-2) and (c-2) in 
Figure 3c). The S1 state corresponds to the local excitation at the 
3-ring unit, the TDM is aligned along the X-axis and its value is 
quite large. Therefore, vanishing of the SE signal for spr ∥ Y goes 
in parallel with the rise of the SE signal for spr ∥ X (see panels 
(a-2) and (d-2) in Figure  3c). In other words, the excited-state 
energy transfer from the 2-ring to the 3-ring unit is monitored by 
the quenching of the SE signal in the Y direction and simultane-
ous rise of the SE signal in the X direction.

FIGURE 2    |    (a) Structure of azomethane. (b) Time-dependent fractional occupations of the S0 and S1 electronic states of azomethane in non-
adiabatic dynamics starting from the S1 state. (c) Dependence of the TMD of azomethane on the central torsional angle. Normalized (d) GSB, (e) 
SE, and (f) ESA contributions to the integral TA PP signal of azomethane as a function of the pump-probe delay time T and the probe-pulse carrier 
frequency �pr. Duration of both pump and probe pulses is 5 fs. The carrier frequency �pu of the pump pulse is tuned into resonance with the S1(n�∗) 
state. Adapted from [183]. Copyright American Chemical Society.
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FIGURE 3    |    (a) The model dendrimer. (b) Time-dependent electronic populations of the S0-S4 states. The dynamics starts from S1 in (1), S2 in (2), 
and S3 in (3). 200 trajectories were used for each initial state. (c) (1) GSB, (2) SE, and (3) ESA contributions and (4) total integral signal I int

(

�pu,�pr,T
)

 
as a function of T and �pr. The notation � − � (�, � = X, Y) on the left side indicates that the pump pulse polarization 

(

spu
)

 is along the α-axis direction, 
while the probe pulse polarization 

(

spr
)

 is along the β-axis direction. The carrier frequency of the pump pulse is �pu = 4.64 eV, and the pulse durations 
are �pu = �pr = 5 fs. Adapted from [207]. Copyright American Chemical Society.
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The ESA signal (third column of Figure  3c) is determined by 
electronic transitions from the S2 state to those states of man-
ifold {II} which have transition frequencies around 2.0 eV. The 
ESA signal is qualitatively similar to the SE signal. For instance, 
the ESA signal also exhibits oscillations revealing wavepacket 
motion on the S2 PE surface, albeit the oscillations are less 
pronounced. The ESA signal for spr ∥ Y (spr ∥ X) decreases (in-
creases) with the delay time (see the third column in Figure 3c). 
This also is a signature of the 2-ring to 3-ring excited-state en-
ergy transfer. Interestingly, the spr ∥ X and spr ∥ Y components of 
the SE and ESA signals appear at different probe wavelengths.

The total TA PP signals are shown in the rightmost column of 
Figure 3c. The ESA signal is well separated from the GSB and 
SE signals. Its decline for Y-oriented polarization and rise for X-
oriented polarization are signatures of the energy transfer from 
the 2-ring unit to the 3-ring unit. Thus, polarization-sensitive 
detection of TA PP signals provides direct evidence of excited-
state energy-transfer pathways in dendrimers.

3.2   |   UV Pump X-Ray Probe Spectra

While TA PP spectroscopy with UV/vis pump and probe 
pulses is a well-established and widely applied technique, TA 
PP spectroscopy with X-ray probe pulses is a relatively new 
development. It has been enabled by the availability of ultra-
short, intense, and energy-tunable soft X-ray pulses, which are 
provided by third-generation synchrotrons, free-electron laser 
(FEL) facilities, or table-top high harmonic generation (HHG) 
instruments [6, 7, 210–212]. The wavelengths of these sources 
cover the K-shells of the elements carbon, nitrogen, and oxygen. 
In heteroatomic organic molecules, core excitations from these 
atoms are site-specific, which adds atomic resolution to the fem-
tosecond time resolution of TA PP spectroscopy [7, 14]. While 
the pump pulse usually is tuned into resonance with a particular 
bright valence excited state and therefore is specific for a given 
chromophore, the broadband X-ray pulses with carrier frequen-
cies near the carbon, nitrogen, or oxygen K-edges are essentially 
universal spectroscopic probes [7].

In UV pump X-ray probe TA PP spectroscopy, the SE signal is ab-
sent and the GSB signal can be experimentally removed by sub-
traction of the linear ground-state absorption spectrum from the 
TA PP signal. It is therefore sufficient to evaluate the ESA contri-
bution to the TA PP spectrum. On the other hand, the accurate 
description of the electronic structure of core-excited states is 
considerably more challenging than the description of the elec-
tronic structure of valence excited states. The pronounced relax-
ation of the valence electrons upon the generation of core holes 
results in large shifts of the excitation energies of core-excited 
states and in a redistribution of the oscillator strength over nu-
merous shake-up electronic states. For stationary (ground-state) 
X-ray absorption spectra, these problems have been addressed 
since decades and the standard approximation methods of quan-
tum chemistry have been adapted to cope with the specific chal-
lenges of core excited states. The core-valence-separation (CVS) 
approximation [213–215] decouples the core excited states from 
the lower-lying valence excited states, enabling variational cal-
culations for core excited states. In the context of spectroscopic 
applications, single-reference methods based on the polarization 

propagator, such as the ADC(n) family of methods, or on re-
sponse functions, such as the response-function coupled-cluster 
family of methods, are usually the methods of choice, because 
they provide the dipole transition moments from the ground 
state to core excited states, see [216] for a detailed review.

The calculation of electronic transition energies and intensi-
ties from valence excited states to core excited states involves 
additional complications [217]. The excitation of a core electron 
into a hole of the valence shell (a so-called hole-filling transi-
tion) results in a final state that is singly excited with respect to 
the ground-state reference. On the contrary, the excitation of a 
core electron into an orbital that is unoccupied in the ground-
state reference results in a final state that is doubly excited with 
respect to the ground-state reference. The former excited states 
are located in the pre-edge region (below the ionization poten-
tial of the core electron), while the latter are located in the post-
edge region, that is, above the core ionization threshold. Being 
singly excited with respect to the ground-state reference, the 
pre-edge states are generally well described by cost-effective 
single-reference methods such as CC2, EOM-CCSD, or ADC(2). 
The post-edge doubly excited states, on the other hand, cannot 
adequately be described with single-reference methods. More 
sophisticated multi-configuration self-consistent field (MCSCF) 
methods, complemented with multi-reference configuration 
interaction (MRCI) or multi-reference perturbation theory 
(MRPT), are necessary for obtaining reasonably accurate tran-
sition energies and intensities [218].

The recent extension of the experimental capabilities and their 
application to numerous small and medium-sized molecules has 
stimulated the development of theoretical and computational 
methods for the simulation of transient XAS spectra, see [219] 
and [220] for recent reviews. Mukamel and coworkers addressed 
the detection of the dynamics through conical intersections via 
the imaging of electronic coherences with non-resonant X-ray 
Raman scattering processes, the so-called TRUECARS detection 
scheme [221]. In applications to uracil [222] and thiouracil [223] 
the TRUECARS signal was evaluated for two-dimensional mod-
els of conical intersections. The drawback of such non-resonant 
X-ray signals employing phase-controlled attosecond and femto-
second X-ray pulses is the very low intensity of the signal. In this 
review, we are more concerned with the detection of transient 
electronic populations of valence excited states with resonant X-
ray PP spectroscopy. These resonant signals are more intense than 
non-resonant X-ray scattering signals by orders of magnitude.

Mukamel, Kowalewski, and coworkers calculated the transient X-
ray absorption signal in perturbation theory for two-dimensional 
models of polyatomic molecules, adopting a nonperturbative de-
scription of the pump pulse. The imaging of wave-packet dynam-
ics at conical intersections was illustrated for two-dimensional 
models of pyrrole [224] and thiouracil [225]. Vendrell and co-
workers evaluated X-ray scattering and X-ray absorption signals 
by computing nonlinear response functions with the multi-layer 
multi-configuration time-dependent Hartree (ML-MCTDH) 
method for the pyrazine molecule [226–228].

In most applications reported in the recent literature, however, 
the evaluation of response functions was avoided. The transient 
spectra were instead approximated by an incoherent summation 
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of transition intensities from valence excited states to core excited 
states with different approximations of the excited-state dynam-
ics. Garavelli, Mukamel and coworkers evaluated the valence-
to-core transitions at local minima of the valence excited states 
and along the torsional reaction coordinate for the azobenzene 
molecule [229]. Hua et  al. computed transient X-ray absorption 
spectra along the minimum-energy reaction path towards conical 
intersections in uracil [230]. Several groups combined SH or AIMS 
simulations of the nonadiabatic dynamics in valence excited 
states with the computation of vertical excitation energies to core-
excited states. Wang et al. and Chang et al. simulated UV pump 
X-ray probe signals with FSSH trajectories for the photodissocia-
tion of methyl iodide [231, 232]. List et al. explored the probing of 
competing relaxation pathways in malonaldehyde for representa-
tive trajectories computed with AIMS [233]. Attosecond transient 
absorption spectra measured at the carbon K-edge of the ethylene 
cation were simulated with AIMS trajectories by Zinchenko et al. 
[234] Neville et  al. computed vertical X-ray absorption spectra 
at the centroids of moving Gaussian basis functions determined 
with the AIMS method for the ethylene molecule [235, 236], while 
Northey et  al. generated the moving Gaussians with the vMCG 
method to perform simulations of time-resolved XAS spectra of 
CF+

4
 and pyrazine [237, 238]. Tsuru et al. evaluated time-resolved 

XAS spectra of pyrazine at the centroids of nonadiabatic quantum 
wave packets which were computed with the MCTDH method 
[239]. The durations and shapes of the laser pulses do not enter in 
these computational protocols which are based on the incoherent 
summation of electronic transition intensities. They are simulated 
by an empirical broadening of the spectra in the energy domain.

The quasi-classical DW simulation protocol for TA PP spectra has 
recently been extended to the X-ray probe regime by Dreuw and 
coworkers for the example of the pyrazine molecule [241]. The no-
nadiabatic dynamics in the valence excited states of pyrazine was 
simulated with on-the-fly LZSH calculations at the ADC(2) level. 

It is the same simulation as described for the UV pump UV probe 
spectra of pyrazine above. The transition energies and transition 
moments from the valence excited states to the C1s and N1s core 
excited states were computed in the CVS approximation with the 
extended ADC(2) method (ADC(2)-x). The ADC(2)-x scheme in-
cludes the first-order matrix elements in the two-hole two-particle 
block and thus provides a more accurate description of the ampli-
tudes of doubly excited states, which yields improved excitation 
energies of core excited states [216]. Thanks to the high accuracy 
of the CVS approximation, the state vectors obtained by the two 
separate ADC(2) calculations for valence and core excited states 
are nearly orthogonal, which simplifies the computation of the 
TDMs. As previously suggested by Tsuru et al. [239], it is insight-
ful to consider the vertical absorption spectra at the local minima 
of the 1B2u, 1B3u and 1Au valence excited states of pyrazine for the 
interpretation of the vibrational signatures of the PP spectra at the 
C1s and N1s edges, see Figure 4. At the C1s edge (left in Figure 4), 
the absorption from all three valence excited states gives rise to 
a pre-edge double peak with rather similar excitation energy. At 
the N1s edge, on the contrary, a single pre-edge absorption peak is 
observed and the excitation energies from the 1B3u and 1Au states 
differ by 1.5 eV. It is also noteworthy that the intensities of the 1B3u 
and 1Au states relative to the intensity of the 1B2u state are much 
higher at the N1s edge than at the C1s edge. Because the excitation 
energies of the post-edge states (shown as dashed lines in Figure 4) 
are not accurate at the ADC(2) level, the simulation of the transient 
X-ray absorption spectra was restricted to the pre-edge region.

The UV pump X-ray probe spectra of pyrazine, simulated with 
the classical DW protocol, assuming 5 fs pump and probe pulses, 
are displayed in Figure 5. The intense signal extending from T = 0 
to T ≈ 20 fs monitors the population of the bright 1B2u state. The 
blue-shift of the X-ray absorption signal reflects the wave-packet 
motion towards the minimum of the 1B2u surface (analogous to the 
red-shift of the UV probe signal in Figure 1). Beyond about 20 fs, 

FIGURE 4    |    ADC(2)/CVS-ADC(2)-x carbon and nitrogen K-edge ESA spectra for the B2u, Au, and B3u valence-excited states of the pyrazine mol-
ecule. Spectra were computed at the minimum energy geometries of the respective electronic states. A Lorentzian broadening with a full width at 
half-maximum (FWHM) of 0.4 eV was applied. Ionization potentials were calculated with CVS-ADC(2)-x by placing very diffuse basis functions 
on all atoms [240]. The spectra of pre-edge states are shown as full lines, and the spectra of above-edge states as dashed lines. Adapted from [241]. 
Copyright American Chemical Society.
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most of the excited electronic population resides in the 1B3u and 
1Au states. When probed at the C1s edge, the absorption intensities 
from these 1n�∗ states are comparatively low (see Figure 5), result-
ing in a weak absorption signal. Moreover, the transition energies 
from these two states are similar (Figure 4), which leads to a rel-
atively structureless signal in the frequency domain. At the N1s 
edge, on the contrary, the absorption intensities of the two 1n�∗ 
states are higher than the intensity of the 1B2u state and the transi-
tion energies at the respective minima are clearly separated, which 
results in a structured transient X-ray absorption signal. The high-
energy peaks in the N1s signal at about 65 and 135 fs in Figure 5 
can be assigned to the 1Au state, while the low-energy peak at 
about 80 fs can be assigned to the 1B3u state by comparison with 
Figure 4 [241]. The higher contrast of the imaging of the nonadia-
batic dynamics at the N1s edge can be understood by inspection of 
the n, � and �∗ orbitals of pyrazine [239, 241].

A transient X-ray absorption spectrum of pyrazine pumped via 
the 1B2u state and probed at the C1s edge has been recorded by 
Scutelnic et  al. with an overall time resolution of 200 fs [242]. 
This resolution is not sufficient for resolving the sub-100 fs dy-
namics of the valence excited states of pyrazine. On the other 
hand, most of the experimentally observed signal is located in 
the post-edge region which could not be covered with the present 
electronic-structure methodology. The quantitative simulation 
of the complete transient X-ray absorption spectra of pyrazine at 
the C1s and N1s edges remains an open challenge.

4   |   Two-Dimensional Electronic Spectra

The development of two-dimensional (2D) electronic spectros-
copy was stimulated by earlier developments in nuclear magnetic 

resonance (NMR) spectroscopy [10, 243, 244]. In 2D spectros-
copy, the pump pulse of TA PP spectroscopy is replaced by a pair 
of phase-coherent excitation pulses. The first pulse establishes a 
coherence between the electronic ground state and the bright ex-
cited electronic state. The second pulse, which is delayed by the so-
called coherence time �, converts the coherence into populations of 
the ground state and the excited state. After the so-called waiting 
time T, the probe pulse again generates a coherence which emits 
the signal field. The signal field is detected interferometrically by 
superposition with a known reference field, the so-called local os-
cillator, see Equation (2). Fourier transform of the signal with re-
spect to � and � t yields the two-dimensional spectrum

as a function of the waiting time T, where � = R, NR (see 
Equation (1)).

By monitoring the correlation of two transition frequencies and 
their evolution with the waiting time, 2D spectroscopy provides 
dynamical information that is not exposed by one-dimensional 
PP spectroscopies [11, 12, 245, 246]. 2D spectroscopy in the visible 
regime has become the main tool for the exploration of exciton 
dynamics and energy transfer processes in multi-chromophoric 
systems, such as J and H aggregates [247–249] and biological 
antenna complexes [250–253]. The detection of unexpectedly 
long-lived coherences in antenna complexes at room tempera-
ture and their assignment to either inter-chromophore electronic 
coherence or intra-chromophore vibrational dynamics has been 
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FIGURE 5    |    Simulated time-resolved x-ray absorption spectrum at the (a) carbon and (b) nitrogen K edges for 5 fs pump and probe pulses. Adapted 
from [241]. Copyright American Chemical Society.
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hotly disputed in the literature [254–256]. Recently, electronic 2D 
spectroscopy has been further developed by the detection of the 
signal via fluorescence [32, 257] and by applying laser pulses in 
the non-perturbative regime, resulting in an improved signal-to-
noise ratio [29]. It was shown that clean n-th order multi-pulse 
signals can be experimentally extracted with a novel intensity-
cycling scheme [258].

The theory of electronic 2D spectroscopy correspondingly was 
mainly developed in application to multi-chromophoric sys-
tems that are modeled by the Frenkel exciton Hamiltonian, 
including exciton-vibration coupling [115, 248]. For small 
model systems (dimers, trimers, etc.), a quantum mechanical 
description of the vibronic dynamics is possible. For exam-
ple, Sun et al. applied the Davydov ansatz for the calculation 
of the dynamics and 2D spectra of J-aggregates [259]. Maly 
et  al. developed a multi-level Redfield model to capture the 
role of resonant high-frequency vibrations in excitonically 
coupled two-level systems [260]. Yao et al. computed nonlin-
ear response functions for 2D spectra for vibronically coupled 
exciton systems using the time-dependent density matrix 
renormalization group (DMRG) method [261]. The DMRG 
method also was applied by Jiang et al. to calculate spectra for 
finite-temperature molecular aggregates [262].

For larger excitonic systems, the vibrations usually are modeled 
as a heat bath. The hierarchical equation-of-motion (HEOM) 
formalism [263, 264] has been widely employed to obtain nu-
merically exact results for the exciton dynamics and calculate 
spectra. Semi-classical methods based on the Meyer-Miller-
Stock-Thoss mapping Hamiltonian [101, 102] have been applied 
for the simulation of 2D spectra of dissipative exciton systems, 
partly in comparison to the numerically exact HEOM results. 
Provazza et  al. performed trajectory-based semi-classical 
path-integral calculations of 2D response functions for non-
Markovian exciton dynamics [265]. Polley and Loring extended 
the semi-classical mapping Hamiltonian approach to multiple 
interacting electronic states [266]. The quasi-classical Ehrenfest 
and SH methods also were used for the simulation of 2D spectra 
of exciton systems. Van der Vegte et  al. calculated 2D spectra 
for an excitonically coupled vibronic dimer and benchmarked 
the Ehrenfest results against numerically exact HEOM results 
[267]. Tempelaar et al. applied the SH method to simulate the 
dynamics of a vibronic dimer and to calculate 2D spectra [268]. 
Jain et al. proposed a simplified procedure for the calculation of 
2D spectra from SH trajectories by restricting the simulations to 
the waiting time [269]. In a pioneering application, nonadiabatic 
excited-state dynamics was taken into account with ab initio SH 
simulations of 2D spectra at the CASSCF level by Richter and 
Fingerhut for the diphenylmethane molecule [270].

In general, the third-order dipole response functions of the 
2D signal were computed in these studies; that is, the effects 
of finite duration of the laser pulses were neglected. Using the 
equation-of-motion phase-matching approach (EOM-PMA) 
[138], Shi and coworkers and Tan and coworkers demonstrated 
the effects of the inclusion of finite pulse durations, with appli-
cation to 2D spectra of the light-harvesting complex II [271–273]. 
Alternatively, Gao and Geva [274] applied the nonperturbative 
equation-of-motion methodology [24] to include finite pulse du-
rations; see also [275] for a review.

Experimentally, 2D spectroscopy was extended into the deep 
UV by several groups [12, 276–280]. This technical develop-
ment enabled the application of 2D spectroscopy to smaller 
polyatomic molecules, such as, for example, cyclohexadiene, 
azulene, or pyrene, and in particular to organic molecules of bi-
ological interest, such as DNA bases [281–283]. While electronic 
2D spectroscopy holds great potential for uncovering the path-
ways of radiationless electronic decay dynamics in polyatomic 
molecules [278, 284] as well as photochemical reaction mecha-
nisms [285, 286], the spectral window of 2D spectroscopy is de-
termined by the bandwidths of the laser pulses, which currently 
are rather limited. For the theoretical prediction of signals that 
can meaningfully be compared with experimental data, it is es-
sential to include explicitly the durations and shapes of the laser 
pulses in the simulation.

Garavelli, Mukamel, and coworkers developed and extensively 
applied an ab initio protocol to simulate 2D signals for molec-
ular chromophores [114, 287]. The calculation of electronic 
transition energies and dipole transition moments with MCSCF 
and MRPT methods at optimized ground-state and excited-state 
equilibrium geometries was combined with Brownian oscillator 
line shape functions and QM/MM simulations of environmental 
effects. Since excited-state dynamics were not explicitly treated, 
the calculations were restricted to zero waiting time or picosec-
ond waiting times when the excited-state relaxation dynamics 
were completed [288, 289]. The ab  initio protocol was applied 
to simulate linear and 2D electronic spectra of pyrene [290]. 
This strategy was also applied to the probing of intermediate 
species along photochemical reaction pathways of derivatives 
of benzene as well as of DNA nucleobases by 2D spectroscopy 
[291–293]. In an alternative approach, Begusic and Vanicek 
implemented Heller's semi-classical thawed Gaussian approxi-
mation [90] with ab initio on-the-fly electronic-structure calcu-
lations to compute 2D spectra for phenol and azulene [94]. Due 
to the local harmonic approximation, this approach is limited 
to dynamics on single adiabatic excited-state PE surfaces but 
could be extended to multiple-surface problems by using an 
expansion in a basis set of frozen Gaussians. The inclusion of 
finite-temperature effects in the framework of ab initio thermo-
field dynamics was demonstrated by Begusic and Vanicek for 
azulene [294].

Assuming for simplicity that the carrier frequencies, shapes, 
and polarizations of the pulse pairs 1, 2 and 3, 4 are identical (see 
Equations  (5), (6), (27)), neglecting the nonadiabatic couplings 
H0,I and HI,II on the timescale of interest, and expressing the 
pulse envelopes through their back Fourier transforms accord-
ing to Equation  (28), we obtain the following explicit DW ex-
pressions for the on-the-fly evaluation of 2D signals: [160, 161].
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(
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(
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are the window functions. Recall that the angular brackets in 
Equation (31) denote Monte Carlo sampling of the initial nuclear 
coordinates and momenta Rg , Pg, summation over the states e 
of manifold {I}, as well as a sampling of the hopping probabilities 
in the evaluation of WI and WII.

The classical doorway and window functions of 2D spectros-
copy differ from the corresponding functions of the integral TA 
PP signal in two respects. First, they depend on the dephasing 
rates of the electronic transitions, which are approximated by a 
single average dephasing rate � in Equations (32–35). They re-
flect the fact that the material system is in coherence during the 
coherence time � and the detection time �. Second, the doorway 
and window functions of 2D spectroscopy are complex-valued 
rather than positive definite, which may affect the convergence 
of the Monte Carlo sampling of the trajectories.

In deriving Equations  (32–35), it was assumed that 
E1(�) = E2(�) and E3(�) = E4(�). This assumption can be re-
laxed and all four pulses can be different, if desired. If 2D 
signals are detected with a spectrometer (i.e., without het-
erodyning by pulse number 4), then E2

4

(

�t − �4

)

 should be 
replaced by E4

(

�t − �4

)

 in Equations  (33–35). The 2D spec-
trum in the impulsive limit (Ej(t)→ �(t)) is recovered by set-
ting Ej(�) → 1.

The expressions of Equations  (31–35) for the 2D signal were 
evaluated for the pyrazine molecule. For the evaluation of the 
SE signal, a sample of 1000 nonadiabatic excited-state trajecto-
ries was computed with the LZSH algorithm and the ADC(2) 
electronic-structure method up to 200 fs [160]. To compute the 
GSB signal, 300 trajectories were stochastically sampled from 
the ground-state Wigner distribution and propagated on the PE 
surface of the electronic ground state up to 200 fs. To compute 
the ESA signal, the excitation energies from the states of man-
ifold {I} to the 30 lowest states of manifold {II} and the corre-
sponding transition moments were computed for 200 randomly 
selected trajectories of manifold {I}. Gaussian pulse envelopes 
with a pulse duration of 0.1 fs were chosen to ensure a spectral 
window which covers the energy range of the 1B2u, 1B3u and 1Au 
electronic states of pyrazine. The dephasing parameter is chosen 
as 0.1 eV, corresponding to a dephasing time constant of 6.6 fs. 
This is to be understood as a compromise between the dephas-
ing time of the S0−1B2u transition of about 30 fs [187, 295] and 
the dephasing times of the ESA transitions, which are expected 
to be shorter than 10 fs.

The calculated non-rephasing 2D signals of pyrazine for four 
representative waiting times, T = 0, 20, 35, and 60 fs, are dis-
played in Figure  6. The corresponding rephasing signals are 
similar, differing just in the peak shapes. The peak shapes of the 
present simulation carry little relevant information due to the 

crude approximation of the propagation during the coherence 
and detection times in the present version of the classical DW 
approximation. The relevant information is in the positions of 
the peaks in �

�
, �t space and in the evolution of the peak inten-

sities with the waiting time T. For better visibility, the signals 
in Figure 6 were scaled to equal intensity within each row. The 
signals without re-scaling of the peak intensities can be found in 
the Supporting Information of [161].

All peaks in Figure  6 are located at �
�
≈ 5.0 eV, which corre-

sponds to the vertical excitation energy of the 1B2u state of pyra-
zine. Peaks with �t ≠ �

�
 are so-called cross peaks which carry 

information on dynamical processes in the excited-state man-
ifold. The GSB signal in the first row of Figure 6 is essentially 
independent of T and carries no dynamical information. The 
intensity of the SE signal in the second row of Figure 6 decays 
on a time scale of about 20 fs as discussed above for the TA PP 
signals with UV and X-ray probing (Figures 1 and 5). This effect 
is suppressed in Figure 6 by the re-scaling of the intensities. The 
SE peak at T = 20 fs is significantly red shifted due to the motion 
of the wave packet towards the minimum of the 1B2u PE surface. 
The cross peaks at T = 35 fs and T = 60 fs reflect the transfer of 
population to the 1B3u and 1Au states, respectively. These nomi-
nally dark states become visible in emission due to intensity bor-
rowing from the bright 1B2u state.

The ESA signal in the third row of Figure 6 is considerably more 
intense than the SE signal. It features distinct peaks which cover 
a range of about 4.0 eV in �t with dynamically varying intensities 
as function of the waiting time. The comparison of the 2D ESA 
signal with the ESA signal of UV TA PP spectroscopy (Figure 1) 
reveals the enhanced information content of the 2D ESA signal. 
In this relatively simple molecule of high symmetry, the individ-
ual peaks of the ESA signal can be assigned to specific electronic 
transitions from manifold {I} to manifold {II}. As discussed in de-
tail in [161], the peaks can be assigned to either “particle-type” 
transitions, in which the electron residing in the lowest unoccu-
pied molecular orbital (LUMO) of the electronic ground state is 
excited to higher �∗ orbitals, or “hole-type” transitions, in which 
the hole in the 6ag(n) orbital is filled by transitions from lower oc-
cupied orbitals. Broadly, the ESA peaks at T = 35 fs are dominated 
by excitations from the 1B3u state, while the ESA peaks at T = 60 
fs represent excitations from the 1Au state. Like the UV pump X-
ray probe PP signal (Figure 5), the UV 2D spectrum of pyrazine 
exhibits fingerprints of the transient population of the 1Au state.

The total 2D signal is displayed in the fourth row of Figure 6. 
It is dominated by the GSB and ESA contributions. The few 
snapshots in the waiting time in Figure 6 do not capture the rich 
dynamics reflected in the 2D spectrum of pyrazine. A movie 
showing the ESA signal in time steps of 1 fs up to 200 fs is avail-
able in the Supporting Information of [161].

5   |   Femtosecond Time-Resolved Photoelectron 
Spectra

In femtosecond time-resolved photoelectron spectroscopy 
(TRPES), a femtosecond visible or UV pump pulse excites a mole-
cule to one or several valence excited states. A time-delayed fem-
tosecond probe pulse ionizes the photoexcited molecule, and the 

(34)

WI

(

�t ,Re(T),Pe(T);�t

)

=
E2
4

(

�t − �p

)(

spr ⋅�ge(T)
(

Re(T)
))2

� + i
(

Ue(T)g

(

Re(T)
)

− �t

) ,

(35)

WII

(
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∑
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energy spectrum of the photoejected electrons is recorded as a 
function of the delay time of the pulses. By the Franck-Condon 
principle, the time-resolved energy distribution of the photoelec-
trons carries information on the excited-state dynamics of the 
molecule. The theory of TRPES was developed, and theoretical 
simulations of TRPE signals were performed [33, 34] before the 
first experimental realizations of the technique were reported 
[15, 296]. These early formulations of the theory were based on 
a quantum wave-packet description of the nuclear motion and a 
discretization of the electron continua [33, 34, 36, 297]. The inter-
action of the molecule with the laser fields was described either 
perturbatively [34] or non-perturbatively [33, 36, 297]. The formal 
theory of time-resolved photoelectron angular distributions was 
worked out by Seideman and coworkers [35, 298, 299]. Takatsuka, 
McKoy, and coworkers developed a more elaborate description in 
which the dependence of the photoionization matrix elements 
on energy and nuclear geometry is taken into account by first-
principles electron scattering calculations [37, 300, 301].

Experimentally, the mapping of vibrational wave-packet dynam-
ics with TRPES was first demonstrated by Baumert and cowork-
ers for ionization of Na2 [15] and by Neumark and coworkers for 

electron photodetachment from I−2  [296]. Stolow and coworkers 
first demonstrated the versatility of TRPES for the unraveling 
of radiationless decay processes in a linear polyene [16], while 
Hertel and coworkers demonstrated the insights which can be 
obtained with this uniquely sensitive technique for molecu-
lar clusters [17]. Meanwhile, a number of excellent reviews of 
TRPES and its applications have been published, see, for exam-
ple [5, 19–21, 302–304].

The first theoretical descriptions of femtosecond TRPES based 
on a classical treatment of the nuclear motion were developed 
by Stock and coworkers [152] and Meier and Engel [305] for a 
reduced-dimensional model of pyrazine and for a diatomic 
molecule, respectively. A semi-classical simulation using the 
semi-classical forward-backward initial-value representation 
was performed by Miller and coworkers for the photodetach-
ment of I−2  [306]. Employing the classical path approximation 
[66] and the classical time-dependent Franck-Condon principle 
[162], Meyer and Engel derived a computational recipe which is 
equivalent to the classical DW approximation for the TRPE sig-
nal to be discussed below [305]. In an independent development, 
Mitrić, Bonačić-Koutecký and coworkers developed the classical 

FIGURE 6    |    Non-rephasing 2D spectra of pyrazine at waiting times T = 0, 20, 35, and 60 fs. For better visibility, each of the GSB, SE, ESA, and total 
signals (from top to bottom) is rescaled to cover the same intensity range for different T. Adapted from [161]. Copyright American Chemical Society.
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theory of TRPES for non-Born-Oppenheimer dynamics in poly-
atomic molecules. In the original formulation, the dependence 
of the photoionization matrix elements on energy and nuclear 
geometry was neglected [307, 308]. In subsequent work, Stieltjes 
imaging was employed to compute energy-dependent TDMs in 
the continuum [309]. In addition to the perturbative approach 
(in the radiation-matter interaction), SH simulations including 
the laser fields in a non-perturbative manner (field-induced SH) 
were performed [310]. Approximating the electron continuum 
wave functions by Coulomb waves, a scheme for the calculation 
of photoelectron angular distributions was developed [311] and 
applied to the pyrazine molecule within the TDDFT electronic-
structure model [312].

Martinez and coworkers developed a combination of the Fermi 
Golden Rule (FGR) description of the ionization process with 
time-dependent AIMS simulations [60] of the excited-state 
dynamics [313]. The TRPE signal is approximated as an in-
coherent sum of ionization probabilities from neutral excited 
states to the electronic states of the cation. This computation-
ally efficient recipe requires that the ionization process is 
much faster than the nonadiabatic excited-state dynamics. A 
formal derivation of this approximation from a more general 
theory has been given by Mukamel and coworkers [314]. The 
methodology was applied to simulate several TRPE signals 
of polyatomic molecules with the AIMS method [315–318]. 
The FGR approximation also was applied in combination 
with classical SH simulations of the excited-state dynamics 
by Mukamel and coworkers [319], Gonzalez and coworkers 
[320] and Matsika and coworkers [321, 322]. In a conceptually 
similar approach, Barbatti and coworkers applied the nuclear 
ensemble method [65] to compute time-resolved photoelec-
tron spectra from SH simulations [323]. The disadvantage of 
these ad hoc “snapshot” descriptions of the ionization process 
is that they do not take the shapes and durations of the laser 
pulses into account. The latter have to be introduced in an em-
pirical manner by convolutions of the signals with Gaussian 
functions in frequency and/or time. The idea of combining 
the DW approximation with on-the-fly trajectory simulations 
for the simulation of photoelectron spectra was first sug-
gested by Bonačić-Koutecký and Mitrić [324] and Rahav and 
Mukamel [325].

In TRPES, the molecules are excited to a state e of manifold {I} 
with a pump pulse and subsequently photoionized to the elec-
tron continua of cationic states. The molecular and system-field 
interaction Hamiltonians governing these processes are pre-
sented in Appendix A. The pump process in TRPES is the same 
as in TA PP spectroscopy, see Section 3.1. The trajectories are 
initialized by sampling from the classical doorway distribution 
of Equation (23)

where ΔEeg(R) = Ee(R) − Eg(R) is the vertical excitation energy 
from the ground state g to the excited state e, �ge(R) are the TDMs 
from the ground state g to the excited states e in manifold {I}, 
and �Wig

g (R,P) is the ground-state Wigner distribution function 
[163]. The trajectories are propagated in the vibronically coupled 

excited states of manifold I with a SH algorithm as described in 
Section 3.1.

The classical window function for TRPES is the same as the 
window function for the ESA component of the TA PP signal 
(Equation 26), except that the final electronic states are contin-
uum states rather than bound states. The discrete set of TDMs 
�ef  is replaced by a continuous distribution of electronic TDMs, 
�e,Ek ,�,�

, where Ek denotes the energy of the photoelectron and � 
and � denote the polar and azimuthal angles of the k-vector of 
the electron (see Appendix A). The continuum states are scatter-
ing wave functions of the electron in the field of the molecular 
cation with appropriate boundary conditions [300]. The quasi-
classical window function for the energy and angle resolved 
TRPE signal thus reads

Here IPef
(

Re(T)
)

 denotes the vertical ionization energy of an 
electron from the excited state e to the electronic state f  of the 
molecular cation at the nuclear geometry Re(T). The simplic-
ity of Equation  (37) should be noted: the contribution of final 
state f  to the window function is given by the product of the 
power spectrum of the probe pulse with the square of the TDM 
distribution of the continuum. The energy and angle resolved 
TRPE signal

is obtained by Monte Carlo sampling of the initial condi-
tions and the SH events. The sampling includes the Monte 
Carlo integration over the states e of manifold {I} weighted by 
their oscillator strengths. The energy resolved integral signal 
IPE

(

�pu,�pr,T ,Ek
)

 is obtained by integration of the differential 
signal (Equation (38)) over the solid angle of the photoelectron. 
Additional integration over the photoelectron energy and sum-
mation over the ionization channels f  yields the total ion sig-
nal Iion

(

�pu,�pr,T
)

.

The theory of the electron angular distribution of resonant two-
photon ionization signals has been worked out by Dixit and 
McKoy and Zare and coworkers in the CW limit [326, 327]. The 
formal theory was extended to TRPES by Seideman [35, 299] 
and McKoy and coworkers [300] within a quantum wave-packet 
formulation of the excited-state dynamics. Since the description 
of the electron continuum is the same in quantum and quasi-
classical formulations of the nuclear dynamics, these results 
apply also to the latter. In the most general case of arbitrary po-
larization vectors spu, spr, the photoelectron angular distribution 
in the laboratory frame is neither cylindrically symmetric nor 
is it symmetric with respect to � = �. For parallel polarization 
vectors, the angular distribution simplifies to [35].

(36)
D
(

�pu,Rg ,Pg
)

= E2pu
(

�pu − ΔEeg
(

Rg

))(

spu ⋅�ge
(

Rg

))2
�
Wig
g

(

Rg ,Pg
)

(37)WPE

(

�pr,Re(T),Pe(T),Ek(T),�,�
)

=

∑

f

(

Epr
(

�pr−Ek(T)− IPef
(

Re(T)
)))2(

spr ⋅�ef,Ek ,�,�
(

Re(T)
))2

.

(38)
IPE

(

�pu,�pr ,T ,Ek ,�,�
)

=
⟨

WPE

(

�pr ,Re(T),Pe(T),Ek(T),�,�
)

D
(

�pu,Rg ,Pg
)⟩

MC

(39)IPE(�,�) =
∑

L

ALPL(cos �)
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where the PL are Legendre polynomials of degree L. The angular 
distribution (Equation 39) differs from the standard photoelectron 
angular distribution specified by the asymmetry parameter � [328].

because the pump pulse generates an aligned distribution of ex-
cited molecules.

While the formal expression for the window function of the TRPE 
signal (Equation 37) is completely analogous to the expression 
for the window function of the TAP PP signal (Equation 26), the 
physics of these signals is fundamentally different. In the case of 
the polarization-detected integral TAP PP signal, the probe pro-
cess is completed by the end of the probe pulse; that is, on femto-
second time scales. In TRPES, on the contrary, the photoelectron 
is detected asymptotically on time scales that are much longer 
than the pump-probe delay time. Before the electron hits the de-
tector, the electron and the molecular cation are entangled, and 
the electron carries the full information on the coupling of cat-
ionic channels (such as fragmentation into neutrals via dissocia-
tive superexcited bound states) as well as on the dynamics within 
the cation (such as internal conversion between electronic states) 
until the detection time. Accurate first-principles calculations of 
TRPE signals, therefore, are extremely challenging.

For a given photon energy E and at large distances r of the pho-
toelectron, the continuum wave function asymptotically ap-
proaches a linear combination of products of cationic states and 
single-particle continuum functions

where the summation runs over all states accessible at a given 
photon energy (open channels), � serves as a collective index for 
the quantum numbers needed to uniquely specify the solution 
and the superscript (−) denotes incoming wave boundary condi-
tions [329]. In contemporary applications, the continuum wave 
functions have been calculated for uncoupled electronic chan-
nels as antisymmetrized products

where Ψf (r,R) is the wavefunction of the final ionic state and 
�
(−)

f kf
(r ,R) is the wavefunction of the free electron.

In TRPES, highly correlated wavefunction methods are required 
to accurately describe the bound states of the electronically ex-
cited N-electron neutral molecule Ψe and the (N − 1)-electron 
cationic states Ψf . Within the single-channel approximation 
(Equation (42)), the calculation of the TDM matrix elements for 
the e→ f  ionization channel

can be reduced to one-particle matrix elements 
⟨

�
(−)

fkf
|�|�

D
⟩

 by 

expressing the dipole moment � as a sum of single particle oper-
ators and defining the Dyson orbital ∣ �D ⟩

where the amplitudes � fj are given as

and âj is the annihilation operator acting on the molecular or-
bital �j of the neutral molecule. The Dyson orbital represents 
the effective orbital from which the electron is emitted. In the 
frozen-core Hartree-Fock approximation, it is simply the molec-
ular orbital from which the electron is ejected. Algorithms for 
evaluating of the overlap integral (Equation  45) for correlated 
wave functions have been implemented for TDDFT [311, 312], 
CASSCF [313, 320, 330], ADC(2) [331], coupled-cluster (CC) 
[332–335], and extended multistate (XMS) complete active space 
second-order perturbation theory (CASPT2) [336]. Details of the 
calculation of Dyson orbitals at the XMS-CASPT2 level are pro-
vided in Appendix F, while readers are referred to the original 
publications for other methods.

When the kinetic energy of the ejected electron is sufficiently 
high, the photoelectron and the cation become effectively de-
coupled. The intensity of a transition is then approximated as 
the square of the matrix element of the electric dipole operator 
taken with the Dyson orbital and the one-electron continuum 
wave function. The ionization process is thus modeled as a one-
electron event. These continuum orbitals, representing the scat-
tering states of an electron in the field of the cationic channel f , 
require solving coupled differential equations with appropriate 
boundary conditions.37 [300, 301, 337, 338], Accurate contin-
uum states can be obtained using the Schwinger variational prin-
ciple [339], R-matrix theory [328, 340], or the Galerkin method 
[341, 342]. These approaches are implemented in several recently 
developed computational codes  [343–345], but they have been 
rarely employed in the simulation of TRPES experiments.

Since a TRPE spectrum is typically recorded over a time win-
dow of several hundred femtoseconds, accurately simulating 
such spectra with reasonable intervals of 2–3 femtoseconds 
would require thousands of evaluations of photoionization ma-
trix elements. Due to this high computational cost, more approx-
imate methods, such as orthogonalized Coulomb waves or even 
free-particle plane waves, are often used as continuum orbitals 
in TRPES simulations of polyatomic organic molecules [311, 
312, 316, 332–334, 346]. Decleva and co-workers assessed the 
quality of approximate methods for treating continuum states by 
comparing them against accurate continuum one-particle wave 
functions computed in a multicenter B-spline basis at the den-
sity functional theory (DFT) level (see Appendix  F) [331]. For 
the example of furan, they showed that the results obtained with 
approximate methods (e.g. orthogonalized Coulomb waves) may 
be qualitatively different from those obtained with accurate con-
tinuum wave functions.

As the first application of the quasi-classical DW formalism to 
TRPES, we consider again the pyrazine molecule. Femtosecond 
time-resolved imaging of the nonadiabatic excited-state dy-
namics of pyrazine was pursued by Suzuki and coworkers 
for more than 25 years with ever improving time resolution 
and signal-to-noise ratio [194, 347–352] By employing VUV 

(40)IPE(�,�) = A
(

1 + �P2(cos �)
)

(41)Φ
(−)

E𝛼
(r,R) ����������⃗r→∞

∑

f �

Ψf � (r,R)𝜙
(−)

f � E𝛼
(r,R)

(42)Φ
(−)

fkf
(r,R) = 

(

Ψf (r,R)�
(−)

fkf
(r,R)

)

(43)�efkf
=
⟨

Ψe|�|Φ
(−)

fkf

⟩

(44)� �
D
⟩ =

�

j

� fj�j

(45)� fj = ⟨Ψf � âj �Ψe ⟩
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probe pulses, the complete cascade of radiationless transitions 
from the S2

(

B2u
)

 state to the electronic ground state could be 
monitored [194]. The experimentally observed decay rate of 
the S2

(

B2u
)

 state of 20 fs [194, 352] is in excellent agreement 
with early quantum dynamics predictions [353] as well as with 
quasi-classical simulations [192, 309, 312]. On the other hand, 
no evidence of the computationally predicted rapid population 
of the 1Au(n�

∗) state [188–190, 192] could be found in the ex-
perimental TRPE signals.

The simulation of the TRPE spectra of pyrazine was recently 
revisited with the ab  initio quasi-classical DW approach de-
scribed in the present review, employing the FSSH algorithm 
for the nonadiabatic trajectory dynamics. The comparison of 
the computed [336] and experimental [194] signals for resonant 
excitation of the bright 1B2u(��∗) state are displayed as func-
tions of time delay and photoelectron kinetic energy (PKE) in 
Figure 7. The calculations qualitatively reproduce the experi-
mental observation of three bands near 1.1 eV (band 1), 2.5 eV 
(band 2) and 4.5 eV (band 3) and the evolution of their inten-
sities with the delay time. Bands 1 and 3 increase in intensity 
with delay time, while band 2 markedly decreases in intensity. 
A closer analysis of the ionization channels of pyrazine (see 
Figure 5 of [336]) reveals that band 2 arises purely from the 
ionization of the initially excited S3

(

1B2u
)

 state to the D3

(

B2g
)

 
state of the pyrazine cation. The decay of this band therefore 
directly reports the lifetime of the S3(1B2u) excited state (≈ 20 
fs). Band 3 arises from the ionization of the S1(B3u) and S2(Au) 
states to the D0(Ag) state of the cation, with a smaller contribu-
tion from the S3(B2u)→ D1(B1g) ionization. The rise of intensity 
of this band with delay time reflects the radiationless elec-
tronic population transfer from the S3

(

B2u
)

 state to the S1(B3u) 
and S2(Au) states.

Since the ionization cross sections of the S1(B3u) and S2(Au) states 
are very similar, it is not possible to extract the population dy-
namics of the B3u and Au states from the integral TRPES signal. 
The low-energy band 1 arises primarily from the ionization of 
the S1(B3u) and S2

(

Au

)

 states to the D4

(

B3u
)

, D5

(

B2u
)

 and D7

(

B1u
)

 
channels, with minor contributions from the S3

(

B2u
)

→ D3

(

B2g
)

 
ionization. To describe the intensities of the different bands cor-
rectly, it is essential to include an accurate treatment of the ioniza-
tion continuum. In the TRPES simulations of [336], the continuum 
one-particle wave functions were obtained in a multicenter B-
spline basis at the SE-DFT level. Nevertheless, we notice that the 
intensity of band 1 near the threshold is underestimated. This is 
anticipated because the SE-DFT approach is known to be inade-
quate in the low-energy region. However, it appears that the in-
crease in the intensity of band 1 is actually only delayed, which 
may be the result of the FSSH dynamics being too slow. Also, the 
experimental signal at very low energies (left part of band 1) may 
contain contributions from autoionizing Rydberg states and may 
additionally be contaminated by stray electrons.

The comparison between computed and experimental photo-
electron angular distributions is shown in the lower panels of 
Figure  7. The data reveal that the photoionization process is 
fairly isotropic, as indicated by the relatively small variation of 
the � parameter with photoelectron kinetic energy (PKE), rang-
ing from −0.4 to 0.2. However, a negative correlation with PKE 
is observed, which is consistent with the experimental findings. 
Specifically, in the PKE region below 2.5 eV, the � values are 
slightly positive (0.0–0.2), whereas in the range of 2.0 to 4.0 eV, � 
becomes negative, reaching approximately −0.4.

Very recently, the Suzuki group reported TRPES data for pyra-
zine with an unprecedented time resolution of 13 fs. With this 
time resolution and the high signal-to-noise ratio of photoelec-
tron detection, it was possible to resolve for the first time the 
oscillatory dynamics of the tuning modes �1, �6a and �9a of the 
1B2u∕

1B3u conical intersection. While the vibrations in the elec-
tronic ground state (detected in the GSB signal) are long lived, 
the vibrational dynamics in the excited states is damped on 
sub-ps time scales due to the 1B2u∕1B3u conical intersection, as 
predicted by early simulations [353].

The photoinduced ring-opening of 1,3-cyclohexadiene (CHD) 
to 1,3,5-hexatriene (HT) is a classic example of a pericyclic re-
action [354, 355] governed by the Woodward-Hoffmann (WH) 
rules [356–358]. This is one of the most studied reactions in 
photochemistry, both experimentally [359–365] and theoreti-
cally [363–377]. Specific computational studies include reaction 
path calculations [366, 368, 369], quantum dynamics simula-
tions [370, 371, 378, 379] full-dimensional multiple spawning 
[363, 380, 381] and SH simulations [373–377]. These studies 
revealed that the reaction begins with optical excitation to the 
bright singly excited S1 state, labeled 11B, and predominantly 
proceeds on the adiabatic S1 surface until a conical intersection 
with the S0 state is reached at around 70 fs [364, 365, 377]. At the 
S1 ∕S0 conical intersection the reaction is either aborted and the 
system returns to the ground state of cyclic CHD, or continues, 
leading to the formation of HT with a yield slightly lower than 
0.5. However, according to the WH rules, the conrotatory ring-
opening of CHD is mediated by a doubly-excited electronic state 
with the same symmetry as the ground state (11A−) [356–358]. 

FIGURE 7    |    Simulated (a, c) and experimental (b, d) time-resolved 
photoelectron spectra and anisotropy maps of pyrazine excited by a 
4.7 eV (264 nm) pump pulse and ionized by a 9.3 eV (133 nm) probe pulse. 
The photoelectron spectrum was computed according to Equation (38). 
The experimental spectrum (b) is from [194] Adapted from [336] 
Copyright American Chemical Society.
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This implies that a transition to a dark, doubly excited state must 
take place during the evolution on the adiabatic S1 surface. It 
is typically assumed that this doubly excited state is the second 
excited state at the FC geometry, 21A−.

The fact that the reaction takes place on a single adiabatic sur-
face which arises from a mixture of several diabatic surfaces 
makes the unambiguous identification of the reactive state 
challenging (see Refs [364, 375, 377]). Polyak et al. [377] simu-
lated the reaction with FSSH using the XMS-CASPT2 method 
and showed that a state with double excitation character, pre-
sumably 21A−, contributes to the character of the S1 and S2 
states at the minimum energy S1 ∕S2 conical intersection and 
afterward.

From the experimental side, the reaction is best followed by pho-
toelectron spectroscopy since the reactive state is optically dark. 
Recently, Suzuki and coworkers [364] decomposed the 2D maps 
of photoelectron spectra into contributions from two states, 
which they denoted S∗

1
 and S∗∗

1
 to highlight their single and dou-

ble excitation character, but did not assign these states. In the 
experiment of Piancastelli and coworkers [365] the pump was at 
267 nm and the probe was valence photoelectron spectroscopy 
with a photon energy of 19.23 eV.

The TRPE spectrum was calculated by Travnikova et al. using 
the DW computational protocol of Equations  (26–38) [365]. A 
set of initial geometries R and momenta P as well as the ini-
tial excited state e were sampled from the doorway function, 
Equation (36). The FSSH algorithm was used to propagate the 
trajectories for 2000 fs in the manifold of the three lowest elec-
tronic states (S0, S1, S2) using the XMS(3)-CASPT2(6,6) method 
and the cc-pVDZ basis set. The window function, Equation (37), 
describes the action of the probe. The time-resolved photoelec-
tron spectrum P

(

Ek , t
)

 was obtained by averaging over all trajec-
tories as given by Equation (38).

In the time-resolved valence photoelectron spectra of CHD, 
the signature of the excited-state dynamics is found in the 
low-binding-energy region (below 8 eV), whereas the 10 eV re-
gion is characteristic of GSB features (see Figure 1 of [365]). 
Figure 8a displays the simulated spectrum in the 3–7 eV bind-
ing energy range. Two bands are clearly visible. Band 1 be-
gins at approximately 3.2 eV and its energy sharply increases 
within 15 fs. Beyond 15 fs, the energy saturates at a value of 
about 4.5 eV. At around 30 fs, band 1 loses intensity. This band 
originates from the S1 → D0 transition. The increase in ioniza-
tion energy is due to the motion towards the minimum of the 
S1 state. This motion is accompanied by the extension of the 
C1–C6 bond which breaks during the isomerization process, 
and the energy of the ground state of the CHD cation (D0) in-
creases. Band 2 starts at 7.0 eV, but its energy quickly drops to 
the 5.8–6.2 eV binding energy range. The rapid stabilization 
of Band 2 is attributed to the crossing of the D1 and D2 states 
of the cation (see fig. S9 of [365]). Band 2 achieves maximum 
intensity at ∼ 40 fs.

By comparing the average population of the adiabatic states 
(Figure 8b) with the time evolution of Bands 1 and 2, one sees 
that the decrease in intensity of band 1 corresponds to a transient 

transfer of ∼ 15 − 20% of the S1 population to the S2 state, peak-
ing at around 30 fs. As for band 2, it is not possible to relate the 
maximum intensity of the band at ∼ 40 fs to any change in the 
population of excited adiabatic states.

To resolve this issue, the time-dependent population probabilites 
of the diabatic states were computed. To this end, the diabatiza-
tion scheme of Simah et al. [382] was extended from CASSCF 
to XMS-CASPT2 states. At the FC geometry, the energies of the 
lowest seven adiabatic states were computed using the XMS(6)-
CASPT2(6,6) method. The states 21A−, 11A+, and 31A−, located 
at 5.18 eV, 8.31 eV, and 8.66 eV, respectively, exhibit pronounced 
double excitation character. Inspection of the electron density 
differences between the excited states and the ground state 
revealed that excitation to the 11B (S1 at the FC geometry) and 
high-lying 31A− states leads to the depletion of electron density 
on the C1–C6 bond, which is to be broken. In contrast, excitation 
to the 21A− and 11A+ states leaves the electron density on that 
bond nearly unchanged. This is an indication that the previously 
unexplored 31A− state plays a significant role in the ring-opening 
reaction of CHD.

FIGURE 8    |    Time resolved photoelectron spectra computed for short 
delay times. The ground-state bleach component is not taken into ac-
count. (b) Time evolution of the adiabatic population of electronic 
states obtained from SH nonadiabatic dynamics simulations. (c) Time 
evolution of the diabatic population of electronic states obtained by di-
abatization of electronic states along nonadiabatic trajectories. (d–g) 
Decomposition of the time-resolved photoelectron spectrum in terms 
of contributions of the diabatic states 11A− (d), 11B (e), 21A− (f), and 31A− 
(g). Adapted from [365] Copyright American Chemical Society.
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The time evolution of the diabatic state populations, illustrated 
in Figure  8c, offers insight into the intricate dynamics of the 
ring-opening reaction. After the optical excitation of the adia-
batic 11B state, its population steadily decreases. The diabatic 
21A− state is briefly populated early on, but its population never 
exceeds 0.2. Between ∼ 30 and 35 fs, the populations of the di-
abatic 11A− (blue) and 31A− (orange) states increase and the 
system evolves in the superposition of these two diabatic states 
[365]. The fate of the system at the S1 ∕S0 conical intersection 
depends on the current character of the S1 state. If the conical in-
tersection is encountered while the S1 state has dominantly 11A− 
character, CHD is formed. Conversely, if the conical intersection 
is encountered while the S1 state has dominant 31A− character, 
HT is formed.

The photoelectron signals could be decomposed in [365] into 
contributions from the diabatic states. Figures  8d–g clearly 
show that the increase in the intensity of Band 2 at ∼ 40 fs 
originates from the 31A− state. This result is in excellent agree-
ment with the measurements of Suzuki and coworkers [364] 
where the authors concluded that the decay of the singly ex-
cited state 

(

S∗1
)

 population occurs in approximately 31–34 fs. 
Furthermore, panel (c) shows that the 21A− state, which was 
considered to be the driving state, does not play a significant 
role in the dynamics.

The example of CHD isomerization confirms that TRPES is a 
powerful technique for the characterization of optically dark 
states. Again, theoretical support was necessary to extract rele-
vant information and obtain a deeper understanding of the ring-
opening reaction.

6   |   Conclusions

The computation of femtosecond time-resolved spectroscopic 
signals from first principles is essential for thorough interpreta-
tions of experimental spectra. In the weak-field limit, the third-
order dipole response functions are the basis for the calculation 
of pump-probe and four-wave mixing signals. However, the evalu-
ation of the multi-time response functions and the calculation of 
the multiple integrals over intermediate time variables is challeng-
ing for first-principles descriptions of polyatomic chromophores. 
The combination of the DW approximation with quasi-classical or 
semi-classical trajectory descriptions of the nuclear motion greatly 
simplifies such calculations and enables the simulation of tran-
sient spectra with ab initio on-the-fly trajectory calculations.

In this article, the derivation of trajectory-based DW approxima-
tions from the quantum mechanical third-order response func-
tions in an ab initio context is outlined in detail. The conditions 
for the applicability of the quasi-classical DW approximation are 
(i) non-overlapping pump and probe pulses, (ii) pulses that are 
short on the time scale of the intrinsic system dynamics, and 
(iii) the classical Condon approximation. In the DW approxima-
tion, the intrinsic system dynamics during the action of the laser 
pulses are neglected. The resulting expressions are well suited 
for evaluation by Monte Carlo sampling from ensembles of clas-
sical trajectories. Integral and dispersed TA PP spectra, 2D elec-
tronic spectra, and TRPES signals were considered as specific 
examples.

Quasi-classical trajectory simulations, such as Ehrenfest or SH 
simulations, provide information on the time evolution of the 
population probabilities of electronic states. Quasi-classical 
trajectory simulations, therefore, are restricted to spectroscopic 
signals that are not sensitive to electronic coherences generated 
by the laser pulses. For a rigorous treatment of electronic coher-
ences induced by the laser pulses and possibly by the Liouvillian 
dynamics of the system, semi-classical trajectory-based prop-
agation methods have to be used. Semi-classical methods de-
rived from the Meyer-Miller-Stock-Thoss mapping Hamiltionan 
[101, 102], for example, have been tested for various few-state 
multi-mode models of molecular chromophores, and ab  initio 
implementations can be expected in the near future.

While TRPES generally has been considered a different experi-
ment that requires a separate theoretical description, the TRPES 
signal is included in the present formulation of the theory as a 
special case of the ESA contribution to the TA PP signal. In the 
TRPES signal, the bound upper states of the ESA contribution to 
the TA PP signal are replaced by a multi-channel electron scat-
tering continuum.

In principle, any electronic-structure computational method 
and any quasi-classical or semi-classical trajectory protocol for 
the excited-state dynamics can be employed for the simulation 
of femtosecond time-resolved transient spectra. In the exam-
ples included in this review, either the computationally efficient 
single-reference ADC(2) method [195] or the multi-configuration 
CASSCF method [383] were employed. For the excited-state dy-
namics, two alternate SH protocols, Tully's FSSH algorithm [72] 
and Belyaev's LZ-based algorithm [77], were used. Very recently, 
the classical DW methodology was also interfaced with the on-
the-fly Ehrenfest propagation method [384]. In addition, it was 
demonstrated that machine learning techniques can substan-
tially facilitate numerical LZ-based SH simulations within the 
DW formalism [385].

The general computational protocol for the evaluation of 
transient signals with quasi-classical trajectory methods is 
given in Appendix  G. It should be straightforward to adapt 
this protocol to the computation of other spectroscopic signals 
and to implement it with alternate electronic-structure meth-
ods or quasi-classical trajectory methods. The sampling from 
the quasi-classical doorway distribution does not cost more 
than the standard sampling from the Wigner distribution, 
whereas the evaluation of the window function involves more 
computational effort than the evaluation of time-dependent 
electronic population probabilities. In the case of the TRPES 
signal, the computation of sufficiently accurate electronic con-
tinuum wave functions represents a considerable challenge. 
Oversimplified models, such as plane waves or Coulomb-
distorted waves, are in general not sufficient for reliable simu-
lations of TRPES signals [335].

In general, the accuracy of first-principles simulations of time-
resolved nonlinear spectra is limited by the accuracy of the 
underlying ab  initio electronic-structure method and by the 
accuracy of the quasi-classical or semi-classical approximation 
method. At the present stage, the limitations of the electronic-
structure protocols may be more severe than the limitations 
of the quasi-classical or semi-classical protocols, because only 
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computationally inexpensive electronic-structure methods 
(such as single-reference methods or strongly restricted multi-
configuration methods) can be employed. Considering the 
current rapid progress in the construction of computationally 
efficient multi-sheeted multi-dimensional potential-energy 
surfaces with machine-learning techniques, the electronic-
structure bottleneck may possibly become less severe in the near 
future. There is currently also significant progress in the devel-
opment of ever more accurate trajectory-based quasi-classical or 
semi-classical approximation methods. Eventually, the inaccu-
racies inherent in the DW approximation may become the limit-
ing factor and more advanced approximations of the third-order 
response functions have to be considered.

This review is restricted to the consideration of time-resolved 
nonlinear signals of isolated molecular systems (experimentally, 
dilute ensembles of chromophores). Needless to say, many exper-
imental fs-time-resolved spectra are recorded for chromophores 
in solution, for molecular aggregates, or for extended materi-
als. Even classic gas-phase techniques, such as transient X-ray 
spectroscopy or TRPES, have been extended to the condensed 
phase by using liquid jets in vacuum [386–388]. While the ex-
tension of the formal theory of time-resolved third-order signals 
to condensed phases at the empirical level is well established [8], 
simulations of time-resolved signals for condensed phases with 
all-atom DFT [389–391] or QM/MM methods [392, 393] are chal-
lenges for future research.
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Appendix A

Molecular Hamiltonian and Molecule-Field Interaction Hamiltonian

The molecular Hamiltonian H consists of the kinetic energy operators KE of the electrons, KN of the nuclei, and of the Coulomb Hamiltonian V (r,R) 
comprising the electron–electron, electron-nuclei and nuclei–nuclei interactions,

(r and R denote the coordinates of electrons and nuclei, respectively). Relativistic effects, such as spin-orbit coupling, are not considered in this review. 
For applications in spectroscopy, it is appropriate to represent the molecular and molecule-field interaction Hamiltonians in a set of electronic states. 
In the context of quasi-classical trajectory calculations, the Born-Huang adiabatic electronic representation is preferred [394], in which the eigenfunc-
tions Ψ(r,R) of the total molecular Hamiltonian H are expanded in the set of eigenstates Φn(r,R) of the fixed-nuclei Hamiltonian HE = KE + V (r,R):

(n = 0,1,2, …). In the discrete set of adiabatic electronic states Φn(r,R), the molecular Hamiltonian is then defined by its matrix elements

The Vn(R) are the adiabatic electronic PE functions and the Λnm(R) are the nonadiabatic coupling (NAC) operators, defined as

Usually, laser pulses are tuned into resonance with lower-lying singlet excited states Φn (n ≥ 1) which are bright from the electronic ground state Φ0. 
It is thus instructive to partition the electronic states 

{

Φn

}

 into three manifolds, {0}, {I}, {II} [30]. Manifold {0} consists of the single state Φ0; manifold 
{I} contains the bright electronic states which can be interrogated by the laser pulses from the ground state as well as other electronic states strongly 
coupled to them; manifold {II} comprises those electronic states which can be probed by laser pulses from manifold {I}. In block-diagonal form, the 
Hamiltonian of Equation (A4) thus reads

where Hk is the molecular Hamiltonian in manifold k (k = 0, I, II) and the off-diagonal terms H0,I and HI,II are the nonadiabatic coupling operators 
(the direct coupling between manifolds {0} and {II} is neglected).

Downward and upward TDM operators have the corresponding block structure

where �I,0 is responsible for the dipole transitions between the ground state and the states of manifold {I}, etc. Electronic transitions between man-
ifolds {0} and {I} generate ground-state bleach (GSB) and stimulated emission (SE) contributions to spectroscopic signals, while transitions between 
manifolds {I} and {II} are responsible for excited-state absorption (ESA).

In the rotating-wave approximation (RWA) [395], the system-field interaction Hamiltonian assumes the form

where

and sj, �j, Ej(t), tj, kj and �j are, respectively, the linear polarization vector, field amplitude, dimensionless normalized envelope function, arrival time, 
wave vector and carrier frequency of pulse j. The pulse durations � j can be defined as

(A1)H = KN + KE + V (r,R)

(A2)Ψ(r,R) =
∑

n

�n(R)Φn(r,R),

(A3)
(

HE − Vn(R)
)

Φn(r,R) = 0

(A4)Hnm =
[

KN + Vn(R)
]

�nm − Λnm(R).

(A5)Λnm = −
∫

drΦ∗
n(r,R)

[

KN ,Φm(r,R)
]

.

(A6)H =

⎛

⎜

⎜

⎜

⎝

H0 H0,I 0

HI,0 HI HI,II

0 HII,I HII

⎞

⎟

⎟

⎟

⎠

(A7)�
↓ =

⎛

⎜

⎜

⎜

⎝

0 �0,I 0

0 0 �I,II

0 0 0

⎞

⎟

⎟

⎟

⎠

, �
↑ =

⎛

⎜

⎜

⎜

⎝

0 0 0

�I,0 0 0

0 �II,I 0

⎞

⎟

⎟

⎟

⎠

(A8)HF (t) = −
∑

j

{

(

sj ⋅ �
↑

)

ℰj(t) +
(

sj ⋅ �
↓

)

ℰ
∗
j (t)

}

(A9)ℰj(t) = �jEj
(

t − tj
)

ei(kjr−�j(t−tj)),

(A10)� j = E−1
j (0)

∞

∫

−∞

dtEj(t).
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For the description of time-resolved photoelectron signals, the upper excited-state manifold {II} is replaced by a multi-channel electronic continuum. 
The N-electron continuum states are written as antisymmetrized products of (N − 1)-electron cationic states Ψf  (the ionization channels) and one-
electron continuum states in each channel Φ(−)

fkf
(r ,R) defined by Equation (42) where kf  denotes the asymptotic k-vector of the continuum electron in 

channel f  in the molecular frame. The superscript (−) indicates incoming wave boundary conditions that are appropriate for the description of half-
collision processes, such as photoionization or photodissociation [329]. Inter-channel couplings are neglected.

The elements of the matrices �↓ and �↑ in Equation (A7) take the form

The one-electron continuum functions are expanded in spherical harmonics

where ̂kf  is the unit vector in the asymptotic direction of the photoelectron in channel f . To obtain the angular distribution in the laboratory frame, 
the spherical harmonics are transformed with Wigner rotation matrices [299].

Here K̂f  is the unit vector in the asymptotic direction of the photoelectron in channel f  in the laboratory frame and �, � and � are the Euler angles 
which specify the orientation of the molecule in the laboratory frame.

Appendix B

Third-Order Response Functions

From the set of nonlinear response functions R
�k (� = R,NR, k = 0 , I , II) any third-order spectroscopic signal can be evaluated. In this work, the 

response functions are defined according to Refs [30, 131–133, 151, 259]

Explicitly,

while R
�,II are written as

where

is the initial thermal equilibrium (Boltzmann) distribution, � =
(

kBTB
)−1, Z0 is the partition function, and TB is the temperature of the molecular 

ensemble.

Recasting the above expressions in the DW form of Equation (7), we can write

(A11)�
↑

efkf
=
⟨

Φ
(−)

fkf
(r,R) ∣ � ∣ e

⟩

(A12)�
↓

efkf
=
⟨

e |� |Φ(r,R)
(−)

fkf

⟩

.

(A13)�
(−)

fkf
=

∑

l,ml

�
(−)

fkf lml
(r,R)Yl,ml

(

̂kf

)

(A14)Yl,ml

(

̂kf

)

=
∑

nl

Dl
mlnl

(�, �, �)Yl,nl

(

K̂f

)

.

(B1)SR
(

t3,t2,t1
)

=RR,0
(

t3,t2,t1
)

+RR,I
(

t3,t2,t1
)

−RR,II
(

t3,t2,t1
)∗
,

(B2)SNR
(

t3,t2,t1
)

=RNR,0
(

t3,t2,t1
)

+RNR,I
(

t3,t2,t1
)

−RNR,II
(

t3,t2,t1
)∗
.

RNR,I
(

t3 , t2 , t1
)

= Tr
[

eiH0 t1
(

s1 ⋅ �0,I
)

eiHIt2
(

s2 ⋅ �I,0
)

eiH0 t3
(

s3 ⋅ �0,I
)

e−iHI(t1+t2+t3)
(
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)

�0
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(
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)

=Tr
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)
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)
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)
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(
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)

�0

]

,
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(
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)

=Tr
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=Tr
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0 exp
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where

and

Appendix C

Orientational Averaging for Optical Signals

If the orientation of the molecular system under study is fixed in the laboratory frame, the orientations of the TDMs �ge can be considered fixed. If, 
on the other hand, molecular systems in the ensemble are randomly oriented in space, then averaging over their orientations is necessary. It can be 
carried out as follows. Following [207, 396], we can rewrite the FWM signal of Equation (13) as

where the explicit expressions for D(ab)
�

(R,P; �) and W (cd)

k

(

R ,P;� t
)

 can be retrieved from Equations (14–17). The indices a, b, c, d = x, y, z denote the 
x, y, z components of the TDMs in a certain (arbitrary) reference frame. By employing the method of [397], the orientational averaging (denoted by 
overbar) can be achieved as follows:

(the explicit dependence of I (abcd)
�

 on 
(

�,T , � t
)

 is omitted for brevity). It is essential that the evaluation of the I (abcd)
�

 in Equation (C1) does not require 
12 rounds of trajectory simulations. One just has to save the x, y, z components of the TDMs along each trajectory. Then all I (abcd)

�
 can be calculated 

through their DW expressions in the post-procession stage.

Appendix D

DW Formulas for Dispersed TA PP Signals

The dispersed TA PP signal is determined through the general FWM signal of Equation (13) as follows:

It can be evaluated through the expression [160].

in which the doorway function is defined by Equation (23), while the dispersed window functions read

(B4)R
�k

(

t3, t2, t1
)

= Tr
[


�k

(

t3
)


(

t2
)


�k

(

t1
)]

(B5)

NR,I

(

t1
)

=R,II

(

t1
)

=R,I

(

t1
)†

=NR,II

(

t1
)†

= e−iHIt1
(

s1 ⋅�I,0
)

�0e
iH0t1

(

s2 ⋅�0,I
)

(B8)

NR,0

(
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)

=R,0

(
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)

e−iHIt1
(

s2 ⋅�10
)

�0e
iH0t1

(B6)
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(
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(
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)
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(B7)
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(
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)
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(
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∑
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⟨
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The first, second and third terms in Equation (D2) correspond to the GSB, SE and ESA contributions. � is the electronic dephasing rate, which de-
termines frequency resolution of Idis

(

T ,�t

)

.

Two factors determine the shapes of TA PP spectra in the frequency domain and the shapes of peaks in 2D spectra. The first factor is the spectral 
profile of the pulses Ej(�), j = 1,2,3,4. The second factor is the dephasing rate � , which describes homogeneous broadening. It corresponds to 
the peak-shape function A(t) = exp(−�t) whose one-sided Fourier transform Ã(�) = 1∕(� + i�) yields Lorentzian shapes of the spectral features. 
Other shapes (e.g., Gaussian or Voigt) can be chosen, if necessary, by adopting more realistic functions A(t) and Ã(�) = ∫

∞

0 dt exp(−i�t)A(t) . 
Then, for example,

and the other DW functions are modified accordingly. Gaussian lineshape functions were recently employed in [398].

Appendix E

Transient-Absorption Pump-Probe Signals for Coupled {0}-{I} Manifolds

In the case of {0}-{I} nonadiabatic coupling, the general quasi-classical DW expression for the evaluation of the integral TA PP spectrum is written as

The T-evolution is governed by the total field-free molecular Hamiltonian H (including nonadiabatic couplings). The explicit expression for the door-
way function D remains unchanged. The window functions Ŵ

int

k  are defined in terms of their counterparts Wint
k

 specified by Equations (15–17) as 
follows [183, 396]:

If a trajectory jumps from manifold {I} back to the ground state, then e(T) is switched to g in Equations (E2) and (E3). This trajectory contributes to 
the GSB with a minus sign, see Equation (E2). The reason for the minus sign is as follows. If the standard DW functions are defined as positive laser-
induced populations, then the GSB contribution to the TA PP signal has to be written as

because the pump pulses creates a “hole” in the ground-state population. This means that the population generated by the internal conversion 
{I} → {0} is counted positive, while the original ground-state population generated by the pump pulse (a hole) is negative. If T exceeds both the 
internal-conversion time constant and vibrational relaxation time constant in the ground state, the equilibrium distribution is restored in the ground 
state and

because no optically induced population remains in the ground state (so-called bleach recovery).

(D5)Wdis
II

(

Re(T),Pe(T);�t

)

= E2pr
(

� − �pr

)
∑

f

�

(

spr ⋅�e(T)f
(

Re(T)
))2

�
2 +

(

�t −�fe(T)

(

Re(T)
))2

.

(D6)WI

(

Re(T),Pe(T);�t

)

= E2pr
(

� − �pr

)(

spr ⋅�ge(T)
(

Re(T)
))2

Ã
(

�t − �e(T)g

(

Re(T)
))

(E1)I int
(

�pu,�pr,T
)

∼
∑

k = 0,I,II

ak

⟨

Ŵ
int

k

(

�pr,R(T),P(T)
)

D
(

�pu,R,P
)

⟩

MC
.

Ŵ
int

0 =Wint
0 ,

(E2)Ŵ int
I =

[

Wint
I , if the trajectory stays within{I}

−Wint
0 , if the trajectory jumps from {I} to {0}

(E3)Ŵ int
II =

[

Wint
II , if the trajectory stays within {I}

0, if the trajectory jumps from {I} to {0}.

(E4)I intGSB

(

�pu,�pr,T
)

∼
⟨

(−D(R,P))
(

−Wint
0 (�pr,R(T),P(T))

)⟩

MC
,

I int
(

�pu,�pr,T
)

→ 0
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Appendix F

Calculation of Photoelectron Spectroscopy Observables

The Dyson orbital for the e → f  ionization channel is given by

where �
�

Ψe⟩ is the wave function of an excited state e of the neutral molecule and Ψf  is the wave function of the cation in state f . The electronic wave 
functions of the neutral molecule are expanded in terms of normalized CASSCF Slater determinants as:

where the Slater determinants of the neutral molecule are constructed from a set of molecular spin-orbitals {�} and are given by:

Similarly, the electronic wave functions of the cation are expanded as follows:

where the Slater determinants of the cation are built from a different set of molecular spin-orbitals {�}

In Equations (F2) and (F4) the coefficients cNae and cN−1
bf

 are the CASSCF configuration interaction vectors for the neutral molecule and the cation, 

respectively.

The computation of Dyson orbitals using the extended multi-state (XMS) complete active space second-order perturbation theory (CASPT2) method 
[201] has been described in [336] It is assumed that the XMS-CASPT2 wave function is well approximated by the so-called perturbatively modified 
(PM) CASSCF wave function [399]. In this case, the XMS-CASPT2 configuration interaction vectors are obtained by rotating the CASSCF states with 
the XMS-CASPT2 rotation matrix U [400]

where the matrix CCASSCF contains the CASSCF configuration interaction vectors as its columns. The Dyson orbital is obtained by substituting (F2) 
and (F4) into Equation (F1) as

This equation can also be expressed in second quantization form as

where âk is the annihilation operator for the k-th spin-orbital in the a-th determinant, �
�

�ak⟩. Finally, to compute ||
|

�
D
ef

⟩

 we recall that the overlap be-

tween two Slater determinants is given by the determinant of the overlap matrix between the orbitals composing the two determinants [401, 402].

In [336] the free-electron orbitals ∣ �k ⟩ were computed using the B-spline static-exchange DFT (SE-DFT) approach. Here the one-electron continuum 
orbital ∣ �k ⟩ is obtained as the solution of Kohn-Sham (KS) equation for a kinetic energy Ek

The KS Hamiltonian, HKS, is given as

where VN is the nuclear attraction potential. The Coulomb potential, VC(�), and the exchange-correlation potential, VXC(�), are defined by the ground-state 
electron density, �, which is computed separately in a single-point DFT calculation. The Hamiltonian matrix is then constructed in a multicenter (LCAO) 
B-spline basis, which is given as the product of radial B-spline functions and real spherical harmonics expanded over several centers (i) in the molecule

(F1)∣ �Def ⟩ =
√

N
∫

Ψf

�

x1, … , xN−1

�∗
Ψe

�

x1, x2, … , xN
�

dx1 … dxN−1

(F2)�

�

Ψe⟩ =
�

a

cNae
�

�

ΦN
a

�

(F3)�

�

ΦN
a

�

=
1

√

N !
det

�

�a1, … ,�aN

�

(F4)
|

|

|

Ψf

⟩

=
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b

cN−1
bf

|

|

ΦN−1
b

⟩

(F5)�

�

ΦN−1
b

�

=
1

√

(N − 1) !
det

�

�b1, … ,�b(N−1)

�

.

(F6)CXMS-CASPT2 = CCASSCFU
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�
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√
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(F9)HKS�k = Ek�k .

(F10)HKS = −
1
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Δ + VN + VC + VXC
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Here Bn is the n-th B-spline function and

are linear combinations of real spherical harmonics YR
lm

 with angular momentum quantum numbers l  and m, and � is a symmetry-related collec-
tive index [338]. The multicenter expansion includes a single-center expansion with the origin in the molecule's center of mass, associated with 
a sphere of large radius, and a superposition of spherical basis sets of small radii centered on the various atoms (the LCAO part). Bound states 
are computed using conventional diagonalization of the Hamiltonian matrix, while the Galerkin approach is employed to find the solutions in 
the continuum for the energy Ek. The B-spline SE-DFT method is implemented in the Tiresia program [345, 403].

Appendix G

Simulation Protocols

The initialization of a classical trajectory requires the specification of the initial nuclear coordinates and momenta Rg, Pg in the electronic ground 
state and the selection of the initially excited state e of manifold {I}. Rg and Pg are sampled from the Wigner distribution �Wig

g

(

Rg ,Pg
)

 of the electronic 
ground state. The initial electronic state excited by the pump pulse is sampled from the oscillator strength distribution of the electronic states in 
manifold {I}. This sampling distribution

is the standard choice for the simulation of time-dependent electronic population probabilities with quasi-classical propagation methods. The sam-
pling distribution of Equation (G1) is appropriate for very short (sub-fs) pump pulses. The power spectrum of the pump pulse, E2pu

(

�pu − Ueg

(

Rg

))

, is 
then included in the evaluation of the doorway function, Equation (23). For longer pulses, it is computationally more efficient to include the power 
spectrum of the pump pulse in the sampling distribution, using

With any of these assumptions, the fundamental DW expression, Equation (13), is replaced by

in which ⟨…⟩MCs means MC sampling of the initial trajectories from �s and

With the definition of Equation (G1), for example, the TA PP doorway function of Equation (23) turns into

Equation (G5) was used, for example, in [384]. It is essential that Equation (G5) does not contain singularities since 0 ≤ D(s)
(

Rg ,Pg
)

≤ 1. If one is not 
interested in polarization-sensitive detection, one can chose spu ∥ �ge, which gives D(s)

(

Rg ,Pg
)

= 1.

The computational steps involved in the simulation of the general FWM signal of Equation (13) with classical trajectories can be summarized as follows.

1.	 Sample an initial condition Rg ,Pg and e from the phase-space distribution �s
(

Rg ,Pg , e
)

 of Equation (G1) or Equation (G2) and calculate the 
doorway function D(s)

�

(

Rg ,Pg ; �
)

 of Equation (G4).

2.	 Propagate the trajectory Rg(t),Pg(t) with the classical ground-state Hamiltonian H0 up to the final time tF of the simulation.

3.	 Evaluate W0

(

Rg(T),Pg(T); � t
)

 for the desired grid of pulse delay times T.

4.	 Propagate the trajectory Re(t),Pe(t) with the SH algorithm up to the final time tF of the simulation.

5.	 Evaluate WI

(

Re(T),Pe(T); � t
)

 and WII

(

Re(T),Pe(T); � t
)

 for the desired grid of pulse delay times T.

6.	 Repeat these calculations until the MC sampling is converged.

The signals considered in this review can be evaluated by a straightforward adaptation of this algorithm. The possibility of the on-the-fly DW simu-
lation of so-called population-detected signals has recently been discussed in [404].
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